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HISTORY

OF THE

SOCIETY.

IN the original charter of the Royal Society, it was provided

that the collections of the Society should be deposited, if

belonging to Natural History, in the Museum of the Univer-

sity, and if to Antiquities, in the Library of the Faculty of Ad-
vocates. Much inconvenience, however, could hardly fail to

result from this arrangement, especially wh#n the researches

of the Society, having, as of late, been much turned to Geolo-

gy, it became an object to collect together the specimens
which served to illustrate the subjects under discussion, and to

have them at hand when reference should be necessary.

In a Museum arranged with a view to public lectures,

(like that of the University), such an order as was required for

this purpose could not easily be preserved ; the Professor of
Natural History must feel himself interrupted by the exami-
nations which the Members of the Royal Society might wish

Yol.VI—P.IL a to
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to make ; and it would often be a point of delicacy, not to give

him the trouble that such examinations would require.

These considerations induced the Society to apply for a

new charter, under which its collections should remain in its

own possession, so as to be at all times accessible to its Mem-
bers.

As the interest of the two bodies just mentioned, might be

somewhat affected by these alterations, the first step taken

was to give them information of the intentions of the Society,

and to request their concurrence in a measure of such mani-

fest justice and utility. The Faculty of Advocates readily as-

sented to this proposal ; and the University, though at first in

doubt whether it were not bound in duty to resist the al-

teration, on more mature deliberation, resolved to withdraw

all opposition.

As it was not meant that the new charter should have any

retrospect, the Huttonian Collection, with a great number of

other articles, the property of the Society, still remain in the

University Museum. The foundation of a new collection, in

the Society's apartments, has been laid, by a cabinet presented

by Mr Allan, containing specimens of the rocks round Edin-

burgh; a collection by Colonel Imrie, illustrating the section

of the Grampians which he has given in the 5th volume of the

Transactions of the Society ; and a collection of specimens

from Sir George Mackenzie, illustrating the Mineralogy

of Iceland.

The New Charter, which follows, hardly differs in any thing

from that contained in the first volume of the 'Transactions of

the Society, except in what respects the two restrictions that

.have just been mentioned.

CARTA



CARTA

NOVtE erectionis

SOCXETAXIS REGALIS EDINBURGH

isoa

GeORGIUS TERTIUS, Dei gratia, Britanniarum Hex,

Fidei Defensor ; omnibus probis hominibus ad qaos prcesentes li-

ters nostra pervenerint, salutem : Quandoquidem Nos conside*

rantes, quod petitio humilis nobis oblata fuerit a Regali Socie-

tate Edinburgh et prcefideli nostro et prcedilecto consanguineo

Henrico Duce de Buccleuch, ejusdem pneside, in nomine et vice

Societatis, et omnium ejusdem Sociorum ; in qua petitione enar-

ratur, quod per regiam nostram cartam, datam vigesimo nono

die mensis Martii anno Domini millesimo septingentesimo et oc-

togesimo tertio, Nobis benignd placuisset. constituere^ erigere et

incorporare quosdam ibi nominatos in corpus politioum et corpo-

a 2 ratum*
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ratum, nomine tituloque Rega lis Societatis Edtnburgi
ad promovendas literas et scientiam utilem, cum facultatibus et

privilegiis ibidem concessis, et speciatim, ut potens et capax sit

tenendi proprietatem realem et personalem, causasque agendi et

defendendi, Prasidem et Socios eligendi, canones ordinandi, et

perpctuam successionem sub tali nomine habendi : quod, virtute

pradicta carta, Regalis Societas Edinburgi, ita creata, substi-

tuerit, suisque ojficiis a prima institutione, ritefunda sit : quod
carta pradictd ordinatum fuerit, cunctas res antiquas, tabulas

publicas, Ubrosque manuscriptos, quos acquisiverit Societas, in

Bibliotheca Facultatis Juridicce deponi ; atque universas res ad
historiam naturalem pertinentes, quasque Societas acquisiverit,

in Musceo AcademicE Edinensis deponi : quod, ab hac constitu-

tione incommodum hand parimm ortum fuerit ; cum JRea-alis

Societas, nullum jus in Bibliothecarios Facultatis Juridicce, nee

in Custodes Muscei AcademicE Edinensis, habeat, nee horas

eorum ministerii regulasve admissionis ad ea repositoria prce-

scribere possit, nee Societati licitum sit congressus suos in eo-

rum alterutro tenere ; qucs cum ita sint, hactenus Societati non

licuit suas collectiones ita disponere, ut Sociorum aliorumve

studio et disquisitioni apte subjiciantur, unde et alia dona ex-

pectanda essent : Quod prcedicta Societas, causa hac incommo-

da amovendi, nostraque bona proposita in hac institutione ad

effectum perducendi, sapientice nostra, regia humiliter subjiciat,

ut detur Societati jus collectiones suas cujuscunque generis uno

in loco deponendi, quo sibi ordine placuerit, sub custodibus a

Societate eligendis ejusque potestati subjectis ; itaque ut car-

tam, cum privilegiis idoneis humilibus nostris petitoribus conce-

dere dignanur ; ut et in hac petitione oratum sit, ut Nobis

benigne placeret de novo Cartam Nostrum Regiam concedere

dicta Regali Societati Edinburgi, ejusque Sociis, qua iterum

darentur jura, facilitates, et privilegia, in carta regia per

quam
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quam corpus istud creation fuerat concessa, et qua insuper

provideretur, uti nobis in regia nostra sapientia idoneum vi-

deatur, ut Societati potestas daretur collectiones suas anted

memoratas in uno adificio deponendi, eis legibus, et eis mini-

stris, qui Societati placerent, hosque sibi subjectos haberet

:

Et nos certiores facti hanc petitionem justam esse rationique

consentaneam, et certis conditionibus et modis, in prcesentibus

expressis, concedi debere : Igitur, constituimus, erigimus et

incorporavimus, sicuti Nos regid nostra prarogativd, et gratia

speciali, pro Nobis notrisque regiis successoribus, per has pre-

sent es, constituimus, erigimus, et incorporamus, pradictum Hen-

ricunt Ducem de Buccleuch, Sociosque dictce Regalis Societa-

tis, atque alios qui postea eligentur Socii, in unum corpus po-

litician et corporatum, vel legalem incorporationem, nomine et

titulo Regalis Societatis Edinburgi, ad promovendas

litems et scientiam utilem, utque talis existens, et tali nomine,

perpetuitatem habeat et successionem ; declarantes, Quod
dicta Societas capax sit capere, tenere, et frui proprietate

reali seu personali, et petere, causas agere, defendere et re-

spondere, et conveniri, in jus trahi, defendi et responderi, in

omnibus seu ullis nostris Curiis Judicature; et declarantes

quod dicta Societati fas sit, sigillo, tanquam Societatis sigillo,

uti ; dantes potestatem dicta Societati, per majorem suffragio-

rum numerum eorum qui aderunt, eligendi Prasidem aliosque

ojficiarios pro negotiorum administratione ; necnon ordinandi

canones, ad quos Socii sint eligendi et res Societatis sint admi-

nistranda, conditionibus hujus carta sive donationis haud in-

congruentes, nee legibus et praxi nostri regni Scotia contra-

rios ; et declarantes, quod hujusmodi canones sanciri nequeant,*

nisi rite propositi fuerint in congressu habito saltern uno men-

si ante ilium congressum quo sanciendi sint : dantes etiam po-

testatem Societati ordinandi et administrandi collectiones re-

rum
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rum antiquarum, tabularum publicarum, librorum manuscript

torum, et rerum ad historiam naturalem pertinentium, quas

Societas posted, acquisiverit, easque in Musao et Bibliotheca,

tali ordine et modo ut Societati placuerit, deponendi : salvis

tamen conditionibus, in hac nostra carta provisis ; declarantes

insuper hanc cartam nostram concessam esse sub his conditioni-

bus sequentibus, videlicet, Quod jura, facultates, et privilegia,

per prasentes in dictam Societatem collata, nulla modo detra-

hent de ullojure dominii quod competit Academia Edifiensi in

eollectiones antehac depositas in Musao Academia, virtute car-

ta nostra Societati Regali data, pradicto vigesimo nono die

mensis Martii millesimo septingentesimo et octogesimo tertio ;

antedicta Societate quantum in se est astricta, omne jus, ad

eollectiones antehac factas et in Musao pradicto depositas, in

dictam Academiam transferre ; et quod Historic Naturalis Pro*

fessori copia introitus in Musaum et Bibliothecam Societatis

Regalis detur aque ac Sociis ipsius Societatis ; et quod dicta

Societati non sit licitum constituere Professor-em, pralectorem

seu Doctorem Mineralogia, Geologies, aut Historic Naturalis,

nee suis collectionibus uti ad talem institutionem promovendam,

nisi qua vel nunc sii, vel posthac fuerit, in Academia Edinensi.

—In cujus rei testimonium, sigillum nostrum per Unionis

Tractatum custodiend., et in Scotia vice et loco Magni Sigilli

ejusdem utend., ordinat., prasentibus appendi mandavimus

;

Apud Aulam nostram apud St Jamvs's, vigesimo septimo die

mensis Decembris anno Domini millesimo octingentesimo et octa-

vo,,, regnique nostri anno quadragesimo nono.

Per
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Per signaturam manus D. N. Regis supra script.

Written to the Seal, and registered the

thirtieth day of August 1811.

James Dundas, JDep*.

Sealed at Edinburgh, the

thirtieth of August,

One thousand eight

hundred and eleven

years.

James Robertson,
Sub*. £ 80 Scots.

This charter, as well as the former, having left the Society
in possession of the power of making By-laws for the regula-
tion of its affairs, it was proposed to revise the whole of those
laws, and to make such alterations as, after the experience of
thirty years, might appear to be necessary.

The Society, therefore, having at several General Meet-
ings taken this subject into consideration, after mature deli-

beration,
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beration, and with due attention to the clause in the charter

that respects the enactment of such laws, did, at a General

Meeting, on the 23d of December 1811, sanction the Laws that

follow, and declare them to be the rules by which the Society

is to be governed, till all, or any of them are regularly repeal-

ed.

LAWS



LAWS
OF THE

ROYAL SOCIETY OF EDINBURGH,

Enacted 23d May 1811.

T
I.

HE Royal Society of Edinburgh shall be composed of Ordi-

nary and Honorary Members.

II.

Every Ordinary Member,, within three months after his election;

shall pay as fees of admission Three Guineas, and shall further be bound

to pay annually the sum of Two Guineas, into the hands of the Trea-

surer.

III.

Members shall be at liberty to compound for their annual subscrip-

tion, each paying according to the value of an annuity on his life, deter-

mined as in the ordinary insurance on, lives.

The power of raising the annual subscription shall remain with the

Society.

IV.

Ordinary Members, not residing in Edinburgh, and not compound-

ing for annual subscription, shall appoint some person residing in Edin-

burgh, by whom the payment of the said subscription is to be made

and shall signify the same to the Treasurer..

b V.
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V.

Members failing to pay their subscriptions for three successive years,

due application having been made to them by the Treasurer, shall cease

to be Members of the Society, and the legal means for recovering such

arrears shall be employed.

VI.

None but Ordinary Members are to bear any office in the Society, or

to vote in the choice of Members or Office-bearers, nor to interfere in

the patrimonial interest of the Society.

VII.

The number of Ordinary Members shall be unlimited.

VIII.

The Ordinary Members shall receive the volumes or parts of the So-

ciety's Transactions, when published, at the booksellers price, or the

price at which they are sold to the trade. This regulation to continue

in force for five years from the date of its enactment ; and it is left to the

Society then to consider, whether the volumes cannot be afforded gratis

to the Members.

IX.

The Society having formerly admitted as Non-resident Members,

gentlemen residing at such a distance from Edinburgh as to be unable

regularly to attend the Meetings of the Society, with power to such

Non-resident Members, when occasionally in Edinburgh, to be present

at the Society Meetings, and to take a part in all their inquiries and

proceedings, without being subjected to any contribution for defraying

the expences of the Society ; it is hereby provided, that the privileges

of such Non-resident Members already elected shall remain as before
;

but no Ordinary Members shall be chosen in future under the title

and with the privileges of Non-resident Members. The Members at

present called Non-resident shall have an option of becoming Ordinary

Members , if they decline this, they shall continue Non-resident as for-

merly.

X.
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X.

The Honorary Members of the Society shall not be subject to the

annual contributions. They shall be limited to Twenty-one, and shall

consist of men distinguished for literature and science, not residing in

Scotland.

XL
The election of Members, whether Ordinary or Honorary, shall be by ^f " of Mem*

ballot ; it shall require the presence of Twenty-four Members at least

to make a quorum, and the election shall be determined by the majority

of votes.

XII.

The election of Members shall be made at one General Meeting an-

nually, on the fourth Monday of January.

XIII.

No person shall be proposed as an Ordinary Member, without a re-

commendation presented by a Member of the Society, and subscribed

by Three, to the purport mentioned below *
; which recommendation

shall be hung up in the Rooms of the Society, at least during Three

Ordinary Meetings ^of the Classes) previdus to the day of election.

XIV.

In order to carry on with facility and. success those improvements in

science and literature, which are the objects of the institution, the So-

ciety shall be divided into two Classes, the Physical and the Literary

Class ; the former having for its department the sciences of Mathematics,

Natural Philosophy, Chemistry, Medicine, Natural History, and what

relates to the improvement of Arts and Manufactures \ the latter having

b £ for

* " A. B. a gentleman well skilled in many branches of Philosophy and Polite Learning,

(Mathematics, Chemistry, Natural History, &c.) being to our knowledge desirous of be-

coming a Member of the Royal Society of Edinburgh, we whose names are subscribed,

do recommend him as deserving of that honour, and as likely to prove an useful and valu>

able Member."
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for its department the inquiries relative to Speculative Philosophy, An-
tiquities, Literature and Philology.

XV.

The Classes shall meet alternately on the first and third Mondays of

every month, from November to June inclusive. It shall be competent,

however, to bring matters of a Physical or Literary kind, before either

Class of the Society indiscriminately. To facilitate this, one Minute-

book shall be kept for both Classes ; the Secretaries of the respective

Classes either doing the duty alternately, or according to such agreement

as they may find it convenient to make.

XVI.

The Society shall from time to time make a publication of its Trans-

actions and Proceedings. For this purpose, the Council shall select and

arrange the papers which they shall deem worthy of publication in the

Transactions of the Society, and shall superintend the printing of the

same.

The Transactions shall be published in Parts or Fasciculi, and the ex-

pence shall be defrayed by the Society.

XVII.

Offloe-bearers. There shall be elected annually for conducting the publications and

regulating the private business of the Society, a Council, consisting of

a President ; Two Vice-Presidents ; a President for each Class of the So-

ciety •, Six Counsellors for each Class ; one Secretary for each ; a Trea-

surer , a General Secretary ; and a Keeper of the Museum and Li-

brary.

XVIII.

The election of the Office-bearers shall be on the fourth Monday of

November.

XIX.

Four Counsellors, Two from each Class, shall go out annually. They

4tfe to be taken according to the order in which they presently stand on

the list of the Council.

XX.
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XX.

The Treasurer shall receive and disburse the money belonging to the Treasurer.

Society, granting the necessary receipts, and collecting the money when

due.

He shall keep regular accounts of all the cash received and expended,

which shall be made up and balanced annually ; and at the General

Meeting in January, he shall present the accounts for the preceding

year to be audited. At this Meeting the Treasurer shall also lay before

the Society a list of all arrears due above twelve months, and the Socie-

ty ^hall thereupon give such directions as they may find necessary for

recovery thereof.

XXI.

At the General Meeting in November, a Committee of Three Mem-
bers shall be chosen to audite the Treasurer's accounts, and give the

necessary discharge of his intromissions.

The report of the examination and discharge shall be laid before the

Society at the General Meeting in January, and inserted in the records.

xxn.
The General Secretary shall take down minutes of the proceedings of Secretary.

the General Meetings of the Society and of the Council, and shall enter

them in two separate books. He shall keep a list of the Donations made
to the Society, and take care that an account of such Donations be pu-

blished in the Transactions of the Society. He shall, as directed by the <

Council, and with the assistance of the other Secretaries, superintend the

publications of the Society,

XXIII.

A Register shall be kept by the Secretary, in which copies shall be
inserted of all the Papers read in the Society, or abstracts of those Pa-

pers, as the Authors shall prefer ; no abstract or paper, however, to be

published without the consent of the Author. It shall be understood,

nevertheless, that a person choosing to read a paper, but not wishing to

put
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put it into the hands of the Secretary, shall be at liberty to withdraw

it, if he has beforehand signified his intention of doing so.

For the above purpose, the Secretary shall be empowered to employ
a Clerk, to be paid by the Society.

XXIV.

Another register shall be kept, in which the names of the Members
shall be enrolled at their admission, with the date.

XXV.
A Seal shall be prepared and used, as the Seal of the Society. ..

XXVI.

The Librarian shall have the custody and charge of all the Books,

Manuscripts, objects of Natural History, Scientific Productions, and

other articles of a similar description belonging to the Society ; he shall

take an account of these when received, and keep a regular catalogue of

the whole, which shall lie in the Hall, for the inspection of the Mem-
bers.

XXVII.

All articles of the above description shall be open to the inspection of

the Members, at the Hall of the Society, at such times, and under such

regulations, as the Council from time to time shall appoint.

PRESENTS
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The Sixth Volume of the Scriptores Logarithmici.—From Mr Baron Maseres.

Treatise on the Gout, by the late Dr Hamilton of Lynn-Regis.—From the Au-

thor.

Traite de Mineralogie, par M. le Compte de Bournon, 3 vols. 4to.—From the Au-
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and 2d.—From Messrs Riddel and Wilson.
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Leon de Wexel.—From the Author.
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London.
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rican Academy.

Transactions of the American Philosophical Society, vol. 6th, part 2d.—From

the American Philosophical Society.

Observations on the Hydrargyria, by George Alley, M. D From the Author.

Transactions of the Geological Society of London, vol. 1st.—From the Geolo-

sical Society.

Tcaveli
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Travels in Iceland, by Sir George Mackenzie, Baronet. Annals of Iceland, from

1796 to 1804. Manuscript copy of the Sturlinga Saga. History of Iceland

during the 18th century. A compendium of Anatomy, translated into Ice-

landic, from the Works of Martinet. Pope's Essay on Man, in Icelandic

verse.—From Sir George Mackenzie.

Essay on the Natural History of the Salt District in Cheshire, by Dr Holland-.—
From the Author.

Collection of Specimens, illustrating the Mineralogy of the Country round Edin-

burgh.—From Thomas Allan, Esq;

Collection of Specimens, illustrating the Section, of the Grampians, at the begin-

ning of this volume, with a descriptive Catalogue.—From Lieutenant-Colonel

Imrie.

Model in Relief, representing the Granite Veins at the Windy Shoulder in Gal-

loway.—From Sir James Hall, Baronet.

Collection of Specimens, illustrating the Mineralogy of Iceland.—From Sir

George Mackenzie, Baronet.



I. A Description of the Strata which occur in afcending from

the Plains of Kincardineshire to the summit of Mount
Battoc, one of the moji elevated points in the Eajlern Dijiricl of

the Grampian Mountains. By Lieutenant-Colonel Imrie,

F.R. S. Edin.

[Read $th March 1804.]

THE moft mountainous parts of Scotland are fituated in its

weftern and north-weft diftricts. From thofe parts of the

country, feveral chains of mountains branch off, and continue

their courfes in various directions, and to various extent. The
moft extended of thofe chains is that of the Grampians. This

chain takes its rife from nearly about the centre of the above al-

pine diftrict, and continues its courfe in a direction almoft due

eaft, or perhaps a little to the fouth of that point, until it difap-

pears in the German Ocean, betwixt the towns of Aberdeen and

Stonehaven.

This chain, in its eaftern diftrict, conilfts of three ranges, run-

ning nearly parallel to each other ; the two lateral ranges being,

considerably lower than the central one. To the lateral moun-
tains are attached a range of lower hills, that flope down into

undulated grounds, which fkirt the adjacent plains.

The general fhape of the individual mountains compofing

thofe three ranges, is oblong, rounded, and fometimes flattifh

on the tops ; their length is always in the direction of the

A 2. chain,
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chain, that is to fay, from weft to eaft : and I have obferved,

not unfrequently, that the weftern ends of thofe oblong moun-
tains are more bulky than their eaftern extremities, and that they

ilope and taper in fome degree towards this quarter. Their ge-

neral covering is that of a coarfe gravelly foil, produced by their

own decomposition ; and the produce of this foil is heath. But

upon fome of the heights in the central range, I have found beds

or layers of that fpecies of turf called Peat
y from fifteen to twen-

ty feet in thicknefs. which repofe upon the gravelly foil that

there covers the native rock.

At this eaftern part of the Grampians, where I am now about

to endeavour to give a defcription of the ftratification, the moun-
tains feldom ihow any confiderable extent of naked rock.

In their courfe to the eaftward, as they approach the fea, they

begin to contrad: in breadth, and cover much lefs fpace of coun-

try ; and where they finifh their courfe at the fea, their height

will fcarcely entitle them to the appellation of hills : but although

they become fo diminutive in height and in breadth, yet the ma-

terials of which they are formed continue the fame as thofe

which compofe the ranges where they are in their greateft alti-

tude, and their exterior charaders, as to form and figure, alfo

continue the fame.

Among the rivers which have their fource in the Grampians,

that of the North EJk is not the firft in rank as to fize, nor is it

the moft diminutive. At a confiderable diftance from the plains

in the interior of the mountains, a fmall lake called Loch Lee is

formed, in a rocky bafon, by a rivulet, and fome fprings and

rills flowing from marfhy grounds. From this lake the North Efk

iffues, not in a very confiderable flow, but, being foon joined by

other flreams and alpine torrents, it fwells to a confiderable fize,

and continues a courfe from this lake almoft due eaft, betwixt

the central and fouth lateral ranges of the mountains, for an ex-

tent of about feven miles : it then fkirts Mount-Battoc, and be-

ing



STRATA of the GRAMPIANS. s

ing there impeded, in its eaftern direction, by fome of the hills

forming the bafis of that mountain, it then changes its courfe,

almoft at a right angle, and from thence flows in a due fouth di-

rection. In this laft direction, it opens a way for itfelf through

the fouth lateral range, and enters the plains of Kincardine, and

Forfar (hires, where it immediately becomes the line of divifion

of thofe two counties. It leaves thofe plains by a hollow betwixt

the two low hills of Garvoke and Pert, and after a courfe of near-

ly thirty miles from its fource, it joins the fea fomewhat to the

eaftward of the town of Montrofe. It is in the bed of this river

that I have examined the ftrata of the Grampians of which I am
now to give a defcription. The fection extends about fix miles,

from the horizontal grit or fandftone in the plain, to the granite

of Mount Battoc, which is one of the mountains in the central

range, and one of the higheft of the chain in that part of the

country. My direction, in this examination, is about due north,

piercing through, almoft at right angles, the ftrata of the moun-
tains, which are here nearly in a vertical pofition.

In this fhort ftretch of fix miles, a great deal of matter highly

interefting to geology prefents itfelf. In it, we pafs from the fe-

condary horizontal ftrata of the neweft formation, to the verti-

cal, contorted, primary ftrata of the oldeft date, and terminate

with granite, the primitive rock in the conception of many geo-

logifts. Thus, it embraces a complete range of the foflil objects,

which in this part of Scotland intervene between that which is

deemed the oldeft and what is accounted the moft recent in point

of formation. From the various ftrata (landing in a pofition

vertical, or nearly fo, and the river North Elk, cutting acrofs

thefe ftrata, at right angles, the fuccefhon is uncommonly
well exhibited to view, and a fair difplay of the ftructure of

this country, and of the materials compofing it to a great

depth, is open to the attentive obferver. In addition to this fine

difplay of the fuccefhon of ftrata, the arrangement of them will

be
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be found to offer fome very curious and important facls, parti-

cularly the gradual elevation, and the final perfect vertical por-

tion of the fandftone and puddingftone, as well as the rather un-

ufual manner in which the fecondary and the older ftrata meet

each other.

In the feries here to be defcribed, the repeated occurrence of

rocks of the whin and of the porphyry formation, refpecling the

origin of which opinions are fo much divided, adds considerable

interefl ; efpecially when the form and fituation in which they

occur, and the condition of the contiguous rocks, are taken into

conlideration.

In the account which I am now about to give, I fhall endea-

vour to lay down a fair reprefentation of the facls as Nature pre-

fents them, unbiaffed by any of the prevailing theories of cof-

mogony. I fhall avoid every geological difcuflion whatever,

leaving it to others to draw thofe conclufions, in relation to

their own fpeculations, which they fhall imagine the facls to

warrant.

In that part of the plains of Kincardinefhire from which I

take my departure, the native rock confifts of Siliceous Grit or

Sandftone, which is here divided into an immenfe number of

beds or layers, of various thicknefTes, from one inch to four feet,

folid ftone. In many places, gravel of various fizes is found im-

bedded in this grit ; which gravel confifts moftly of water-worn

quartz, and fmall-grained granites. The colour of the general

tnafs of this grit is a dark-reddifh brown, and in fome few pla-

ces it fhows narrow lines and dots of a pearl- grey colour. The

component parts of this grit confift of fmall particles of quartz,

and ftill more minute particles of filvery-luftred mica : thefe owe

their cohefion in mafs to a martial argillaceous cement, to which

this rock alfo owes its colour. Thofe lines and dots of pearl-

grey colour, generally occur in the moft folid and thickeft beds

o£
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of the rock : they are formed of the fame materials with the

other parts of the (lone ; but into them the ferruginous flaming

matter has not apparently been able to penetrate, and they de-

rive their prefent greyifh appearance from the natural -colour of

its particles of quartz, which are here per fe of a bluifh-white

tint. This rock, in the plain, is perfectly horizontal in its pofi-

tion ; but upon its approach towards the undulated grounds,

which here form the lowed bafis of the Grampians, it begins to

rife from its horizontal bed, and, gradually increafing in its ac-

clivity towards the mountains, it at lad arrives at a pofition per-

fectly vertical.

For the firft quarter of a mile from where this grit begins to

leave its horizontal pofition, the rife is very gradual ; but after

that diftance, it becomes more rapid, and in a mile it gains its

vertical pofition.

Where this grit or fandftone rock is in its moft folid ftate,

and where its pofition is perfectly vertical, betwixt two beds or

layers of it, there occurs a bed of Whinflone forty feet broad.

The main body of this bed of whin interfecls none of the

layers of grit, but ftands upright betwixt two of them, to both

of which it is clofely joined. The river, at this place, has, in its

paflage, worn down this bed of whin equally with that of the

adjoining grit, and a perpendicular face of it can be examined

upon each fide of the river, from fifty to fixty feet in height.

Upon examining the feclion of this bed, I found upon the eafl

fide of the river two branches, which fprung from the main body

of the whin, nearly where the water of the river at prefent waflies

the bafe of its perpendicular furface. One of thofe branches

fprings from the right fide of the trunk, and the other fprings

from the left fide : they at firfl diverge from the trunk as they

afcend, and where they pufli out laterally, they interfecl: the con-

tiguous ftrata, and penetrate them in a zig-zag manner ; but at

laft, in a pofition betwixt two of the layers of the grit
;
they con-

tinue



8 DESCRIPTION of the

tinue their direction upwards, decreafing in their diameters as

they afcend, until they nnifh their courfe near to the fuperficial

foil which here covers the rock. The grit contiguous upon both

fides to the bed of whin, is confiderably harder and more corn-

pad than it is in any other part of the ftratification ; and that

angle of the grit which lies between the body of the whin and

its branches, is more indurated than the ftrata of the grit upon
each fide.

Soil. [5Ef£5£3

Grit in

vertical

itrata.

Soil,

Grit in

vertical

ftrata.

The
riv^er.

This fpecies of whin is not very compact in its texture. Its

fracture is fomewhat earthy, and is of a brownifh-black colour

;

but it has a considerable degree of induration, and has fome

fpecks of luftre in it. Having paifed this bed of whin, the grit

continues in the fame pofition as immediately before the whin

occurred ; but, foon after, the gravel, which I have mentioned

to be in fome places imbedded in the grit, increafes in quantity,

and at lad the ftrata are formed of a rock compofed entirely of

that fpecies of gravel, and which may be called Gravel flone or

Plum-pudding- rock'. This aggregate constitutes a (tratum four

hundred yards thick. Its ftretch is nearly from weft to eaft,

and it is vertical in its pofition. Its compolition confifts of

quartz, porphyries, and fome fmall-grained granites, all of

which have evidently been rounded by attrition in water : they

are
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are of a vaft variety of fize, from that of a pea to the bulk of an

oflrich Qgg. Thefe are all firmly combined by an argillaceous

ferruginous cement. In fome parts of this gravel rock, are to

be feen thin lines of a fine-grained grit, ftretching through it

from weft to eaft ; it is by thoie lines alone that the vertica-

lity and the ftretch of this mafs is difcoverable. Its general co-

lour, in mafs, is that of a ferruginous red.

This plum-pudding rock is immediately followed by a fuc-

ceffion of flrata of fine-grained grit, in thin layers : it has a very

considerable degree of induration, and is of a dark ferruginous

brown colour. This deviates a little from the vertical pofition, and

inclines to the fouth : the ftretch is from weft to eaft, and its ex-

tent towards the north is two hundred and fixty yards. To this

rock immediately fucceeds a fpecies of Porphyry, the principal

mafs of which confifts of an indurated argil. Its colour is of a

purple or lilac brown : its induration is very confiderable, and

its fracture is rough and earthy. The materials which are im-

bedded in its mafs, confift of fmall particles of quartz, felfpar,

blackifh-brown mica, and fpecks of iron ochre ; all of thefe are

but thinly fcattered. The fpace in the courfe of the river occu-

pied by this porphyry is two hundred and twenty yards : its

ftretch is nearly from weft to eaft, and it inclines in a fmall de-

gree to the fouth. The rock which fucceeds to this porphyry,

and which is in contact with it, is difficult to defcribe ; and this

difficulty arifes from the great diforder of the ftratification, and

the variety of materials compofing it. The ftrata of this bed do

not fucceed each other in a regular manner. Portions of them

of various dimenfions lie together, but very varioufly difpofed :

fome are vertical, fome horizontal, fome dip to the fouth, one

only to the north, affording a folitary inftance of a northern in-

clination of the ftrata in this field of examination.

The materials of this mafs of confufed ftratification, are of

very different defcriptions. In one place, a quartzofe ftone

Vol. VI.—P. I. B abounds.
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abounds, of a granular texture : it here, in general, refembles a

fine-grained, highly indurated, and compact quartz fandftone :

fometimes, however, it approaches to hornftone, and even fome-

times to quartz in mafs. Much of it has a white colour : the

reft is tinted of an ochery brown, of different fliades. In other

places, the ftratified matter confifts of a (tone of a laminated tex-

ture, with undulating lamellae of a ferruginous tint, looking like

an indurated fhale ; and various gradations of both kinds prefent

themfelves. This jumble is in thicknefs three hundred yards
;

and to it immediately fucceeds a very narrow ftratum of Argil-

lite, which is of a greenifh-grey colour, and very thinly lamel-

lated.

This argillite is fucceeded by a bed of Whin, thirty- three feet

broad. This whin is of a dark blackiih-brown colour, and is of

a more compact texture, than the whin which I have defcribed

occurring in the grit, and is pofTefTed of more induration : the

materials of compofition are nearly the fame in both.

Its general flretch is nearly from weft to eaft ; but in this

ftretch, where it has been expofed to the eye by the river, it is

fomewhat curved, and prefents its convex fide to the mountains.

To this bed of whin fucceeds a narrow ftratum of Argillite, per-

fectly fimilar to that which I have juft now defcribed upon its

fouthern fide. To this fucceeds a feam of Limeftone, fix feet

broad. This limeftone is of a pale blue colour, and is much in-

terfered by fmall veins of quartz trending through it in all di-

rections.

In this limeftone, I was unable to trace the remains of any

animal or vegetable production. Its pofition is vertical, and it

is immediately fucceeded by another narrow ftratum of argillite,

thinly lamellated.

To this narrow ftratum of argillite fucceeds a bed of Whin,

£eventy-five feet broad. This whin is, in its texture, more com-

pact ; and its fracture difplays a fmoother furface than either

of



STRATA of the GRAMPIANS. it

of the two former whins which I have had occafion to mention.

Its colour is of a dark-bluifh black. In tracing, with my eye,

its vertical cracks and fifTures, I thought I could perceive a rude

tendency to prifmatic forms. It is vertical in its pofition; and

its ftretch is from weft to eaft.

This bed of whin is fucceeded by an Argillite of fhivery tex-

ture, and confufed (Iratification ; but as it recedes from the

whin, and approaches the mountains, it becomes regularly unra-

tified. This ftratum of ilate is of great extended thicknefs ; and it

contains a vaft variety of colour and of tint. The colours are,

pale greyifh-blue, yellowifh-green, reddifh-brown, purple and

black, with a great variety of tints of all thofe colours j but the

predominant colours are the greyifh-blue and the yellowifh-

green j of which two there are two forts ; the one foft, and the

other much indurated. The foft is thinly laminated, and fre-

quently panes over into the highly indurated fort, in which the

appearance of the laminated texture is almofl loft.

In this long fucceflion of argillite ftrata, fome fubftances oc-

cur that are heterogeneous to its rock, fuch as jafpers, limeftone,

&c.

The jafpers are in general of a blood-red colour, and are

much veined with white quartz : they occur in large amorphous

mafTes, and in nefts, of eliptic forms, of great variety of fize.

One of thofe bodies of jafper, in the eliptic form, has been cut

through by the river, and is now to be feen in the face of the

perpendicular rock, upon each fide of the ftream. Its fize is thir-

ty feet long, by ten broad : the points of its tranfverfe axis are

fharp ; and it ftands upright in the argillite. The mafTes -of this

matter which occur amorphous in the argillite, are of great mag-
nitude. I have traced one of thofe for thirty yards in extent.

All of thofe jafpers are of great induration, and take a high po-

lifh. Both the amorphous and the eliptical formed mafTes are

found imbedded, where the argillite is of a greeniui-grey colour,

B 2 thinly
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thinly lamellated, of a filky luftre, and faponaceous to the feel

:

it clings round thofe mafles in all their variety of direction, and

of courfe its texture is there much twifted. When the argillite

ftratification has extended its thicknefs to near three quarters of

a mile, the limeftone which I have mentioned above then occurs,

in a bed of twelve feet thick. Its colour is bluifh-black; and it

is much pervaded by veins of quartz, and of calcareous fpar
;

the lad of thofe are, in many places, of considerable breadth, and

are of a pale flefh colour. Where this limeftone has been

wrought, I obferved it forked ; that is to fay, the bed is there

fplit or divided into two, by the intervention of an argillaceous

body. Upon each fide of this bed of limeftone the argillite oc-

curs of two colours. That which is next to, and in contact with

the limeftone, is black, of a fhaly texture, foils the hand, and has

veins of ferruginous-coloured quartz trending through it. The

argillite which is more remote from the limeftone is of a dark

purple colour.

Immediately after this narrow bed of fhale, the argillite re-

aflumes its greenifh-blue colour, and flaty texture, and becomes

highly indurated : here fome fpecks of granulated quartz begin

to appear, thinly fcattered in its mafs, and, foon after, it is feen

to pafs over into an aggregate rock, chiefly compofed of grains

of quartz, felfpar, and minute particles of mica. The particles

of quartz and of felfpar feldom occur in this aggregate larger

than the eight of an inch : thefe have very little the appearance

of having fuffered attrition : they are much mixed, and are fre-

quently feen to take lineal directions ; and in thofe lines the par-

ticles of felfpar have frequently a comprefTed appearance, and an

eye-like form. This rock, in mafs, has a greyifh- blue colour:

it is of great induration, and although lamellous or flaty in its

texture, a crofs fracture is often more eahly obtained than one

with the lamella?. Its crofs fracture is pretty even, but appears

more granular than foliaceous. This rock occurs frequently in

the
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the diflrict of blue clay flate, and may almoft be faid to alternate

with it. I have been perhaps more minute in the defcription of

this rock than irdeferved ; but I have been fo, becaufe doubts

have arifen relative to what name ought to be given to this aggre-

gate. In all my geological refearches, I have found this rock only

twice ; once, where I have here defcribed it ; and, again, near to

Banff, on the Moray Frith. In both of thofe fituations, the ag-

gregates are of the fame composition, and fimilar in pofition l

they both lie among blue clay flate.

In this long alternation, two fubftances occur which are he-

terogeneous to the rocks among which they lie. The firft of

thofe, is a bed of compact Felfpar, of great induration. This

bed is ten feet broad : its ftretch is nearly from weft to eaft : its

pofition is vertical ; and it ftands between two of the layers of

the blue clay flate. Its colour is of a reddifh-brown, with a

fmall admixture of purple ; and its general fracture is conchoi-

dal, fomewhat rough, but not earthy.

Not far diftant from this bed, an appearance occurs wor-

thy of fome notice. Where the aggregate and the blue clay

flate are alternating, a furface of considerable extent of the

aggregate rock is expofed to view, parallel to its ftratifica-

tion. This furface is regularly undulated in fmall undula-

tions, bearing a very ftrong refemblance to thofe that may be

feen upon the fand of the fea-beach, when recently left; by the

tide. After pafling the bed of compact felfpar, the blue clay

flate and aggregate rock again alternate ; but here the blue clay

flate predominates. Near to this, the fecond fubftance hetero-

geneous to thofe alternating rocks occurs. It is a bed of Whin,

the form of which is fomewhat lingular. It confifts of a prin-

cipal trunk, which the river, here cuts nearly at right angles.

Upon the eaft fide of the river, this principal trunk is feen to

fplit into three branches ; and thofe three take an eaftern direc-

tion, betwreen the ftrata of the aggregate rock and the blue clay

flate, where thofe two rocks are of great induration. The

breadth.
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breadth of this bed of whin is thirteen feet ; and where it fplits,

its three branches are, fix, four, and three feet in diameter. The
trend or ftretch of this bed is from weft to eaft ; but upon the

weft fide of the river, it curves fomewhat to the fouth-weft. Its

compofition is nearly the fame with the three other beds of whin
which I have before mentioned. It is of a brownifh-black co-

lour, and, when placed in certain directions, it fhows fpecks of

luftre. It is vertical in its pofition, has a great degree of indu-

ration, and its general fracture is roughly conchoidal.

Soil.

:

Aggregate
rock.

Blue
Clay flate.

The river.

Upon palling this bed of whin, the river ceafes to be deeply

imbedded in the rocks ; but the aggregate rock and the clay flate

ftill continue to be feen for a fliort diftance, in a fhelvy acclivi-

ty, where they are loft to view in a long narrow plain, deeply

covered with a bed of gravel, compofed of the debris of the in-

terior mountains. The river here flows over this bed of gra-

vel for a confiderable fpace ; and upon this narrow flat, we pafs

through between two of the mod elevated points in the fouth la-

teral range of this part of the Grampians. Although the obtru-

fion of this mafs of gravel cuts off from infpect-ion the continui-

ty of the laft- mentioned rocks, yet the broken and abrupt fides

of the mountains, clofe upon each hand, clearly points out, that

this part of the fouth lateral range is entirely compofed of mica-

ceous fhiftus. Here, we are deprived of the junction of the mi-

caceous lhiftus with the two former rocks ; and the lofs of all

fuch
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fuch junctions are always to be much regretted in mineralogical

refearch.

Having palled over this narrow plain, I advanced towards

a fecond range of hills, which here form the bans of the central

and higheft chain. It is at this place where the river fo fud-

denly changes its courfe from eaft to fouth, and where I Was un-

der the neceffity of leaving its bed, to continue my northern di-

rection towards Mount-Battoc. This, however, I was enabled

to do to great advantage, by following up the deep cut bed of a

winter torrent, which led me into the direction which I wilhed

to follow.

Upon entering the bed of this torrent, I found that the bafis.^

of the hills here entirely confilted of micaceous fhiftus, much
veined with quartz, and much twifled in its texture. The

ftretch of this rock is here nearly from welt to eait ; and it has

a foutherly dip of 45 degrees.

In palling through among thofe hills towards the central

range, I found in feveral of the beds of the torrents large blocks

of reddilh-brown porphyry, with fcattered malTes of micaceous

fhiftus and granite.

In tracing up one of thofe torrents, I faw the micaceous fhif-

tus rock and the porphyry both expofed to view, near to each

other ; and, foon after, in the bed of the fame torrent, I came to

a cafcade which had laid bare both thofe rocks at a point where

they are in contact j and near thofe a fecond bed of porphyry

made its appearance, in the front of a near hill. From my firft

view of thofe, and from their relative politions, I was led to ima-

gine, that they might here alternate in vertical polition j but up-

on more minute infpection, I found that the porphyry conftituted

vertical dikes, ftretching nearly from fouth to north -

3 which courfe

cuts the line of direction of the Grampians here almoft at right

angles : and, on the contrary, I found that the micaceous fhiflus

v?hich . flanked thofe dikes of porphyry, had a regular ftretch

from 5
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from weft to eaft, and a foutherly dip. To endeavour to have

thefe appearances more fully explained to me, I directed my
fteps to the brow of that hill, where I had obferved the rock laid

bare ; and in paffmg along the fronts of the hills from eaft to

weft, I foon came to a dike of porphyry fimilar to thofe which I

had immediately left. This dike is fixty feet broad, ftretching

nearly from fouth to north, and flanked upon both fides by mi-

caceous fhiftus, ftretching and dipping as before defcribed. In

proceeding farther along the faces of thofe hills, I found feverai

other dikes of porphyry, of various breadths, and at various di-

ftances from each other ; but all of them fimilar in their lines of

direction, and the micaceous fhiftus always interpofing between

them, through which they feemed to rife. The porphyries of

thofe dikes are generally of a ferruginous colour, tending fome-

times to an orange-red, and of various tints of thofe colours.

They have great induration, are coarfe-grained, and produce a

rough fracture. The particles of quartz which are fcattered in

their principal mattes, are fmall, amorphous, and are of a ferru-

ginous colour. The particles of felfpar are of a light tint of the

fame colour, and are moftly cryftallized. The furface of thofe

dikes are in many places bare, and expofed to the eye for long

extents, in their lines of direction ; and in all thofe lines of di-

rection which I have traced, I have never found any of them al-

ter in their breadths, in their verticality, nor in their directions.

Their furfaces, in general, confift of oblong fquare blocks, now
loofe and unconnected with each other ; and, in many places,

the lines of fracture of thofe blocks are fo ftraight, that one

might almoft fuppofe that they had been disjoined by the hand

of art.

I have often obferved, in this diftrict, and in other parts of

the Grampians, that the loofe and outlying blocks of both gra-

nite and of porphyry, (which have not been worn down by at-

trition),
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trition), confift, in general, of oblong fquare fhapes. This ob-

fervation, when I firft made it, led me to imagine, that thofe

rocks here were perhaps ftratified. I have, however, as yet, not

been able to trace real flratiflcation of thofe rocks in this diftrict

of the Grampians.

Upon fome of the fummits of thofe hills which here form the

balls of the central range, I firft difcovered the granite in folid

rock. In thofe fituations, the granite is only feen in patches,

where the fuperincumbent rocks have worn off it. Thefe fu-

perincumbent rocks, which I here found in contact with the

granite, are of two different compofitions, and occur on the fum-

mits of different hills. The one of thofe rocks, and the moft

prevalent one, is the micaceous fhiftus ; the other is the granitelle,.

or a mixture of quartz and fhorl. In fome parts of this laft-

mentioned rock, I perceived a fmall admixture of hornblende :

where this appears in the compofition, it perhaps ought to receive

the appellation of granitine. In thofe elevated fituations, I

found both of thofe rocks, (efpecially the micaceous fhiftus), in

a ftate of decompofition, and faft leaving the granite expofed to

the eye.

From thofe appearances, it is to be inferred, that the interior

of thofe hills is compofed of granite, which is but thinly coated

by the fuperincumbent rocks.

Upon leaving thefe hills, which, I have already faid, form

the bafis of the central chain of the Grampians, I regretted

very much, that all my endeavours proved abortive to trace out

the whole extent, in line, of any one of thofe dikes of porphyry

which interfedl their fides. I conflantly loft them under peat or

other foils, before I could trace them to their contact with the

granite. It was my anxious wifh to fee how thofe two rocks of

porphyry and granite connected with each other at their junc-

tion.

Yol.VL—P.L C In
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In purfuing my refearches towards the fummit of Mount Ba-

toc, I proceeded up the bed of a torrent, which, after heavy-

rains, dafhes down the immediate fide of that mountain. In this

bed, the blocks of micaceous fchiftus and of porphyry, (which I

had feen fo abundantly fcattered among the hills that I had jufl:

left), totally difappeared, and no outlyers of any kind were to be

feen, excepting fome granites, which were fcattered in large

maffes ; and in every part, where the torrent had carried off

the fuperincumbent foil, the granite was to be feen in folid

rock.

In my progrefs towards the fummit of this mountain, I fell

in with a large face of the native granite rock expofed to the eye.

By the cracks in this face being in long- extended horizontal

lines, it had at firft the appearance of being ftratified ; but upon

a nearer and more minute examination, I found that it was not

ftratified, and that the cracks which gave it that appearance were

only fuperficial.

Around this face were fcattered large blocks of granite,

which were moflly in oblong fquare fhapes.

Soon after palling this precipice, I gained the fummit of the

mountain, which, though not very highly elevated, is in this

part of the chain the highefl of the central range. It is about

3465 feet above the level of the fea ; and is entirely compofed of

a coarfe-grained granite, in which fhorl fometimes occurs ; and

its felfpar is very generally cryftallized.

Having here finifhed the extent of my intended invefliga-

tion, I beg fto be permitted to add, that the line which I have

here given the defcription of, has been traced with much atten-

tion, and the true pofition of each foflil has been mofl fcrupu-

loufly attended to, and is correctly placed in the annexed

plate.

I
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I wish that fome more able pen than mine, would take up

the further defcription of this extended field of geology, fo

worthy of inveftigation ; but if none will come forward for that

purpofe, I may at fome future period prefume to give to this

Society more extended, and more general lines of defcription of

the Gr.ampians, than that which I have now had the honour of

fubmitting to their examination.

II.





II. ^Geometrical Investigation offome curious and interefl-

ing Properties of the Circle, fcfc. By JAMES GLENIE, Efqs

A. M. F. R. S. Lond. & Edin.

{Read April i. 1805.]

Bear Sir, Edinburgh, iid March 1805.

AS the following paper refers in a great meafure to the gene-

ral theorems published by your father, I now commit it to

your care, and that of my friend Mr Playe air, Profeflbr of Na-
tural Philofophy. I wifti it to be communicated to the Royal So-

ciety of Edinburgh, and, if approved of, to be inferted in their

Tranfaclions as foon as pomble. Indeed, I truft, that even
fimple as it is, it will not be altogether unacceptable to that

learned body.

I am,

Dear Sir,

Moft fincerely your, &c.

Ja s Glenie,

Dugald Stewart, Efqs \
Profeffor of Moral Philofophy.J

The
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1 hat truly elegant and inventive geometer the late Dr

Matthew Stewart, publifhed at Edinburgh, in 1746, without

demonflrations, a number of general theorems, of great ufe in

the higher parts of mathematics, and much calculated for impro-

ving and extending geometry. Such of them as refer to the

circle, and to regular figures infcribed in, and circumfcribed

about it, have not, as far as I can understand, been yet demon-

ftrated. Thefe, with an endlefs variety of other theorems, are

derivable, as corollaries, from the following general though

limple geometrical inveftigation, that occurred to me fifteen

years ago, and which, I fuppofe, has remained fo long unknown
and unattended to chiefly on account of its Simplicity.

LetA,B,C,&c. (PI. II. Fig. 1.) be any number ofpoints in the

circumference of a circle, and let that number be denoted by n.

Let RA, RS, ST, &c. be tangents to the circle, in the points A,

B, C, &c. ; and let POQ_be any diameter. Let Qc,
Qd, Qf,

&c. be perpendiculars from the point Q^ to the diameters paf-

fing through the points A, B, C, &c, and Fa, P b, P c
t
&c. per-

pendiculars from the point P to the fame diameters.

Then it is evident, that PQ^= XF + AQ^ = BP* + BQ^n

CP
2

+ CC£ == &c. Wherefore PQ^X n = AP + B? + CP* -f

,

&c. +AQl+BQ^+CQ^-f, &c. But AP* = AG X A^rzPQ^

xA^BP'r PQjx B e, CP
2

= PQj< C b, &c. j and A~Q^+ BQ^-f

C(£ -f, &c. - ?QX At + B/+C^+, &c. Now ha, B e
%

C b, &c are refpectively equal to perpendiculars drawn from P

to the tangents RA, RS, ST, &c, as are A c, B/, C d, &.c. equal

to perpendiculars drawn from Q^to the fame tangents. Con-

fequently the fum of all the perpendiculars drawn from the

points P and Q^ to lines touching the circle in the points, A, B,

C, &c. is equal to PQX », or a multiple of the diameter by n.

The fame may be proved othewife ; for fince O a — O c, A a

~Gc, Atf-f-Ac— the diameter. In like manner, B e -f Bf—
the diameter, and C b -f C d — diameter, &.c.

In
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In the fame way, it is demonftrated, that if from any two

points p, q, in the diameter PQ , equally diftant from the centre

O, perpendiculars be drawn to the lines touching the circle in

the points A, B, C, &c. their fum is equal to a multiple of the

diameter by n.

But if from any two points V, W, in PQ^ produced, equally

diflant from the centre O, lines drawn perpendicular to any dia-

meter B r, pafhng through any point of contacl B, fall beyond

its extremities B, r, the difference of the perpendiculars drawn

from W, V, to the line touching the circle in B, is equal to the

diameter, and fo on.

So alfo, when perpendiculars from the points V, W in PQ^
produced to the diameters paiTing through the points of contacl

A, B, C, &c. do not fall beyond the extremities of any of thefe

diameters, perpendiculars from V and W to right lines touching

the circle in the points A, B, C, &c. are taken together equal to

a multiple of the diameter by the number of the faid points.

Cor. 1. Perpendiculars drawn from P and Q^or p and q, to

lines touching the circle in the points A, B, C, &c. are toge-

ther equal to a multiple of the radius by 2 n.

Cor. 2. The fum of perpendiculars drawn from P, Q^ or p, q,

to the fides of any regular figure circumfcribed about the circle,

is equal to twice the fum of perpendiculars drawn to the fides of

a regular figure of the fame number of fides circumfcribing the

circle from any point within the fame regular figure.

r AP +BF-J-CP+, &c. r c , „. ,
<~<or. 3. . — fum or the perpendiculars

drawn from P to right lines touching the circle in the points A,

B, C, &c. d denoting the diameter.

Or a third proportional to the diameter and the chord AP, to-

gether with a third proportional to the diameter and the chord

BP, together with a third proportional to the diameter and the

chord
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chord CP, &c. is equal to the fum of the perpendiculars drawn
from the point P to right lines touching the circle in the points

A,B, C, &c.

AQ* + BQ* + CQN-, &c.
And —^ ^*~2 =: fum of perpendiculars

drawn from Qjto the fame lines.

Again, fince by a well known property of the circle,

AP2

+~Al£ = BF-f^ = CT -fC^=&c. = 2r*-f 20^,
r denoting radius, the fum of the fquares of lines drawn from

the points A, B, C, &c. to any two points p, q, in the diameter

equally diftant from the centre, is = 2 n r2
-f- 2 n X Op* zz a mul-

tiple of r 2
, by twice the number of the points A, B, C, &c. to-

gether with the fame multiple of the fquare of O p or O q.

In like manner, aV -fAW" -f BV
2

-f BW'-f-CV'-fCW a+, &c.

s 2 n r% + 2 n X QV* — a multiple of r % by twice the number of

the points A, B, C, &c, together with the fame multiple of oVJ

orOW'-
And fince the fquares of the chords AP, BP, CP, &c. are to*

gether equal to the fum of the fquares of the perpendiculars,

drawn from P to the right lines touching the circle in the points

A, B, C, &c. together with the fum of the fquares of the per-

pendicular diftances of P from the diameters pairing through

thefe points, the fum of the fquares of Ap, Bp, Cp, &c. is in

like manner equal to the fum of the fquares of perpendiculars

from p to thefe lines, together with the fum of the fquares of

the perpendicular diftances from p to the faid diameters.

In like manner, A?
2 + Bq* + Cq

%

+> &c - = fum of Squares

of perpendiculars from q to the lines touching the circle in A,

B, C, &c together with the fum of the fquares of the perpendi-

cular diftances of q from the diameters paffing through A, B,

C
5 &c.

Wherefore
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Wherefore the fquares of the perpendicular diftances of ei-

ther P or Q^ from diameters pafling through the points of con-

tact A, B, C, &c, are, taken together, equal to the excefs of the

rectangle under half the diameter PQ^and the fum of perpendi-

culars from P and Q^to right lines touching the circle in the

points A, B, C, &c. above half the fum of the fquares of faid

perpendiculars = n r2 — r s, (j being equal to the fum of per-

pendiculars from O, as, in what follows, to right lines touch-

ing the circle, of which OQ_ is the diameter, in the points

c, d,f, &c). And the fum of the fquares of thefe perpendicular

diftances from both P and Q^ is ~ 2 n r 1 — 2 r s. This is alfo

evident, from all angles in a femicircle being equal to right ones.

For AP* -f ACT + BP
2

-f- BQ^-f CP *-f- CQ^+ &c - - n x ^OL
=: 4 71 r

2

; and 4 n r — 2 n r %— 2 r s ~ 2 n r*— 2 r s.

Consequently, when the whole circle is divided into equal

parts, in the points A, B, C, &c. Ap -f b/ + C~p + &c. =
Aq -f Bq -f Qq + &c. =w *;* + n X Op* ;

and AV* + BV* -f

CV -f&c. =AW' + BW +CW+&Lc.= nr*-\-n x ov\ For
the fum of perpendiculars drawn from p to the fides of any
regular figure circumfcribing the circle, is then equal to the fum
of the perpendiculars drawn from q to the fides of the fame
figure. The fame obfervation holds with regard to perpendicu-
lars drawn from the points V, W.
From the foregoing general inveftigation, when the circle is

fuppofed to be equally divided in the points A, B, C, &c Dr
Stewart's firft, fecond, third, and eleventh theorems can be im-
mediately derived.

I shall, however, proceed regularly with the inveftigation;
and, in the firft place, take the fquares of the perpendiculars
from P and Qjo the right lines touching the circle in the points
A, B, C, & c . which perpendiculars are refpectively equal to A a,

Ac;B/,B^; C</,C^&c.
Vol. VI.—P. I. D Now



26 INVESTIGATION offome

Now.Ac -f Aa —rJ^-cO +r — cO = 2 r* -f 2 X cO

B/+B* rrr+O/ +r— O/ = 2 r* 4. 2 X O/

C? + C£ =r+0^ + r^—Od =2r*±2XOd
&c &c. &c .

Wherefore the fum of the fquares of perpendiculars from
P, Q^to lines touching the circle in the points A, B, C, &o is

= 2 n X r*+ 2 XO/+ O/ + O/4-&C But the points c, d,f,

are in the circumference of a circle, of which the diameter is OQ^

or r, and by Cor. 3. the fum of Oc + Of +Od 4. &o == OQjx
into the fum of perpendiculars drawn from O to lines touch-

ing the circle, of which OQJs the diameter, in the points c, d,f
&o Call the fum of thefe perpendiculars s. Then we have

the fum of the fquares of perpendiculars drawn from P, Q^to

lines touching the circle APQJin the points A, B, C, &c. == 2 n-r z

Jfirs - (Cor. 3. ) AP +BP 4-CP + &c + AQ^+BQ^+CQ -f&c .~

"

dT~

When the circumference is divided into equal parts by the"

n
points A, B, C, &c. or the angles at O are equal, s = - x OQ^

»
or - x r and 2 n r -f- 2 r s — 3 n r*.

If a regular figure be infcribed in the circle, having its

angles at the points A, B, C, &c. or a regular figure be cir-

cumfcribed about the circle, having its fides tangents to it

in the points A, B, C, &c. we get from the general expreffion

AP
4 + BP + CP

4

+ fee. or
AQl + BQl+ CQ? + &c. _

r3
r r ^

-\- 4r s — 4 n r3
-f 2 n r'- zr 6 n r\ or third proportionals to ra-

dius, the chords drawn from either P or Q^to the points A, B,

C, fee. and the cubes of thefe chords equal, when taken toge-

ther, to fix times a multiple of the cube of radius by the num-
ber
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ber of the fides of the infcribed or circumfcribed figure ; or to

fpeak algebraically, the fum of the fourth powers of thS chords

is equal to fix times a multiple of the fourth power of the femi-

diameter of the circle, by the number of the fides of the figure.

This is Dr Stewart's 23d theorem.

• In like manner,

Ac -\-Aa =r + Oc +>— Oc -2^-{-6rXOc

By + B«? =r + 0/+r-0/=2r3 -f-6rXO/

Vd +Cb =r + Od + r— Od =2r"-\-6rXOd

&c. &c. Sec.

And the cubes of perpendiculars from P and Qj:o right lines

touching the circle in the points A, B, C, &c are taken together

= 2 n ri -f 6 r X O? -f 6? -f Oct -f &c. = (by Corollary 3.)

AP
6

+ BP
6

+ Cp'+ 8cc + AQ
6

+BQ+CQ+ &c .

d s

But O? + Of + Od + &c - —— >
wnen the circumference

*^
Jit

is equally divided in the points A, B, C, &c. or when a regular

figure is circumfcribed about the circle, with its fides touching

the fame in faid points. Wherefore the cubes of perpendiculars

from P and Qj:o the fides of a regular figure of a greater num-
ber of fides than three circumfcribed about the circle, are taken

together r: 5 n r3
. This is Dr Stewart's 19th theorem.

And if a regular figure of a greater number of fides than

three be infcribed in the circle, having its angles in the points

A, B, C, &c. third proportionals to the cube of the diameter and
the cubes of chords drawn from P and Qjto the points A, B, C,

&c. will, taken together, be equal to 5 n n
; or third proportion-

als to the cube of the diameter and chords drawn from either P

or Qj:o the faid angular points, will taken together, be :=
2
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or, to fpeak algebraically, the fum of the fixth power of chords

drawn Trom either P or Q^ to the faid points, will be equal to

twenty times a multiple of the fixth power of radius, by the

number of the fides of the infcribed figure.

In like manner,
•

4
2 XT*Ac+Aa r + Oc +r— Oc , v -2 ,2XOf-— = 2 r^ + 12 r X Oc +r

B/+ B/ _ r+ of + r—of -, —? 2 x o/— = — = 2r* + iir XOJ -f
r

4

" 2 r3 -f 12 r X Oa +
r r t

&c. &c. &c.

And third proportionals to radius, perpendiculars from P and Q^
to right lines touching the circle in the points A, B, C, &c. and

the cubes of faid perpendiculars are, taken together, equal to

2 n r3
-J- 1 2 r X Oc + Of -f Od -f &c. +2X —

r

= (by Cor. ,.1
AP+BP+CP + &C. AQ>BQjfCCL+ &c.

V 7 J J d*xr T d+xr

But Oc 4* O/" + Od 4- &c. == — when the circumference
2

is equally divided in the points A, B, C, &c. or when a regular

figure is circumfcribed about the circle, with its fides touching

n r 1

the fame in faid points, and 12 r X "—
^~ — 6 n r$m Alfo

• oc
t

+ of'+od
,

+ikc.
is then _ azii'. Wherefore thefe

» 4

72 V3

third proportionals are taken together equal to 8 n r* + 3 —
4

35 /; r3

~~~~7
; and four times their aggregate is equal to $5 n *">• Or,

to
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to fpeak algebraically, eight times the fum of the fourth powers

of perpendiculars from either P or Q^ to the fides of a regular

figure of a greater number of fides than four circumfcribed

about the circle, and touching it in the points A, B, C, &c. are

equal to thirty-five times the multiple of the fourth power of

radius by the number of the fides of the figure. This is Dr
Stewart's 25th theorem.

And if a regular figure of a greater number of fides than four

be infcribed in the circle, having its angles in the points A, B, C,

&o the eighth powers of the chords drawn from either P or Q^
to the points A, B, G, &c. (to fpeak algebraically) is equal to

70 n r 8 — n x — - 2K r s = feventy times a multiple of the

eighth power of radius by the number of the fides of the fi-

gure.

In like manner,

r+ Of + r— Oc 5

, , e
—2 10 o?

-\ =2r3 + 2orXOt 4.J., ,
r r

J—— — = 2r3 + 2orxO/+ io x^-r

_ = 2 r3 4. 20 rxO^ +10X-r f

&C &c

Wherefore r+°c -frr-Or +r-fO/ 4-r-O/
,
H^5

+7=gg

&c. = 2»r3+iotfr3 +.J
1 =.SZ— equal (by Cor. 3.) to

AP + BP° 4- CP° + 8cc. + AQ° + BQ° + CO °
4- &c. when

d 5 /•'
!

the circle is equally divided in the points A, B, C, &c.

And
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And generally when m is any integer whatfoever, we have

Ztf #2—

j

=5 ==3
+ &c. equal to 2 « r* + -.rxO + O/+O/ + &c +

w OT—
i
"*—2 m~3 v O 4- 6? + 65 + &c. w «*— I ^—2— • " • • X. ± ! I . — ..

I i 3 4 r I i 3

^ ^_4_^ x 5< + 6/ + 6d + Sec. &c _ _ (c
.450 r3

. /

AP + BP 4- CP + &c. AQ^ + BQ^ 4- CQ^ + &c.
dm rm~* dm r'"~i »

which, when the circle is equally divided in the points A, B, C,

&c. by the circumfcription or infeription of a regular figure,

coincides with the 36th and 38th of Dr Stewart's general

theorems.

And univerfally if m have to / any ratio whatfoever

m ' m + ^ ~ + OCC.
7
—

3 1~3 7"~3
r r r'

is=2»rH- j—j-' x °^ +0/ +°^ +&c. + 7'—7 ? .

•J

4 ; 4

«—3

/

v Of +Q/+Oi+&c.
,

« ^ZZ .

CT~2l m—3 l m
-*tl__x +/ -

l
•

3/ -77-77

*?—5*
x O^ + OZ+O** x8cc > + &c. &c

6/ z*3

This lail theorem, or expreffion, is more general than any

of Dr Stewart's theorems, and will furnifh an endlefs num-

ber of new and curious infinite feries, with their fumraa-

tions. It may alfo be extended to the chords AP, BP, &c.

and exprelTed in terms of them. And as to the truth of the bi-

nomial
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normal and refidual theorems, when m has to / the ratio of any

two homogeneous magnitudes whatfoever, I mud refer the reader

to my general demonftration of both in Baron M a seres' s Scrip-

tores Logarithmici, vol. 5. and to fome of the geometrical formu-

lae in my Univerfal Comparifon.

In like manner, if pg, pb
t
pi, &c be perpendiculars refpec-

tively to BO, CO, AO, &c. we have r + Oi + r—O i + r + Og

j^ r — 0/ + r+ Qb 4. r— Ob 4. 8cc. = .2 » r* + 2 x

O? + Og
2

-{-Ob -\- &c. = 2 n r%
4- #. 0/> , when the circle is equal-

ly divided in the points A, B, C, &c. or when a regular figure

is circumfcribed about it, with its fides touching it in thefe

points. This is Dr Stewart's third theorem, of which he gives

a demonftration of confiderable length.

In like manner,

r + Qi +r— Oi
i
4-r +o/ + r— Q g

3+ 7~+Ob
3

4" r— Ob*
2 i 3

4- Sec are equal to 2 n.r 3 4* 6 r x Oi 4- Qf 4. 0,6 4.&C. z2»/- 3

4- $rxOp , when the circle is equally divided. in the points, A,

B, C, &c. or when a regular figure circumfcribing it touches it

in thefe points. This is Dr Stewart's 20th theorem.

In like manner,

r+0/* + r— Oi 4

j^
r+ Q/ + r —Og , F+Q~b*+ r— Ob"

r r r

+ &c. is equal to 2 # r 3 + 12 rxOi + Qf 4.O/6 4 &c. 4- 2 x

5/ + Q? 4. CM 4. &c. , £ ^ ,
?>"£>?

^ ^ -£ = to 2 n r %
4. 6 r x Op X « +—7^>

when the circle is equally divided in the points A, B, C, &c. or

when a regular-figure, circumfcribing it, touches it in thefe points.

And a multiple of this by four, or eight times the aggregate of

third i
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third proportionals to r, the perpendiculars from either p or q to

the fides of the regular circumfcribing figure, and the cubes of

thefe perpendiculars is equal to 8 /z r 3 + 24 « r x 0/> + $n x

— ; or, fpeaking algebraically, eight times the fum of the fourth
r

powers of perpendiculars from either p or q are equal to 8 n r\

together with 24 times a multiple by n of the fourth power of

the line whofe fquare is equal to r xO p, together with thrice a

multiple by n of Op . This is Dr Stewart's 26th theorem.

In like manner,

" S_±r—0_^ , r+ o/ + r—o/ _j_
r+Ob

0?Vo£
4

+0%
4

-f&c.
are = 2/zr»+20rX0i +0^ +0h +&C+10X

t

— 2nr* •+• 10 nrxOp 4- — *

.

when the circle is equally

divided in the points A, B, C, &c. or when a regular figure cir-

cumfcribing it touches it in thefe points.

And generally when m is any integer whatfoever,

r+Oi +r— Oi , r + Qg +r— Og r + Q£ +r— Oh
-^=5

"+"

r««—

3

~T~ r'«—

3

f» W—

I

FT- u-rT . r*A c, ,

m m~ 1

+ &cis = 2«r3 + --T-^xO. + Q? + 0^ +&C.4--—

.

?n_2 ?Ji ,.'. ofH-^ + O^-f-'&c. » ,g-i; ^.£=3.— • T r 1 1 3 4

m—4 m—5 . Of +Og +Ob + &c , &c . &c. : which,
•
—z~ X into

"

when the circle is equally divided in the points A, B, C, &c. or

when
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when a regular figure circumfcribing it touches it in faid points,

gives Dr Stewart's 37th theorem, fince the fame reafoning and

mode of demonstration holds good in regard to half the amount

of this expreflion, whether the points p and q be in PQ^or in

PQ^produced.

And univerfally if m have to / any ratio whatfoever,

r + Qjj +r—Oi * r + Og 1 + r—Og 1 r+OPi + r—Oh
~
M &

m w Ht

rl r r
l

— inrs + f
—j- -rxOi + Og + Oh + &c. + 7- -7- .

—

j~.

m— -d Joi' + Og + Ob + &c.
,
m m—/ m—2/ m— %l m—4/

2. .X 2- + — . ; • — . -li- . jT-

4/ r I I 3/ 4/ 5 l
'

m-sl x
•

t
. Pi' + Og

1

+ Oh\ Sec. + & &ir,xi
r*

This laft theorem or expremon is more general than any of

Dr Stewart's theorems, and from it may eafily be derived an

endlefs number of new and curious infinite feries, with their

fummations.

It is almoft needlefs for me to obferve, that befides thefe theo-

rems of Dr Matthew Stewart, an unlimited number of other

theorems, respecting figures both regular and irregular, circum-

fcribing and inferibed in the circle, may eafily be derived from

the foregoing investigation, as well as a great number of geo-

metrical infinite feries, with their fummations. And as to theo-

rems refpecting given points, right lines and figures either re-

gular or irregular, given by pofition, and right lines interfecling

each other either in one point or in different points in angles

either equal or unequal, that are deducible from it, they are in-

numerable.

Vol. VI.—P.I. E Now,
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Now, let a circle (Fig. 2.) be divided into an uneven number
of equal parts, by the points A, B, C, D, E, &c. and let PQ^be
any diameter ; from P let P^P^P^P^PI, &c. be drawn
perpendicular to the diameters parting through the points A, B,

C, &c. and from d let Qj, Q^/, Q^, QJ, Qj, &c. be perpen-
dicular to the fame diameters.

Then it is evident, that A a, Ae are refpeclively equal to

perpendiculars drawn from P, Q> to a tangent to the circle in

the point A ; and fince O a = O e, their fum A a + A e =
r—O a + r + O a. In like manner, the fum of the perpendicu-

lars from P, Q^to the tangent at B is = r—Oc + r + O c, to the

tangent at C is = r—O k + r + Ok, to the tangent at D is

= r + O b + r—O b, and to the tangent at E is rz r + Q d +

r—6 d. But r—O a + r—Oc + r—O k + r + Ob + r + Od =
r + Oa+r + Qc + r + Ok + r—O b + r—O d- 2 xOb + O d =:

2XOa + Oc + Ok and Ob + Od — Oa + Oc + Ok, and fince

r—O a + r—O c + r—O k + r + Qb + r + d =r + a +

r—Gc + r + Qk + r—Ob + r

—

Od , we have this equation

4Xr xO b + rxOd zz 4.X r xO a + rxOc + rxO k, or 0^ +

Odz=.Oa + Oc + Ok.

But if from a point in the circumference of a circle, perpen-

diculars be drawn to the alternate fides of a regular figure of an

even number of fides circumfcribing the circle, or, which comes

to the fame thing, beginning with any one fide, perpendiculars

be drawn to the ift, 3d, 5th, 7th, &c. fides, the fum of thefe

perpendiculars, the fum of their fquares, the fum of their cubes,

~i
">th

n 2 th

&c. to the fum of their -— 1 or powers, is refpeftively

equal to the fum of the perpendiculars drawn from the fame

point
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point to the other fides, viz. the 2d, 4th, 6th, 8th, &c the fum
of their fquares, the fum of their cubes, &c. to the fum of their

powers, but not in powers above (n being the num-

ber of the fides).

Thus for inflance, if a regular hexagon circumfcribe a circle,

and from any point in the circumference perpendiculars be

drawn to the alternate fides, that is, to the fides of an equilate-

ral triangle circumfcribing it, the fum of thefe perpendiculars,

and the fum of their fquares, are refpectively equal to the fum

of the perpendiculars drawn to the other three fides, and the

fum of their fquares. For the fum of the perpendiculars to the

three fides of an equilateral triangle, is equal to half the fum of

the perpendiculars to the fides of the hexagon, and the fum of

their fquares in the one, equal to half the fum of their fquares

in the other. But this does not hold in regard to the fum of

their cubes, as the fum of the cubes of perpendiculars to the fides

of the triangle is not invariable.

In like manner, if perpendiculars be drawn from a point in

the circumference to any four fides of a regular circumfcribing

octagon, taking them alternately, that is, to the fides of a cir-

cumfcribing fquare, their fum, the fum of their fquares, and the

fum of their cubes, are reflectively equal to the fum of perpen-

diculars to the other four fides, the fum of their fquares and the

fum of their cubes. But this does not hold in regard of the

fum of their fourth powers, which to the fides of a fquare are

not invariable.

In like manner, the fum of perpendiculars to the alternate

fides of a regular circumfcribing decagon, that is, to the fides of

a pentagon, the fum of their fquares, the fum of their cubes,

and the fum of their fourth powers, are refpectively equal to the

E 2 fum,
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fum, the fum of the fquares, the fum of the cubes, and the fum
of the fourth powers of perpendiculars to the other five fides.
But this equality does not hold in the fifth powers, which to the

fides of a pentagon are not invariable. For l^ZZ^ = * ^nd

fo on.

N. B. The fame holds true if the perpendiculars be drawn
from any point within the figure for odd powers, and either
within or without, in even ones.

But as it was obferved in the preceding page, that the equa-
lity between the fum of the powers of perpendiculars, drawn
from any point in the circumference of a circle, to the alternate
fides of any regular figure of an even number of fides, and the
fum of the powers of perpendiculars drawn from the fame point

to the other fides, exifted only to the "-— power j fo the equa-

lity between the fum of the powers of perpendiculars drawn
from the extremities P and Q^of any diameter to the fides of a
regular figure of an odd number of fides circumfcribing the
circle, and the fum of perpendiculars from either of thefe, or any
point in the circumference, to the fides of a regular circumfcri-
bing figure of double the number of fides, exifts only to the
»—

2

th
power.

A wide field is here opened for the geometrical folution of
both determinate and indeterminate problems.

For inftance, having two equal right lines given, to cut one
into two parts, and the other into three, fo that the fum of the
fquares on the two parts, into which the one is cut, fhall be

equal
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equal to the fum of the fquares on the three parts, into which

the other is cut.

Solution.

With radius equal to one-third part of either of the given

lines defcribe a circle. If a regular hexagon circumfcribe it, per-

pendiculars drawn from the point where any fide of the hexagon

touches the circle, to the other five fides, are refpectively equal

to the parts into which the two given equal right lines are requi-

red to be divided. Calling the fide, from a point in which the

perpendiculars are drawn, the ift, the perpendiculars drawn to

the 3d and 5th are the parts, into which one of the two equal gi-

ven right lines is cut, and thofe drawn to the 2d, 4th, and 6th

fides, the three parts into which the other given line is cut.

N. B. If the perpendiculars be drawn from any point in the

circumference, that is not one of the points of contact, three of

them taken alternately, are together equal to the other three, and

equal to either of the given lines, and the fum of their fquares

equal to the fum of the fquares of the other three. And if they

be drawn from a point in the circumference equally diflant

from two points of contact, the ift zr the 6th, the 2d — the 5th,

and 3d = the 4th.

Again, let it be required to divide each of two equal given

right lines into four unequal parts, fo that none of the parts of

the one fhall be equal to any of the parts of the other, but the

fum of the fquares of the parts of the one mail be equal to the

fum of the fquares of the parts o£ the other, and alfo the fum
of the cubes of the parts of the one equal to the fum of the cubes

of the parts of the other*

Solution.
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Solution.

With a fourth part of either of the equal given right lines

as radius defcribe a circle. If a regular decagon circumfcribe

the circle, and from any point in the circumference, that is nei-

ther one of the points, where the fides of the figure touch the

circle, nor at an equal diftance between the points of contact,

perpendiculars be drawn to the fides of the octagon, thefe taken

alternately are the parts into which the given right lines are re-

quired to be divided.

If the point coincide with one of the points of contact, one of

the given lines is cut into three parts, and the other into four.

If the point be equally diftant from two points of contact, the

i ft perpendicular is zz the 8th, the 2d = 7th, the 3d =: 6th, and

q 2 6"

the 4th = 5th.
*

rr - zz 3 the higheft power.

With fuch problems one might proceed without end.

Since (fig. 1.) AP + BP + CP + &c. AQ_ + BQ^ + CQ^ + &c.

are equal to the fquares of lines drawn to P and Q^ from the

angles of a regular infcribed figure of the fame number of fides

with the irregular circumfcribing figure, or from the points

where the fides of a regular circumfcribing figure touch the

circle, it is evident, that the fum of the fquares of perpendicu-

lars drawn from P and Q^to the fides of any circumfcribing fi-

gure, regular or irregular, of a given number n of fides, together

with the fquares of the perpendicular di (lances of P and Q^from

the diameters pafling through the points of contact A, B, C, &c.

viz. P a + P b + P e + &c. + Qj + Q^d + Q/* + &c =

2XP« i +BZ>+P<? + &c is an invariable quantity. For

Pa + aO zz Fb + bO := P <? + cQ =PO whether the

angles
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angles at O formed by the diameters pairing through the points

of conta<5l A, B, C, &c. be equal or unequal, or whether the cir-

cumference of the circle, of which the diameter is PO, be equal-

ly or unequally divided in the points a, b, e, &o ; and the fum-

of perpendiculars from P and O, to the fides of a circumfcribing

figure, touching this circle in the points a, b, e
t &c. is the fame

whether the figure be regular or irregular..

Otherwise,

Ka -\- A.c — 2r -. 4 r — Ka -f-Ac {aG) + 2 Aa x aG

(2XYa). In like manner, 4 r2 — Cb -f- Oct [ft) -f 2 G b

X bh (2 X Yb~) and fo on : 4 n r
z m K~a -f- Ac" + Clt -f

Qd + B? + B/
2

+ &c -f 2 x P^ + Pb + Ye -f &o
whether the angles AOB, BOC, &c. at O be equal or unequal.

In like manner, the fum of the cubes of perpendiculars drawn

from P and Qj:o the fides of any circumfcribing figure, regular

or irregular, of a given number n of fides, together with thrice

the folid, which has the fquares of perpendiculars from P and Q^
to the diameters parting through A, B, C, &c. for its bafe, and r

for its altitude, is an invariable quantity ; that is, 2 n r'i
-f- 6 r x

Oa + Ob + Oe + &c. -f Pa + ¥b +?e + &c. is an inva-

riable quantity, being = 2«r3-J-6rx^X PO z=. 8 n r* — n x

or
3

. For Oa + Ob + Oc + See. + Pa -f Yb + Ye -f- &c.

n n r\ Confequently, when AB, BC, &o are unequal among
themfelves, the fum of the fquares, cubes, &c. of perpendiculars

drawn from P and Q to lines touching the circle in the points

A, B, C, &c. is not invariable.

AP + BP + CP + &c. + AQ^ -J- BQ^ + CQ^ -f &c. be-

ing zz. 4// r% whether AB, AC, &c. be equal or unequal, is in-

variable*
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variable. But their 4th, 6th, 8th, &c. are not invariable, when
AB, BC, &c. are unequal among themfelves.

It is manifeft, that when AB, BC, &c. are equal among them-

felves, whatever be the number of the points A, B, G, &c. or

whatever be the part of the circumference they take in or extend

to, the fum of the fquares, cubes, &c. of perpendiculars drawn

from P and Q_to lines touching the circle in thefe points, is the

fame with the fum of the fquares, cubes, &c. of perpendiculars

drawn from P and Q^to the fides of a regular circumfcribing

figure having the fame number of fides as there are points, A, B,

C, &c. Thus, if the number of the points be five, and thefe be

comprehended in a femicircle, a quadrant, or any fector, the fum
of the fquares, cubes, and fourth powers of perpendiculars

drawn from P and Qj:o lines touching the circle in thefe points,

is the fame with the fum of the fquares, cubes, and fourth

powers of perpendiculars drawn from P and Qj:o the fides of a

regular pentagon circumfcribing the circle. And fo on.

Perpendiculars drawn from P, (fig. 2.), one extremity of

the diameter PQ^ to the fides of the figure of an uneven or

odd number of fides circumfcribing the circle, and touching it

in the points A, B, C, D, E, &c. are refpeclively equal to per-

pendiculars drawn from Q^the other extremity of the diameter,

to the fides of a circumfcribing figure of double the number of

fides, which touch the circle in the points H, I, K, L, G, &c. or

\\g— Bc,Ge = Aa,Lb = Ed,Kf = D b, li — Ck, &c.

;

and perpendiculars drawn from Q_to the fides of the figure of

an odd number of fides, are refpectively equal to perpendiculars

drawn from P to the fides of a figure of double the number of

fides, which touch the circle in the points H, I, K, L, G, &c. or

Df- Kb, Ci - Ik, Bg - He, A e ~ G a, E b ~ Ld, &o
Wherefore, the fum of the m powers of perpendiculars, drawn

from P and Q_to the fides of any circumfcribing figure of an

odd number of fides, is equal to half the fum of the m powers

of
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of perpendiculars drawn from P and Q^to the fides of a circum-

fcribing figure of double the number of fides.

Thus, if the figure be a pentagon, we get

r+Oa+r—Oa z± 2r2 + 6rxOa

r+Oc3+r—Oc = zr +6rxOc

r+Ok +r—Ok zz 2r l + 6rxOk

r+Ob
3
+r—Ob

5 = 2r3 + 6r x Ob
.

r+Od +r—Od — 2r* + 6rxOd

Sum == i or+brxOa +Oc +Ok +Ob +Od =2 mi£ 1QX—

•

J 2

When the diameter PQ^bifecls the arcs BK., DH, or is per-

pendicular to one of the diameters pafling through a point of

contact, O k, O i vanifh, and it is then demonftrated exactly in

the fame way as in figures of an even number of fides, that the

fum of the cubes of perpendiculars drawn from either P or CMs
c n— x r3

f and confequently that the fum of the cubes of thofe
2

drawn from P, is equal to the fum of thofe drawn from Q^ But

let the figure be a pentagon, and let the diameter AG be perpen-

dicular to any fide in the point of contact A. Draw C m, B n

perpendicular to AG. Then G m is equal to each of the per-

pendiculars drawn from G to the fides touching the circle in the

points C and D ; and A m to each of the perpendiculars drawn

from A to the fame fides ; G n is equal to each of the perpendi-

culars drawn from G to the fides touching the circle in the

points B, E, and A n, to each of the perpendiculars drawn from

A to the fame fides. Wherefore 2 G m + 2 G n + GA (2 r) =
2 An + 2 Am, or r—O m + r + On + rzzAn+Amzz r—O n

Vol. VI P.I. F +
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__ r + 2 Otf

2 '+ r + Om, and r = 2 O w—2 O ». Therefore Offl:

r—O m = = G «, and r + O m zz * = A m.
2 2

Confequently we have 2xr

+

Om ^ ^> .

>

and 2 x r—O » = 2 r3— 6r xO« + 6rxO« - 2 X O » , and

m . . , . • 35 r3 + 30 r* x O » + 60 r X 07/
thefe added together give -^ *

.. In

-fr—i r3—6 r
a xO« + i2rx 0«*— 8 xOV,

like manner, 2 x r—O « =

and 2XV+0»
3 = 2r3 + 6r, xO» + 6rXO» + 2 X Ok 3

, and

o f3 + 18 r
a
x O » + 36 r x 0~»

thefe added together give *
, to

which if GA3
ss 8 r 3

, the cube of the perpendicular to the

fide touching the circle in the point A, be added, we get

AI r3 + T g r
2 X O n + 36 r X pt

J*"

But the fum of the cubes of perpendiculars, drawn from

A and G to the fides of the pentagon is 25 r\ as has been

demonftrated, when P Q_ coincides with AG* Wherefore

n^_±*.2r*XO» + 96rxQ7i
2

Qr Igir3 + l3r* x 0« +

2

4 r

4

X On zz 25 r3 and 4 r X O n -f- 2 r xOn zzrK Now, if for

. ,. , „. , ,. 4i^3+i8r2

xO//-f-36/-xO« _

this value ofr
3
, there be fubftituted r3 in '

we
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we get 4 ^- — —£— ; and if r* be fubftituted for its equal in

3 ? r3 + ^o r' X O ff -f 60 r x Q"a*
we

35H -f 15 r » __ 2$r *

4
'

. 4 2

Wherefore the fum of the cubes of perpendiculars drawn from

the point G to the fides of the pentagon, is equal to the fum of

the cubes of perpendiculars drawn from the point A to the

fame.

Since 2Xr-\-Om +2X r—O n — 4 ; 3
-f 3 r

2 X zOvi—lOn

+ 3rX2XOw1 + 2 X 0«>2xOffl 5-2X^« 3 —-—— and
2 »

2XOw+0«' = ^-, we have $rz x 2XOm — 2 X O »
-f~

2 X Ow' — Q»* = 4

r

3
. But lOm — 2O n=zrj therefore

iXOm' — On* = r*, or O^*— 6a 1 = ~
2 *

If P, inflead of biferting the arc BK, be any point between
B and K. the fum of the cubes of perpendiculars drawn from it
to the fides of the circumfcribing pentagon, is equal to the fum
of the cubes of perpendiculars drawn from Qjo the fame. For
fince Of + O a + Ok = Ob + Od and O^ — O b, Od— Oa
and Ok, begin together, and become maxima together, Oc—Ob
has toOia given ratio. Let that be the ratio of m to 1. ThenOc — Ob"= mxOky and Od— Oa = Oc~ Ob + Ok =

6^ = O*' +3«X(S
l

xOi + 3^x0^xot-f^X
5?. oS

3

=o53

-3xFT7 x^x0i +3Xw+ixWx
F 2 3

o*
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Ok — Ok. Wherefore O^ -f- Oa + Ok" = Ob* + Od? -f 3 m X

Ob X Ok — 3Xm+ 1 xOd X0k+ 3m 2 xOb XOk +3X
rrrSm+i X Od X Ok -f- Ok . Now, let this be — Ob + Od ±

V*. Then 3 m X Ob — 3 X m+ 1 X Od -j- 3 m
z x Ob X Ok +

2 V !

2,X m+ 1 xOdxOk-{-Ok zz +• q^, and ?nxOb — m+ 1

V*
X Od + — , when 0£ = o. But m X Ob =z m -f- 1 X Od ;

therefore V == o. For when O k — o, O 3 is the line of 72 °, and

O d the fine of 36 °. When O £ is a maximum, it is the fine of

1 8°, Oc is r= /*, Ob is the cofine of 36% and Of— 0£ the

verfed fine of 36 °. Wherefore, #+ i*fjfe = Ob* :
05" = ver-

fed fine of 36 -f fine of 18 : verfed fine of 36 .

Let BD (PI. II- fig. 3) = BH == fide of an infcribed pentagon
j

bifea BD in F, and draw OFG, AC, BC and DH. Then, fince the

angle FOB is $6°, CF is the verfed fine of 36 , OG is the fine of

1 8°. But fince the triangles CFB, DGO, are fimilar OG : CF = DG:

FB = DH : DB, and OG -f CF : CF = DH + DB : DB = DH*

:

DB = DG : FB = fquare of the fine of 72 °
: fquare of the

fine of 36 °. For when DH is cut in extreme and mean ratio,

the greater part is equal to the fide of the pentagon.

DH is cut in extreme and mean ratio in the point L, and LH
=: BD ; the triangle CDP is fimilar to the triangle DOB ; and

the triangle MDN to the triangle BOC.

This demonftration, however, was unnecefTary. For if the

fum of the cubes of perpendiculars drawn from P to the fides of

the pentagon, be equal to the fum of the cubes of perpendiculars

drawn
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drawn from Q^ to the fame, both when O k is — 0, and when it

is a maximum, this equality mufl exift whatever be the magni-

tude of O k between thefe limits.

And in a fimilar manner is it demonstrated, that the fum of

the cubes of perpendiculars drawn from P to the (ides of any

other regular figure of an odd number of fides circumfcribing

the circle, is equal to the fum of the cubes of perpendiculars

drawn from Q^to the fame. For if O m, &c. or fuch parts of

perpendiculars drawn from A to the fides of any regular cir-

cumfcribing figure of an odd number, n, of fides as lie between

O and G, be denoted by A, B, C, &c. ; and O n, &c. or fuch

parts of perpendiculars drawn from G to the fame as lie between

f7 T,

O and A, be denoted by a
y
b, c, &c. A-f B + C-f &c, to

4
n— 1 v

terms, — a— b — &c. to terms, = -, if' n— 1 be a multiple

of 2 by an even number. Alio-A 2

-{-B
2

-f-C
2

-f- &c. to T—r- terms
4 *"

4. a . +.* + ct+ &c . t0
nJZl termS; - tt—2Xr

l . and . Ai+B3i
• 4

•f O -f- &c. to f^Z_I:terms, —03_£3__c3__ & c# to .tzL termr
4 4

= —
.

But if 0—1 be a multiple of 2 by an odd number, A-f-

B + C-f &c. to
n~± terms,— #—J— - &c. to -^=£ terms,
4 4

= £ A- + B' + C*+.&c. to *±I terms, + a* +^ + &c ,

.

to

—^ terms = ^=i X r% and A3 + 'B/+Cs
-f- &c. to £±I

terms
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terms,— a>— fo— &c. to —— terms, =; -
. Thus, in the

4 2 '

.4

heptagon A + B— a = -
, A* -f B* + a* = $—

; and A' -f B 3—
2 4

#3 = —
. In the enneagon A -{- B — a— b = - , Aa + Ba+ *'

+ b
l = 2£ ana A3 + B3 —-a*— £J as -

3

, and fo on. But in
4 2

the enneagon, A is the cofine of 20°, or the fine of 70% B is the

fine of 30 == -, a is the fine of io°, and b the fine of 50°.
2

Wherefore the fine of 70 * r= fine of io° -f the fine of 50 ; the

fquare of the fine of 70 °
-f- fquare of the fine of io° + fquare

of the fine' of 50° = ^~
» and the cube of the fine of 70 °

—
2

cube of the fine of io° — cube of the fine of 50 — ^rr, viz.

thrice the cube of half the radius. And fo on.

r^Oc4 — r*-~4^x0^+ 6/ xOc —^rxCk* 4* Oc\
a —3 1

fZjQa = r*— 4r'xO^+ 6r*xOtf — 4rX Oa +0«,

7=0|
4 = r+— 4 r3 x O k -f 6 r* X Ok — 4 r X O? + <3*

4

>

rFo2»* = r4+4/3X0*-+6r1
-x6A

,

+ 4'"X0i
3

+ O^,

r+OJ
4 = r4-j- 4 r3XO^+ 6r*x0^

a

+ 4r x6df
3+ 0^

4

,

Sum = 5r+4-6r
iX(^+(^+6i+C^

i

4-05
i

4-0^V^V0^+05
4

But
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But fince 5 r ( = fum of the perpendiculars drawn from P or

Q^to the fides of the pentagon) =
2 r

= AQ^+BCL+CCL+DCL+EQ. . and fmce the fum of the
2 r

fquares of perpendiculars drawn from P to the fides of the pen-

tagon, has been demonftrated equal to the fum of the fquares of

perpendiculars from Q^to the fame, — — — —
4 r

= AQ.+ B^+CQ^ + Dq+EQ,= vg
And as the cir.4T 2

cumference of the circle, which has PO for its diameter, is di-

vided into five equal parts, in the points a, b, c, d
t k, Oc -\-Qa

4- 0^4-o/ + 6d = r X^|5? ± S£' and0^
4

-r*0^
4

+ 0^
4

2 2

JX

4- 0£ + Od zz 4 X -— X — X £= *q — Wherefore,424 o

4- 0£ 4- Od = -g~ 4- —

g

h -^p = -^X^=
jf"

X ^* = half the fum of the fourth powers of perpendiculars-

drawn from both P and Qjro the fides of the pentagon.

In the fame way is it demonftrated, that the fum of the fourth

powers of perpendiculars drawn from P to the fides of any regtt-

lar circumfcribing figure of an odd number, «, of fides, is equal

to the fum of the fourth powers of perpendiculars drawn from
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Qjo the fame, = 5|f x r, = n x I^_7 x r4< When p coin-

tides with B, Oc is = r, and A* -f B4
-f C4

-f- &c to
^"~ '

4

terms, +^ + ^ + f4 + &c. to ^=-1 terms, (when /z— i is a

multiple of 2 by an even number) is a 3." ° x r4 • and A4 4-
16 '

~

B4+ C4 + &c to £Xi terms, + a*+ ^ + &c . to ^-3
terms.

4 . 4

(when »— i is a multiple of 2 by an odd number) is =
3"- 8 X r*.

16

In like manner is it demonftrated, that the fum of the fifth

powers of perpendiculars drawn from P to the fides of any regu-

lar circumfcribing figure of a greater number n of fides than 5,

is equal to the fum of the fifth powers of perpendiculars drawn

from Q^to the fame ', and that As
-f- B 5

-f Cs -f &c . to
n l

4

terms, — a>— & — cs — &c. to terms, (when n— 1 is a
4

rs

multiple of 2 by an even number) is — — , and A 5
-f- B 5 -f C 5

4- &o to terms — a$ — b$ — &c. to -terms, (when
4 4

n— 1 is a multiple of 2 by an odd number) is ± —

.
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A is the cofine of , B is the cofine of \ X , C is the

180
cofine of 5 X , and fo on ; and when n— 1 is a multiple of

Tm

2 by an even number, the laft of the terms A, B, C, &c. is the

n— 2 1 8 °
cofine of - X , and a, the firft of the terms a, b, c, 8cc.

2 n •

is the cofine of X ; b t the fecond, is the cofine of
2 n ' '

»-f-c 180 ..... ,, r n+ Q r 8o° ,

X ; c. the third, is the coime of - X ; and

the laft of the terms #, 3, ^ &c. is the cofine of ^ x —~+

180
or of n— 2 X —-—. But when n— 1 is a multiple of 2 by

an odd number, the laft of the terms A, B, C, &c. is the cofine

of—-— X : the firft of the terms ay
b, &c. is the cofine

2 n '

of - X and the laft of the terms a, b, &c is the co-
2 n

180
fine of n— 2 X . Univerfally, if m be any odd number

lefs than n, we have AM
-f B™ -f Cm -f &c. to

*
terms,

4
n— 1 rm— am— bm— cm— &c to terms, =r — , when n— 1 is

4 2-

a multiple of 2 by an even number ; and A'" -j- B'" -f-O -f &c.,

n -f- 1 n— 3 fm
to terms, — an— bm— &c. to terms, = — , when

4 4 2

Vol. VI—P.I. n— 1
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n— i is a multiple of 2 by an odd number. Thus, in the en-
neagon, or figure of nine fides, A is the cofine of 20 or the fine
of 70°, B is the eofine of 6o° or the fine of 30 , a is the cofine
of ioo° or the fine of io% and b is the cofine of 140 ° or the

fine of 50, and A'"- or- j*. = 2~P± X r>\ And if p be

any even number lefs than n, Ap
-f- B* -f C> -f &o to -

*~" l

4

terms or *8-£ terms + aP _+_ hP _j_ cp + &c tQ
«--_i_

terms ^4 4

—-I terms, (according as «— 1 is a multiple of 2 by an even

or odd number) is =a n X T.'.3-5-7-- •/>— 1 x _J^__ _ g£ Con_

1.2.3.4...* ^"r"
8

2

frequently, A> + a /> -f A'"— am + B> + bP -f B™— £«
-f- &c. to

—;— terms, is~»X •* d ' £ - X -— _ _i_
r —

* 1. 2.3.4... £ 2-p 2 2
2

p-f-2 p+6 p+ IP

X
r^ »-**

2.4. 6 .
J> /-^ 2J T" "t" — (when

• •
2^~ * 2

2

— I is a multiple of 2 by an even number) e
/>+2/> + 6 /> -f- *° ^ 2 />— 2————— , ——_^_— ... to '

1
X 7+1, when r =z 1 ;

2 . 4 . 6 ... to - 22
2

and when n— 1 is a multiple of 2 by an odd number A^ -f- A'"

4. B^-j- B'" -f C> + O" + &c. to ^±-£ terms, -f- a'— of -f.
4

^— bm
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________ 77 —

—

• <?

frp — b"' -f- c* — c"> + &c. to terms, is equal to n X
4

i.-s. C.7 . . . to p— i . ,_

p X I » which when r r_ I
1.2.3.4. . . to £ _±* 22

/>4-2 £ + 6 p-h 10 2/>—

2

. . - ... to -
2 2 2 2 I

IS = « X 7 X -J+T = » X
... tO - 2 2

7 2

/>4-2./>-f6--.to 2 />— 2 _

^ X~7x-i. Hence the fummation of
2 . 4 .... to c 2

—
__5

an endlefs variety of ieries, of which the terms are powers of the

fines and cofines of angles ; and though they do not confift of an

infinite number of terms, they may confift of any number of

n —— 1
terms whatever, fince may be equal to any given number

11
n~^ J i n—3 •—-U /r w I'VI'l • • • to/>—

I

as well as and - The expreilion n X —° '

4 4 P~ -
1.2.3.4. • ,to

2

/>+ 2 • p-\- 6 ... to 2 ^ — 2

I 2 2 2 T

X -7+7- is -: » X x -j+t , when
2 2 2. 4. ..to- 2 2

2

- is equal to an even number, or p is a multiple of 2 by an even

number. But when £ is an odd number, it is equal to n x

p+A ' __L? '
' to 2 ^— 222 2 ^

X -7+7 , which muft then be ufed.
p— 2

4 . . to - 2 a* 2

G 2 The
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The fums of thefe feries, however, vary with the variations

in the magnitude of r. For when r = 2, 3, 4, &c. — — -f

j- does not vaniih, and "7+7 becomes refpedively i~*> -^pp

-£- &c

A? — * + B" — * + G* — ? + . &c. to ^TZi terms ;=
4

—
,
when n— 1 is a multiple of 2 by an even number, and -the-

fum of the feries is conftant or invariable when m is given, let

the number of the terms ~-l be great or fmall. This feries,

when n is infinitely great, or a— 1 has to 4 a ratio greater than

any given or affignable ratio, may be confidered as infinite.

Aw—a"1 + B"—

-

bm + G'"—£"'•+ &c. to^H terms
4 ^-»* y»

A—a + B — b + C — c + &c. to terms 2 2

4

A"— *" + B?— *•+ &c, to ^—-i terms, XA^ + B-i
»—

i

r'"+ x
=

+ &c. to terms, =——. ACT+A-«'"+ «+ Bw+B-^x^
4 4 i -t

»— I rm+ r
+ &c. to —-— terms = —— zz 1, when rzzi.

4 2 '

Am— A— cf
n— a + Bw— B— £'"— £ -f- &c. to^— terms,

rw

—

r .

=: = o, when r =: 1.

It

2
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It may not be unacceptable to geometers to fee the foregoing

conclusions in regard to regular figures circumfcribed about and

infcribed in a circle, derived by making ufe of one point only,

inftead of two, either in or not in . the circumference, which is

eafily effected in the following manner.

Let the fides of any regular figure of an even number of fides

touch the circle BRETCQLS (PI. II. fig. 4O in the points >B, R r

E, T, C, Q^L, S, and let DN, DH, DM, DV, be perpendiculars

from the point D to the^ diameters joining the points of contact

;

and from the points of contact let chords be drawn to any point

A in the circumference.

If- GE, or.the radius of the circle, be denoted by r
t and A a

t

Ab, Ac, Ad, be perpendiculars to the diameters joining the

points. of contact, a C, a B., T Z>, S b, L c, E c, Qd, dK, are re-

spectively equal to the perpendiculars from the point A to the

fides of the figure, and are alfo refpectively equal to —_, -
A "-';'

2 r 2.r

.» 2 «

AT AS AL AE AO AR ^ ^ .- XT , , ,

, ___, , , _2S=, But if N denote the num-
2f. 2 r 2 r 2.r 2.r 2.r

berof fides of the figure, the fum of the perpendiculars is rr

N XT. Wherefore. AG" + AS'+aT] + &c. rr 2 NX/-2
.

This is Prop. 4. Dr Stewart's Theor.

Again, the fum of the ftjuares of the two perpendiculars

from A, parallel to BC, or,B a- 4- a C rr 2 r
2 + 2 X G a ; and the

fquaresof the two perpendiculars from A parallel to LE, or Ec

+j?& rr 2 r
% + 2 X CTc

-

y
*F& + S^ rr 2 r + 2 X GT; alfo

Kd 4. dQ^ rr 2 r 2 + 2 X Gd . Wherefore the fum of the

fquares of the perpendiculars drawn from the .point A to the

iides
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fides of the figure, is = N x r
%

-f 2 X Ga -f- Gb + Gc + Gd\

But fince the angles G a A, G £ A, G c A, G d A, are right ones

a circle pafTes through the points A, a, b, G, c, d. having GA
for its diameter. And becaufe the angles CGT, QGG, LGQ»
are equal, this circle is equally divided by the points a, b, c, d.

Confequently the fquares of the chords drawn from thefe

points to the point A, are together — N X ; that is, Ac (Ga
)

z

+ Ka (GO + Ad {Gb) + Ab (Gd) = N X — =
4

NX—. Wherefore the fum of the fquares of the perpendicu-

lars drawn from A to the fides of the figure, is = N X r* + 2 N
, 2

X- -NX -— • But the fum of the fquares of thefe perpen-

AC
4

, AB
4

L AT
4

, AS* AL*
, a¥* , AQ

4

diculars is = _ +— + -^- +—, + _ +— +-^

,
AR4

Therefore AG4 + AB4

+, &c. s= N X 6r4 = N Xar1

X 3 r
% zz AC

2

-f- AB -f , &c. X 3 r
z
. Whence this propofition

:

If a circle be divided into any even number of parts, and

from the points of divifion chords be drawn to any point in the

circumference, the fum of the fourth powers of thefe chords is

equal to the fum of their fquares, multiplied, by thrice the fquare

of radius.

Wherefore
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Wherefore Aa + Al?+Ac"+Ad — Aa -f A3 + Ac -f Ad

x l2^_ -NX 3JL
+

j and DM* -f DV* + DH + DN 4

4 16

- DM 4. DV + DH 4- DN X ^— = s27£- X DG =

6N „ DG
4

Now, it is evident, that perpendiculars drawn from the point

D to the fides of the figures, are refpeclively r -f- DM, r— DM,,

r+ DV, r— DV, r+ DH, r— DH, r -f- DN, r— DN.

But r+ DM + r— DM = 2 r* -J- 2 X DM ,

,. _j_ dv + r— DV = 2 r* + 2 X DV ,

r + DH + r—DH 5= 2 r* + 2 X DH ,

r + DN + r— DN = 2 r
2

-f 2 X DN .

Wherefore the fum of their fquares is equal to Nxr' +

2 X DM1 +W + DH 2 + DN'
1 = N X r* + N X— > "nee

2

the circle which paffes through the points D, M, V, G, H, N, is

equally divided by the points M, V, H, N. This is Prop. 5.

of Dr Stewart's Theorems.

r + DM + r — DM = 2 r) + 6 r X DM ,

r-f-DV + r — DV = 2 r3 -f 6rXDV,

r + DH3

-f- r-DH 3 = 2 r3 4. 6 r X Eh\

r + DN 3

4- r — DN 3 = %r* -f 6r X DN*.

Wherefore,
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Wherefore, the fum of the cubes of the perpendiculars,

drawn from the point D to the fides of the figure, is zNx^3+

6r X DM 1 + DV* + DH 2 + DN* = Nxr3 + 6rX —

•

4

This is Prop. 23. Stewart's Theor. When DG = r, the Aim

of the cubes of the perpendiculars is zn N X - x ^ = N X

* 3 '

. rh This is Prop. 22. Dr Stewart's Theor.
1.2.3

When DG = r, or D coincides with A, the fum of the cubes

AC \B At'
of the perpendiculars is equal to -77— + —

f-
—— _|_ &r .

-i_8and, confequently, we get AG -j- AB + AT +, &c. s

XNXr tf = NX2or 5 = NX^..2 3 / = NX2o X r* =
1.2.3

NXior4X AC/ + AB' + AT2

+, &c.

If, therefore, the circumference of a circle be divided into an

even number of equal parts, and from the points of divifion

chords be drawn to any point in the circumference, the fum of

the fixth powers of thefe chords is equal to the fum of their

fquares, multiplied by ten times the fourth power of radius.

f^TDM -f r — DM = 2 r* + 12 r* X DM + 2 X DM ,

?+DV4
4- r-DV4 = 2 r* + 12 r

1 X DV* -f 2 X DV4

,

r + DH + r-7 DH* = 2 r* -f 12 r
2 X DH + 2 X DH ,

r -f DN
4 + r-DN4 = 2 r* -f 12 r

2 X DN* + 2 X DN
4
.

Wherefore
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Wherefore, the fum of the fourth powers of the perpendicu-

lars drawn from the point D to the fides of the figure, is r^ N

X r* -f N X 3 r
z X GD + N X g X GD ; and eight times this

fum = N X 8 r4 -f 24 r\ GD + 3 • GD . This is Prop. 29.

of Dr Stewart's Theorems.

When GD == r, the fum of thefe fourth powers is N X

4 r* + |r4-NX^^ = Nx l&JfcS. x r\ which is Prop. 28.
8 8 i' 2 '3«4

of Dr Stewart's Theorems.

A r AC , AB8

, AT' . XT v 3 c H-And fince_ +_ + _+, &c. = N X ^-, we get

AC
8

+ AB
?

+ AT
8

+, &c. =NX 4r- & r 8 = N X ^^^ x
8 1.2.3.4

24 r 8
.

And by proceeding in this way, (the law of continuation be-

ing evident), we get Proportions 39, 40, 41, &c. of Dr Stewart's
Theorems, fince the powers of DM, DV, DH, DN, &c. however
high, may always be exprefTed by thofe of DG and r. The
fame reafoning holds in all even powers, when the point D
is without the figure, by taking the powers of DH, + r, &c.
when DH, &c. is greater than than r, inflead of the powers of
r ± DH, &c.

Let any regular figure of an odd number of fides, (PI. III.

Fig- 5-)> circumfcribe the circle, and touch it in the points B, E,
C, Q^ L ; and from any point D, let perpendiculars DP, DR,
DS, DO, DT, be drawn to the fides of the figure ; and DF,
DM, DN, DH, DV, perpendiculars to the diameters pafTmg
through the points of contact

:

Vol. VI.—P.I. H Then
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Then, if radius be denoted by r, it is evident, that DP is r=

r— GN, DR = r— GF, DS = r + GH, DO = r + GM, and

DT rz r -f- GV ; and calling N the number of the fides of the

figure, the fum of the fquares of thefe lines is N X r* + 2 r X

GH + GM + GV- GN— GF + GH* + GM* -|- GV + GN*

+ GF'. But fince the angles HGN, NGM, MGF, FGV, are

equal, and the angles at H, N, M, F, V, right ones, a circle, ha-

ving its diameter == GD, pafTes through the points G, H, N, D,

M, F, V, and its circumference is divided into equal parts at the

points H, N, M, F, V. Wherefore GH + GN + GM + GF

+ GV* = 2XNX^-=N x-^- But DP' + DR +

WS + DO' 4- DT
2

= N X n + N X— •
(Stewart's Theor.

Pror . 5.). Therefore 2 r X GH + GM + GV — GN - GF

= o, or GN '+ GF = GH -h GM + GV. Whence this propo-

fition : If, from any point, perpendiculars be drawn to the fides

of any regular figure of an odd number of fides, circumfcribing

a circle, the fum of the parts by which thofe perpendiculars,

which are greater than radius, exceed it, is equal to the fum of

thofe parts by which the perpendiculars, which are lefs than ra^

dius, fall fliort of it. And this propofition is alfo true with re-

gard to any regular figure, of which the number of its fides is a*

multiple of any odd number by 2, fince the perpendiculars DF,

DM, DN, DH, DV, &c are the fame both in number and mag--

nitude, in any regular figure of an odd number of fides, and a,

regular figure of double the number of fides. Confequently, in

a hexagon, one of the three perpendiculars drawn from any point

D to the diameters joining the oppofite points of contad, is.

equal
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equal to the fum of the other two, and fo on ; and if, in the

hexagon, the point D be taken in one of the three diameters, the

perpendiculars drawn from it to the other two are equal.

Again, DP 3 + OK -f DS
J

-f DO + DT = N X r> + 3 r

X GH + GM 4- GV — ON — GF + 3 r X

GH + GM + GV + GN + GF 4. GH -f GM + GV —
GD*

GN — GF = N X r 3 + N X 3 r ' =±L + GH + GM +
2

t

GV3 — GN 3 — GF3
. But fince NXr'+Nx?^ =^ 2

3

DP + DR + DS + DO + DT° GH +GM+GV =

GN 5 + GF
3

.

If D be in a line perpendicular from G the centre, to a dia-

meter drawn from any point of contact L, the odd chord GV
vanifhes, (V coinciding with G), and GN r: GM, GH = GF;
and the expreflion for the fum of the cubes of the perpendicu-

lars, drawn from D to the fides of the circumfcribing figure, is

(imply NXr3-fNX3rX

If the figure circumfcribing the circle be -a pentagon, a line

drawn from G, bifecting the angle QG d nearer to G. is perpendi-

cular to LG ; alfo, if D be in the line G d, the point M coincides

with D, GN = GF, GH = GV, and GM coincides with GD, and
twice the cube on GF or GN is equal to the three cubes on GD,
GH, GV, or to the cube on GD with twice the cube on GH or

GV ; and the difference of the cubes on GF, GV, or on GN, GH,
H 2 is
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is then equal to half the cube on GD, or 2 GF — 2 GV =

gd\

Hence an eafy folution of this problem.

Having two equal right lines given, it is required to cut one

of them into two parts, and the other into three parts ; fo that

the cubes on the two parts, into which the one of thefe lines is

cut, fhall, together, be equal to the cubes on the three parts, in-

to which the Other is cut, taken together.

Hence, alfo, an eafy conftruction for this problem: On a gi-

ven right line, to conftitute a triangle, fuch that twice the dif-

ference of the cubes on the other two fides, lhall be equal to the

cube on the given line.

Let AC be the given line, (PI. III. Fig. 6.). With A
as radius, defcribe an arc AB. Take the angle ACB — ^6°»

Draw AG perpendicular to CB, and join AB. From A and G

AB
as centres, defcribe arcs with the radii— , and CG, interfering

2

in the point F. Then CFA is the triangle required ; and

2 • CF
3 — 2 . AF' = CA *

Demonstration.

Since the angle ACB is $6°, AB is the fide of a decagon in-

fcribed in the circle, which has AC for its radius ; and CG is the

perpendiculaf to the fide of an infcribed pentagon. But it is

AC + AB * z

well known, that CG is = , and AC = AB +

AC X AB. Confequently 3AC3 = 3 AC 2 X AB -j- 3 AC X A3;

add AG3
to both, and we have 4 AC

3 = AC3

-f- 3 AC X AB -j-

3 AC
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3 AC X AF, and AC? = At? +,,AC x AB+,,ACxAB

AC -f- AB
3 AB 3

* 3

•
,

8
X 2 = 2 x CG — AF . Thus, in any circle,

the cube of radius is equal to twice the difference between the

cubes on the perpendicular to the fide of the infcribed pentagon,

and half the fide of the infcribed decagon.

Proposition. Let any. regular figure of an odd number of

fides, be circumfcribed about a circle, and let («) be any odd

number, lefs than the number of the fides of the figure ; and

from any point within the figure let perpendiculars be drawn

to the fides of the circumfcribing figure ; then the fum of the (»)

powers of the parts by which thofe perpendiculars, which are

greater than radius, exceed it, is equal to the fum of the (n) pow-

ers of thofe parts by which the perpendiculars, which are lefs

than radius, fall fhort of it.

Hence thefe problems.

Having two equal given right lines, to cut one of them into

two parts, and the other into three, fo that the cubes on the two

parts, into which one of them is cut, fhall, together, be equal to

the cubes on the three parts, into which the other is cut, taken

together.

And having two equal right lines given, to cut one of them
into feven parts, and the other into eight, fo that the cubes, the

5th powers, the 7th, 9th, nth and 13th powers, of the feven

parts, into which the one is cut, fhall, together, be reflectively

equal to the cubes, the 5th, the 7th, the 9th, the nth, and the

13th powers, of the eight parts, into which the other is cut.

The firft of thefe two problems is effected by a pentagon,

infcribed in a circle j and the fecond, by a quindecagon infcri-

bed.

If
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If V be as much on the other fide of the centre G, towards L,

as it is towards C, the lines GN, GM, exchange their values or

magnitudes, as alfo do the lines GH, GF ; and the perpendicu-

lars to the fides of the circumfcribing figure then become
r— GM, r— GH, r -f GN, r+ GF, r— GV ; and the fum of

C D
their cubes N X n + N X 3 r. —— _|_ GN 3 + GF3 —GM5 —

OH3— GV 3

; which added to N X r* + N X 3 r.—
-f- GM

3

GH 3

-f GV
3— GN 3

'--GF
3

, the fum of their cubes before

found, and the aggregate divided by 2, gives NXr3 -f-Nx ^r.

——
t the fum of their cubes, when D is in the line drawn from

2

the centre G perpendicular to LG.

Let a circle, (PL III. Fig. 7.), be defcribed on BC, with the

centre G, and let BF be a fquare on the diameter BC ; draw EGD
from E, through the centre G, to meet the circle in D, and join

D F.

Then, fince BG X CS, or CG X CS = GS*, GC is cut in ex-

treme and mean proportion in the point S, and GS is the fide of

a regular decagon, infcribed in the circle. And fince the per-

pendicular from G to the fide of a regular infcribed pentagon, is

BG + GS . BG + GS
, BS is twice that perpendicular. But

2

-3 7=77T3

^3

or
r+

8

GS —^ = f • Confequently BS
3— GS3

, or r"T~GS
3

— GS3 = 4 r\ Therefore 3 r J = 3 r X GS -\- 3 r X "GS*, and

r 3
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r 3 =r r* X GS -f- r X (3S . But BS is cut in G, in the fame

manner as GC is cut in S. Wherefore, if another circle be de-

fcribed, with BS as radius, and a line be drawn from one of the

angles of a fquare, defcribed on the diameter, through the centre,

to meet the circumference in a point, and if this point, and the

other oppofite angle of the fquare be joined, 2 r + GS — r3

will in like manner be = 4 X r -f- GS , or 4 X BS , and 7/* -f 1 2 r .

GS + 6r. GS +GS =4r 3 -f-i2r\GS-f 12 r. GS -f 4. GS .

Therefore 3 rs - 6 r. GS* + 3 GS
3

, and r 3 = 2 r. GS -f GS
,

= r\ GS + r. GS*. Therefore 2 r. GS -f ^s' = S -f r. GS, and

GS*+ r. GS = r% and GS
3

= r\ GS — r. GS*.

- If, therefore, from any point in the circumference of

the circle BDC, perpendiculars be drawn to the fides of

any regular figure circumfcribed about it, the fum of their

cubes being = N X -. r 3
, (calling N the number of the

2

fides of the figure), is = N X 5 r. GS* + N X £„ GS '
j

and twice the fum of the cubes of thefe perpendiculars is N X 5.

GS -f-NXior. GS ; that is, equal to five times a multiple by

the number of the fides, of the figure of the cube on the fide of

an infcribed regular decagon, and ten times a multiple, by the

fame number, of the folid, which has the fquare of the fide of

the infcribed decagon for its bafe, and radius for its altitude

;

and if the perpendiculars be drawn from any point P, within the

circumfcribed figure, that is, not in the circumference of the

circle-.
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circle, twice the fum of their cubes will be equal to 2 N X

j i QpGS +2r.GS -f-2Nx6rX ; that is, equal to twice a

multiple by the number of the fides of the figure of the cube on

the fide of the infcribed decagon, together with four times a mul-

tiple, by the fame number of the folid which has the fquare of

the fide of the decagon for its bafe, and r for its altitude, toge-

ther with thrice a multiple by the fame number of the folid,

which has the fquare of GP for its bafe, and r for its alti-

tude*

In like manner, may the fixth powers of lines drawn from the

angles of any regular infcribed figure of a greater number of

fides than three, to any point either in, or not in the circumfer-

ence, be exprefTed in terms of the fide of an infcribed decagon,

fince their fum is a multiple of the fum of the cubes of the per-

pendiculars, to the fides of the circumfcribing figure, by 8 r 3
.

Again, fince r -f- GS : r : : r : GS : : GS : r— GS, we have

2 r + GS : r + GS : : r -f- GS : r : : r : GS : : GS : r— GS.

Wherefore 3r-f-2GS — r + Gb sz 4 X 2 r -f* GS , or

26 r3 + 51 r\ GS + 33 r. GS' -f 7 GS
3 = 32 H + 48 r\ GS +

24 r. GS' + 4 GS
3

, or 3 r\ GS -f 9 r. GS + 3 GS =6 r\ or

r*-GS + 3/-.GS
2

+ GS
3

= 2r3.

Wherefore, fince four times the fum of the cubes of the

perpendiculars drawn from any point in the circumference of

the circle to the fides of any regular circumfcribing figure, is

N x 5 X 2 p ; four times the fum of thefe cubes is = N X

S r\GS+i S r. GS +5GS = 5 N X r\ GS + 3 r. GS -f GS ;

that
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that is, equal to five times a multiple, by the number of the fides

of the figure of the cube on the fide of the inferibed decagon,

together with fifteen times a multiple, by the fame number, of the

folid, which has the fquare on the fide of the inferibed decagon

as its bafe, and r for its altitude, together with five times a

multiple, by the fame number of the folid, which has r
2
for its

bafe, and the fide of the decagon for its altitude.

Let the circumference of a circle be divided into any number
n of equal parts, and from any point in the circumference let

chords be drawn to the points of divifion, and let 3 m be any

number lefs than n, the fum of the 2 m powers of the lines

which have refpectively to 2 r the diameter, the ratios which
the cubes of the chords have refpeclively to 8 r 3

, the cube of

, ,. . , 1. i.e. 7. . . 6 m— 1 -r
rm

the diameter, is equal to n X X — •

1.2.3.4. ..3 m 2
"<

Let the chords be denoted by A, B, C, D, &c. to n terms

;

and let 8 r* : A3 = 2 r : a, 8 r 3
: B 3 = 2 r : b, 8 r3

: O = 2 r : c,

A3 A 6m

8 r3 : D J = 2 r : d, &c Then a = ~, and a™ = 2 Am b™~
4 ; 2 r

-—
-, &c ; and a"" + 3- + &c to terms, is = -£—

2 /" 2 /

+ ' « 4w "+" &c * t0 n terms. If p = 3 /», we have a'* -f-
2 r

AJ/ B4/>

3"" + &c = p+m p+m -f +m p+m + &c But the fum of2r 2 r

the 2/> powers of the chords A, B, &c. is X '•*':r/ *

2^ r1^.
1.2.3.4. . . p

Vol. VI.—P.I. I Therefore
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Therefore a™ + b«* + &c. = n X '*'>''' '

X — =

WX
1.2.3.4.-3'" 2-

If m=i, «3 + ^ + &c.=«X^x'
l

=^ ;
and the

1.2.3 2 4

diameter, (or 2 r) X *r + Z>
2

-j- c
1
+• &c. = fum of the cubes of

perpendiculars drawn from any point in the circumference, to

the fides of a regular circumfcribing polygon of n number of

fides, and a -f- b
2

-f- &c. is to the fum of the fquares of thefe

perpendiculars as 5 to 6 ; and if the perpendiculars to the fides

of the polygon correfponding to the chords A, B, C, D, &c and

drawn from the fame point in the circumference that thefe

chords are drawn from, be denoted by P, Q^_R, S, &c. a -f- b -f-

,
AxP , BxO , CxR i DxS

,

c -f &c. =—^— + ——M —
" + —fz~ + &c. 2'" rm x

2 r 2 r 2r 2 r

I. 3. C«7- • •
6"

—

x

of the 3 m powers of thefe perpendiculars, r= n X '* —-

—

.1.2.3.4. . . 3

X r,*h

Theorem O. From any point C, (PI. III. Fig. 8.), let the chord

GA be drawn ; let GAF be a tangent to the circle atA ; and let AD
be perpendicular to the diameter BC, and CF, BG to GF. The

right line which has to BC (2 r), the ratio of AG 3

to BC , or the

triplicate ratio of the chord of the arc AC, to the diameter, is

ACXCF ACXCD r , . j _

"

—rrp—, or —|.p— zz a fourth proportional to the diameter,

the chord and the perpendicular drawn from one extremity of

the
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the chord to the tangent to the circle at the other extremity, or

a fourth proportional to the diameter, the chord and verfed fine

of the arc AC.

For, the angle CAF = the angle ABC SS the angle CAD.
t.

AC
Therefore CD = CF, and AD = AF. But CD = ^r. Confe-

quently gp = f^s, which has to BC the ratio of AG

toBC
3

. Q;.E. D.

Cor. i. BD = perpendicular BG; GF == the chord AE of

double the arc AC = twice the fine of the arc AC

AB X BG AB X BD , - Br , . . c ^=%
Cor. 2. —^— , or gr;— , has to BC, the ratio of AB

toBC
3
.

3 __ AC
6

-^3 _ AB
6 —3 AC* X CD* r

Cor. j. CF -w, BG _— CF =^^ X

BC m ACWXIC and = ABW x Bc =
BC BC

AB X BG x BC j and the lines, which have to BC the ratios of

BC

AC : BC ; and AB : BC are to each other as AC X CD to

AB x BD, or as AC xCF : AB X BG.

1

2

See
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See Fig. t. and Theorem O. Since the part of the tangent

at the point A, that would be intercepted between perpendicu-

lars drawn to it from P and Q^ is equal to 2 P a, or 2 Qj:, the

part of the tangent at the point B, that would be intercepted be-

tween perpendiculars drawn to it from P and Q»^ is — 2 P e, or

2 Q^J J and the part of the tangent at C, that would be inter-

cepted between perpendiculars drawn to it from P and Q^ is

zr 2 P b, or 2 Qjs?, we have (when AB, BC, &c. are equal, or

when the diameters palling through A, B, C, &c. make equal

angles with one another at the centre O) the fum of the fquares

of thefe parts of the tangents, (calling n the number of the

points of contact), r:«X-. 2rl

;
the fum of their fourth pow-

ers — n x —- X 2* r* ; and the fum of the 2 m powers of thefe
1.2

parts \ni being any integer lels than njzznx —i2-^

I • 2- ^« • • • 7/1

X 2m r 7 '" (r being the radius OP or OQ) n the fum of the 2m

powers of the chords drawn from either P or Q^ at right angles

to the diameters pafling through A, B, C, &c. rr the fum of the

2 m powers of chords, drawn to any point in the circumference

from the angles of a regular infcribed figure of n number of

fides, or from the points where a regular infcribed figure of n

number of fides, touches the circle, — the fum of the 2 m powers

of perpendiculars, drawn from P or Q^to n number of right

lines pafling through Q^or P, and interfering each other at equal

angles. And the fum of the 2 m powers of the halves of thefe parts

of the tangents, or of the parts intercepted between the points of

contact and perpendiculars drawn from either P or Qj:o the fides

of the equal fided figure circumfcribing the circle, or fegment, is

— n x rn— X rxm = the fum of the 2 m powers of
1.2.3. • •• m 2

the
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the fines of the angles formed at the centre O, by OP or OQj and

the diameters palling through the points of contact to the radius

.im

OP or OQj that is, = Va + ¥e -f P b +, &c. or Q^f +

Qj + Q^ +> &c « — tne fum °f the 2 m powers of perpen-

diculars drawn from any point in the circumference of a circle

defcribed from P as a centre, with PO as radius to n number

of right lines, interfering each other in P, and making all the

angles equal, = the fum of the m powers of the rectangles A a X
aG, Be X er, C b X b h, &c. ; or of the rectangles G c >< c A,

rf X /B, h d X dC, &c. when the regular figure circumfcribing

the circle has an odd number of fides ; but equal to twice the

fum of the 2 m powers of faid fines, or to twice the fum of the

m powers of faid rectangles, when the regular figure circumfcri-

bing the circle has an even number of fides, fince the number

of the diameters drawn through the oppofite points of contact,

and making equal angles with each other, at their interfection in

the centre O, is only half the number of the points of contact or

fides of the figure. But thefe rectangles are refpectively equal

to r—

O

a X r+Oa, r—O e X r -f- O <?, r—O iXr + O^&c
a 2 2

or r*—O a , r2—O e , r*—O b , &c. ; and the fum of their mlh

powers is n r™— ~. rvn
' % X Oa +Oe -\-Ob -f, &c to n terms,

+ -• ~r^. r"*-4 X Oa+Oe*-\-Ob*+
} &c to n terms +, &c.

1 *>

im i>n tin

&c. + Oa -f- Oe -\-Ob -f-, &c. to («) terms, or to

xm iff/ 1'« . .

Oa — O* ^ O £ —, &c. to [n) terms, according as m

is even or odd.

III.
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III. Account of a Series of Experiments, Jhewing the Ef-

fects of Compression in modifying the Action of Heat.

By Sir James Hall, Bart. F. R. S. Edin.

[Read June 3. 1805.]

I.

Ancient Revolutions of the Mineral Kingdom.—Vain attempts to explain

them. Dependence of Geology on Chemijlry.—Importance of the Carbo-

nate of Lime.—Dr Black's difcovery of Carbonic Acid, fubverted the

former theories depending on Fire, but gave birth to that of Dr Hut-

T0Nt Progrefs of the Author's Ideas with regard to that Theory.

Experiments with Heat and CompreJJion, fuggefled to Dr Hutton

in 1790.

—

Undertaken by the Author in 1798.

—

Speculations on which

his hopes offuccefs were founded.

WHOEVER has attended to the ftru&ure of Rocks and

Mountains, muft be convinced, that our Globe has not

always exifted in its prefent ftate ; but that every part of its

mafs, fo far at leaft as our obfervations reach, has been agitated

and fubverted by the moft violent revolutions.

Facts leading to fuch flriking conclulions, however imper-

fectly obferved, couldtiot fail to awaken curiohty, and give rife

to a deiire of tracing the hiftory, and of invefligating the

caufes, of fuch ftupendous events ', and various attempts were

made in this way, but with little fuccefs 3 for while difcoveries

of
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of the utmoft importance and accuracy were made in Aftrono-

my and Natural Philofophy, the fyftems produced by the Geo-

logifts were fo fanciful and puerile, as fcarcely to deferve a

ferious refutation.

One principal caufe of this failure, feems to have lain in the

very imperfect ftate of Chemiftry, which has only of late years

begun to deferve the name of a fcience. While Chemiftry was

in its infancy, it was impoffible that Geology mould make any

progrefs ; fmce feveral of the molt important circumftances to

be accounted for by this latter fcience, are admitted on all

hands to depend upon principles of the former. The confoli-

dation of loofe fand into ftrata of folid rock ; the cryftalline

arrangement of fubftances accompanying thofe ftrata, and

blended with them in various modes, are circumftances of a

chemical nature, which all thofe who have attempted to frame

theories of the earth have endeavoured by chemical reafon-

ings to reconcile to their hypothefes.

Fire and Water, the only agents in nature by which ftony

fubftances are produced, under our obfervation, were employ-

ed by contending feds of geologifts, to explain all the phe-

nomena of the mineral kingdom.

But the known properties of 'Water, are quite repugnant to

the belief of its univerfal influence, fince a very great propor-

tion of the fubftances under confideration are infoluble, or near-

ly fo, in that fluid ', and fince, if they were all extremely fo-

luble, the quantity of water which is known to exift, or that

could poflibly exift in our planet, would be far too fmall to ac-

complifh the office affigned to it in the Neptunian theory *. On
the other hand, the known properties of Fire are no lefs inade-

quate to the purpofe ; for, various fubftances which frequently

occur in the mineral kingdom, feem, by their prefence, to pre-

clude

* lllujlrations ofthe Huttonian "Theory, by MrProfefforPLAYFAlR, 430.
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elude its fuppofed agency 3 fince experiment mews, that, in

our fires, they are totally changed or deflroyed.

Under fuch circumftances, the advocates of either element

were enabled, very fuccefsfully, to refute the opinions of their

adverfaries, though they could but feebly defend their own

:

and, owing perhaps to this mutual power of attack, and for

want of any alternative to which the opinions of men could

lean, both fyflems maintained a certain degree of credit ; and

writers on geology indulged themfelves, with a fort of im-

punity, in a ftyle of unphilofophical reafoning, which would

not have been tolerated in other fciences.

Of all mineral fubftances, the Carbonate of Lime is unque*

ftionably the raoft important in a general view. As limeftone

or marble, it conftitutes a very conliderable part of the folid

mafs of many countries ', and, in the form of veins and no-

dules of fpar, pervades every fpecies of Hone. Its hiftory is

thus interwoven in fuch a manner with that of the mineral

kingdom at large, that the fate of any geological theory mull

very much depend upon its fuccefsfui application to the va-

rious conditions of this fubftance. But, till Dr Black, by his

difcovery of Carbonic Acid, explained the chemical nature of

the carbonate, no rational theory could be formed, of the che-

mical revolutions which it has undoubtedly undergone.

This difcovery was, in the firil inftance, hoflile to the fup-

pofed action of fire ; for the decompofition of limeftone by fire

in every common kiln being thus proved, it feemed abfurd to

afcribe to that fame agent the formation of limeftone, or of

any mafs containing it.

The contemplation of this difficulty led Dr Hutton to view
the action of fire in a manner peculiar to himfelf, and thus to

form a geological theory, by which, in my opinion, he has fur-

nifhed the world with the true folution of one of the moil inte-

Vol. VI.—P. I. K refling
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refting problems that has ever engaged the attention of men of
fcience.

He fuppofed,

I. That Heat has acted, at fome remote period, on all

rocks.

II. That during the action of heat, all thefe rocks (even
fiich as now appear at the furface) lay covered by a fuperin-

cumbent mafs, of great weight and strength.

III. That in confequence of the combined action of Heat
and PrefTure, effects were produced different from thofe of heat

on common occasions; in particular, that the carbonate of

lime was reduced to a ftate of fufion, more or lefs complete,

without any calcination.

The eflential and characteristic principle of his theory is thus

comprifed in the word Comprejfion; and by one bold hypothecs,

founded on this principle, he undertook to meet all the objec-

tions to the action of fire, and to account for thofe circum-

stances in which minerals are found to differ from the ufual

products of our furnaces.

This fyftem, however, involves fo many fuppofitions, appa-

rently in contradiction to common experience, which meet us on

the very threfhold, that molt men have hitherto been deterred

from the inveftigation of its principles, and only a few indivi-

duals have juftly appreciated its merits. It was long before

I belonged to the latter clafs \ for I mufl own, that, on read-

ing Dr Hutton's first geological publication, I was induced to

reject his fyftem entirely, and mould probably have continued

still to do fo, with the great majority of the world, but for my
habits of intimacy with the author ; the vivacity and perfpicui-

ty of whofe converfation, formed a striking contrast to the ob-

fcurity
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fcurity of his writings. I was induced by that charm, and by

the numerous original facts which his fyftem had led him to

obferve, to liften to his arguments, in favour of opinions which

I then looked upon as vifionary. I thus derived from his con-

verfation, the fame advantage which the world has lately done

from the publication of Mr Playf air's Illujlrations j and, ex-

perienced the fame influence which is now exerted by that

work, on the minds of our moft eminent men of fcience.

After three years of almoft daily warfare with Dr Hut-

ton, on the fubject of his theory, I began to view his funda-

mental principles with lefs and lefs repugnance. There is a

period, I believe, in all fcientific inveftigations, when the con-

jectures of genius ceafe to appear extravagant -, and when

we balance the fertility of a principle, in explaining the phe-

nomena of nature, againft its improbability as an hypothefis :

The partial view which we then obtain of truth, is perhaps the

moft attractive of any, and moft powerfully ftimulates the

exertions of an active mind. The mill which obfcured fome

objects diffipates by degreee, and allows them to appear in their

true colours ; at the fame time, a diftant profpect opens to our

view, of fcenes unfufpected before.

Entering now ferioufly into the train of reafoning fol-

lowed by Dr Hutton, I conceived that the chemical effects

afcribed by him to compreflion, ought, in the firft place, to be

inveftigated ; for, unlefs fome good reafon were given us for

believing that heat would be modified by prefliire, in the man-

ner alleged, it would avail us little to know that they had

acted together. He refted his belief of this influence on ana-

logy j and on the fatisfactory folution of all the phenomena,

furnifhed by this fuppofition. It occurred to me, however,

that this principle was fufceptible of being eftablifhed in a di-

rect manner by experiment, and I urged him to make the at-

tempt 5 but he always rejected this propofal, on account of

K 2 the



?6 EFFECTS of HEAT
the immenfity of the natural agents, whofe operations he fup-

pofed to lie far beyond the reach of our imitation ; and he

feemed to imagine, that any fuch attempt muft undoubtedly

fail, and thus throw difcredit on opinions already fufficiently

eftablifhed, as he conceived, on other principles. I was far,

however, from being convinced by thefe arguments ; for, with-

out being able to prove that any artificial compreilion to which

we could expofe the carbonate, would effectually prevent its

calcination in our fires, I maintained, that we had as little

proof of the contrary, and that the application of a moderate

force might poffibly perform all that was hypothetically af-

fumed in the Huttonian Theory. On the other hand, I con-

sidered myfelf as bound, in practice, to pay deference to his

opinion, in a field which he had already fo nobly occupied,

and abftained, during the remainder of his life, from the pro-

fecution of fome experiments with compreilion, which I had

begun in 1790.

In 1798, I refumed the fubject with eagernefs, being flill of

opinion, that the chemical law which forms the bafis of the

Huttonian Theory, ought, in the firfl place, to be inveftigated

experimentally ; all my fubfequent reflections and obferva-

tions having tended to confirm my idea of the importance

of this purfuit, without in any degree rendering me more ap-

prehenfive as to the remit.

In the arrangement of the following paper, I fhall firfl con-

fine myfelf to the investigation of the chemical effects of Heat

and Compreilion, referving to the concluding part, the appli-

cation of my refults to Geology. I fhall, then, appeal to the

volcanoes, and fhall endeavour to vindicate the laws of ac-

tion affumed in the Huttonian Theory, by fhewing, that lavas,

previous to their eruptions, are fubject to fimilar laws ', and

that the volcanoes, by their fubterranean and fubmarine exer-

tions,
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tions, muft produce, in our times, refults fimilar to thofe afcri-

bed, in that Theory, to the former action of fire.

In comparing the Huttonian operations with thofe of the

volcanoes, I fhall avail myfelf of fome fads, brought to light

in the courfe of the following inveftigations, by which a pre-

cife limit is affigned to the intenfity of the heat, and to the

force of compreilion, required to fulfil the conditions of Dr

Hutton's hypothefis : For, according to him, the power of

thofe agents was very great, but quite indefinite j, it was there-

fore impoffible to compare their fuppoied effects in any precife

manner with the phenomena of nature.

My attention was almoft exclufively confined to the Carbo-

nate of Lime, about which I reafoned as follows : The carbonic

acid, when uncombined with any other fubflance, exifts natural-

ly in a gafeous form, at the common temperature of our atmo-

fphere ', but when in union with lime, its volatility is reprefied,

in that fame temperature, by the chemical force of the earthy

fubflance, which retains it in a folid form. When the tem-

perature is raifed to a full red-heat, the acid acquires a vola-

tility by which that force is overcome, it efcapes from the

lime, and afTumes its gafeous form. It is evident, that were the

attractive force of the lime increafed, or the volatility of the

acid diminifhed by any means, the compound would be enabled

to bear a higher heat without decompofition, than it can in the

prefent flate of things. Now, prefiure muft produce an effect

of this kind 5 for when a mechanical force oppofes the expan-

fion of the acid, its volatility muft, to a certain degree, be di-

minifhed. Under preffure, then, the carbonate may be expect-

ed to remain unchanged in a heat, by which, in the open air,

it would have been calcined. But experiment alone can teach

us, what compreffing force is requifite to enable it to refift any-

given elevation of temperature ; and what is to be the refult of
fuch an operation. Some of the compounds of lime with acids

are
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are fufible, others refractory ; the carbonate, when conftrained

by preffure to endure a proper heat, may be as fufible as the

muriate.

One circumftance, derived from the Huttonian Theory,

induced me to hope, that the carbonate was eafily fufible,

and indicated a precife point, under which that fufion ought

to be expected. Nothing is more common than to meet with

nodules of calcareous fpar inclofed in whinflone ; and we fup-

pofe, according to the Huttonian Theory, that the whin and the

fpar had been liquid together \ the two fluids keeping fepa-

rate, like oil and water. It is natural, at the junction of thefe

two, to look for indications of their relative mobilities \ and we
find, accordingly, that the termination of the fpar is generally

globular and fmooth; which feems to prove, that, when the

whin became folid, the fpar was flill in a liquid ftate ; for had

the fpar congealed firft, the tendency which it fhews, on all oc-

cafions of freedom, to fhoot out into prominent cryflals, would

have made it dart into the liquid whin, according to the pecu-

liar forms of its cryftallization ; as has happened with the various

fubftances contained in whin, much more refractory than it-

felf, namely, augite, felfpar, &c. ', all of which having con-

gealed in the liquid whin, have afliimed their peculiar forms

with perfect regularity. From this I concluded, that when the

whin congealed, which mull have happened about 28 ° or 30*

of Wedgwood, the fpar was flill liquid. I therefore expected,

if I could compel the carbonate to bear a heat of 28 ° without

decompofition, that it would enter into fufion. The fequel will

mew, that this conjecture was not without foundation.

I shall now enter upon the defeription of thofe experiments,

the refult of wjiich I had the honour to lay before this Society

on the 30th ofAugufl laft (1804) ; fully aware how difficult it is,

in giving an account of above five hundred experiments, all tend-

ing to one point, but differing much from each other in vari-

ous



MODIFIED by COMPRESSION. 79

ous particulars, to fleer between the oppofite faults of prolixity

and barrennefs. My object Shall be to defcribe, as fhortly as

pofllble, all the methods followed, fo as to enable any chemifl

to repeat the experiments ; and to dwell particularly on fuch

circuraftances only, as feem to lead to conclusions of import-

ance.

The refult being already known, I confider the account I am
about to give of the execution of thefe experiments, as addref-

fed to thofe who take a particular interefl in the progrefs of

chemical operations : in the eyes of fuch gentlemen, I truft,

that none of the details into which I muft enter, will appear fu~

perfluous.

II.

Principle of execution upon which the following Experiments were con-

dueled.—Experiments with Gun-Barrels filled with baked Clay, and

welded at the muzzle.—Method with the Fufible Metal.—Remarkable

effebls of its expanfion.—NeceJJity of introducing Air.—Refults ob-

tained.

When I firft undertook to make experiments with heat

acting under compreflion, I employed myfelf in contriving

various devices of fcrews, of bolts, and of lids, fo adjust-

ed, I hoped, as to confine all elaltic fubftances ; and per-

haps fome of them might have anfwered. But I laid afide

all fuch devices, in favour of one which occurred to me in

January 1798 ; which, by its Simplicity, was of eafy appli-

cation in all cafes, and accomplished all that could be done

by any device, Since it fecured perfect Strength and tightnefs to

:he utmoSl that the veSTels employed could bear, whether form-

id of metallic or earthy fubStance. The device depends upon

the
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the following general view : If we take a hollow tube or bar-

rel (AD, fig. i.) clofed at one end, and open at the other, of

one foot or more in length ; it is evident, that by introducing

one end into a furnace, we can apply to it as great heat as

art can produce, while the other end is kept cool, or, if necef-

fary, expofed to extreme cold. If, then, the fubftance which
we mean to fubject to the combined action of heat and pref-

fure, be introduced into the breech or clofed end, of the barrel

(CD), and if the middle part be filled with fome refractory

fubftance, leaving a fmall empty fpace at the muzzle (AB), we
can apply heat to the muzzle, while the breech containing the

fubject of experiment, is kept cool, and thus clofe the barrel by

any of the numerous modes which heat affords, from the weld-

ing of iron to the melting of fealing-wax. Things being then

reverfed, and the breech put into the furnace', a heat of any

required intenfity may be applied to the fubject of experiment,

now in a flate of conftraint.

My firfl application of this fcheme was carried on with

a common gun-barrel, cut off at the touch-hole, and welded

very flrongly at the breech by means of a plug of iron.

Into it I introduced the carbonate, previoufly rammed into a

cartridge of paper or pafteboard, in order to protect it from the

iron, by which, in fome former trials, the fubject of experiment

had been contaminated throughout during the action of heat. I

then rammed the reft ofthe barrel full ofpounded clay, previouf-

ly baked in a flrong heat, and I had the muzzle clofed like the

breech, by a plug of iron welded upon it in a common forge $

the reft of the barrel being kept cold during this operation,

by means of wet cloths. The breech of the barrel was

then introduced horizontally into a common muffle, heated to

about 25 ° of Wedgwood. To the muzzle a rope was fixed,

in fuch a manner, that the barrel could be withdrawn with-

out



MODIFIED by COMPRESSION. 81

out danger from an explofion *. I likewife, about this time,

clofed the muzzle of the barrel, by means of a plug, fixed by

folder only ', which method had this peculiar advantage, that

I could fhut and open the barrel, without having recourfe

to a workman. In thefe trials, though many barrels yielded

to the expanfive force, others refitted it, and afforded fome re-

mits that were in the higheft degree encouraging, and even

fatisfactory, could they have been obtained with certainty on

repetition of the procefs. In many of them, chalk, or com-

mon limeftone previoufly pulverifed, was agglutinated into a

ftony mafs, which required a fmart blow of a hammer to

break it, and felt under the knife like a common limeftone >

at the fame time, the fubftance, when thrown into nitric acid,

dhTolved entirely with violent effervefcence.

In one of thefe experiments, owing to the action of heat on

the cartridge of paper, the baked clay, which had been

ufed to fill the barrel, was flamed black throughout, to the

diflance of two-thirds of the length of the barrel from its

breech. This circumftance is of importance, by mewing,
that though all is tight at the muzzle, a protrufion may
take place along the barrel, greatly to the detriment of com-

plete

* On one occafion, the importance of this precaution was ftrongly felt. Having
inadvertently introduced a confiderable quantity of moifture into a welded barrel,

an explofion took place, before the heat had rifen to rednefs, by which, part of the

barrel was fpread out to a flat plate, and the furnace was blown to pieces. Dr
Kennedy, who happened to be prefent on this occafion, obferved, that notwith-

ftanding this accident, the time might come when we fhould employ water in

thefe experiments to auift the force of compreffion. I have fince made great ufe

of this valuable fuggeftion : but lie fcarcely lived, alas ! to fee its application
;

fer my firft fuccefs in this way, took place during his laft illnefs. I have

been expofed to no rifle in any other experiment with iron barrels ; matters

being fo arranged, that the ftrain againfl; them has only commenced in a red

heat, in which the metal has been fo far foftened, as to yield by laceration like a

piece of leather.

Vol. VI.—P.I. L



82 EFFECTS of HEAT
plete compreffion : and, at the fame time, it illuftrates what
has happened occafionally in nature, where the bituminous

matter feems to have been driven by fuperior local heat, from
one part of a coaly bed, though retained in others, under the

fame compreffion. The bitumen fo driven off being found, in

other cafes, to pervade and tinge beds of flate and of fandftone.

I was employed in this purfuit in fpring 1800, when an

event of importance interrupted my experiments for about a

year. But I refumed them in March 1801, with many new
plans of execution, and with conhderable addition to my ap-

paratus.

In the courfe of my firft trials, the following mode of execu-

tion had occurred to me, which I now began to put in practice.

It is well known to chemifts, that a certain compofition of differ-

ent metals *, produces a fubftance fo fufible, as to melt in the

heat of boiling-water. I conceived that great advantage, both

in point of accuracy and difpatch, might be gained in thefe ex-

periments, by fubftituting this metal for the baked clay above

mentioned : That after introducing the carbonate into the

breech of the barrel, the fufible metal, in a liquid ftate,

might be poured in, fo as to fill the barrel to its brim

:

That when the metal had cooled and become folid, the breech

might, as before, be introduced into a muffle, and expofed

to any required heat, while the muzzle was carefully kept cold.

In this manner, no part of the fufible metal being melted, but

what lay at the breech, the reft, continuing in a folid ftate,

would effedmally confine the carbonic acid : That after the ac-

tion of ftrong heat had ceafed, and after all had been allowed

to cool completely, the fufible metal might be removed entire-

ly from the barrel, by means of a heat little above that of boil-

ing water, and far too low to occafion any decompofition of

the

* Eight parts of bifmuth, five of lead, and three of tin-
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the carbonate by calcination, though acting upon it in free-

dom ; and then, that the fubject of experiment might, as be*

fore, be taken out of the barrel.

This fcheme, with various modifications and additions,

which practice has fuggefted, forms the bafis of moft of the

following methods.

In the firft trial, a flriking phenomenon occurred, which

gave rife to the moft important of thefe modifications. Ha-

ving filled a gun-barrel with the fufible metal, without any

carbonate ; and having placed the breech in a muffle, I was

furprifed to fee, as the heat approached to rednefs, the liquid

metal exuding through the iron in innumerable minute drops,

difperfed all round the barrel. As the heat advanced, this

exudation increafed, till at laft the metal flowed out in

continued ftreams, and the barrel was quite deftroyed. On
feveral occafions of the fame kind, the fufible metal, being

forced through fome very minute aperture in the barrel,

fpouted from it to the diftance of feveral yards, depofiting

upon any fubftance oppofed to the ftream, a beautiful af~

femblage of fine wire, exactly in the form of wool. I imme-

diately understood, that the phenomenon was produced by the

fuperior expanfion of the liquid over the folid metal, in con-

fequence of which, the fufible metal was driven through the

iron as water was driven through filver * by mechanical per-

cuffion in the Florentine experiment. It occurred to me, that

this might be prevented by confining along with the fufible

metal a fmall quantity of air, which, by yielding a little to

the expanfion of the liquid, would fave the barrel. This re-

L 2 medy

* EJfays of Natural Experiments made in the Academie del Cimento, transla-

ted by Waller, London, 1684, page 117. The fame in Musschenbroek's La-<-

tin tranflation, Lugd. Bat. 1731, p. 63.
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medy was found to anfwer completely, and was applied, in

all the experiments made at this time *.

I now propofed, in order to keep the carbonate clean, to

inclofe it in a fmall vefTel ', and to obviate the difficulty of

removing the refult at the conclufion of the experiment, I

further propofed to connect that vefTel with an iron ramrod,

longer than the barrel, by which it could be introduced or

withdrawn at pleafure.

A small tube of glafs f, or of Raumur's porcelain, about

a quarter of an inch in diameter, and one or two inches in

length, (fig. 2. A) was half filled with pounded carbonate of

lime, rammed as hard as poflible '

y the other half of the tube

being

* I found it a matter of much difficulty to afcertain the proper quantity of air

•which ought to be thus inclofed. When the quantity was too great, the refult

was injured by diminution of elafticity, as I fiiall have occafion fully to mew here-

after. When too fmall, or when, by any accident, the whole of this included air

was allowed to efcape, the barrel was deftroyed.

I hoped to afcertain the bulk of air neceffary to give liberty to the ex-

pansion of the liquid metal, by meafuring the actual quantity expelled by

known heats from an open barrel filled with it. But I was furprifed to find,

that the quantity thus difcharged, exceeded in bulk that of the air which, in

the fame heats, I had confined along with the carbonate and fufible metal in

many fuccefsful experiments. As the expanfion of the liquid does not feem ca-

pable of fenfible diminution by an oppofing force, this fact can only be accounted

for by a dillention of the barrel. In thefe experiments, then, the expanfive force

of the carbonic acid, of the included air, and of the fufible metal, acted in combi-

nation againft the barrel, and were yielded to in part by the diftention of the bar-

rel, and by the condenfation of the included air. My object was to increafe the

force of this mutual action, by diminifliing the quantity of air, and by other de-

vices to be mentioned hereafter. Where fo many forces were concerned, the

laws of whofe variations were unknown, much precifion could not be expected,

nor is it wonderful, that in attempting to carry the compreffing force to the ut-

moft, I fhould have deftroyed barrels innumerable.

+ I have fince conftantly ufed tubes of common porcelain, finding glafs much

too fufible for this purpose.
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being filled with pounded filex, or with whatever occurred

as moll likely to prevent the intrufion of the fufible metal

in its liquid and penetrating ftate. This tube fo filled, was

placed in a frame or cradle of iron [df k b, fig&. 3, 4, 5, and

6,) fixed to the end (m) of a ram-rod {jn n). The cradle

was from fix to three inches in length, and as much in diame-

ter as a gun-barrel would admit with eafe. It was eompofed

of two circular plates of iron, (d efg and h i k I, feen edge-

wife in the figures,) placed at right-angles to the ram-rod, one

of thefe plates (d e f h) being fixed to it by the centre (m),

Thefe plates were connected together by four ribs or flattened

wires of iron {d h> e i,fk, and g /,) which formed the cradle

into which the tube (A), containing the carbonate, was intro-

duced by thrufting the adjacent ribs afunder. Along with the

tube juft mentioned, was introduced another tube (B), of iron

or porcelain, filled only with air. Likewife, in the cradle, a

pyrometer * piece (C) was placed in contact with (A) the tube

containing the carbonate. Thefe articles generally occupied.

the

* The pyrometer-pieces ufed in thefe experiments were made under my own

-

eye- Neceffity compelled me to undertake this laborious and difficult work, in.,

which I have already fo far fucceeded as to obtain a fet of pieces, which, though

far from complete, anfwer my purpofe tolerably well. I had lately an oppor-

tunity of comparing my fet with that of Mr Wedgwood, at various tempera-

tures, in furnaces of great fize and fteadinefs. The refult has proved, that my
pieces agree as well with. each other as his, though with my fet each tempera-

ture is indicated by a different degree of the fcale. I have thus been enabled to

conftruct a table, by which my obfervations have been corrected, fo that the

temperatures mentioned in this paper are fuch as would have been indicated by
Mr Wedgwood's pieces. By Mr Wedgwood's pieces, I mean thofe of the

only fet which has been fold to the public, and by which the melting heat of

pure filver is indicated at the % 2d degree. I am well aware, that the late Mr
Wedgwood, in his Table of Fufibilities, has ftated that fufion as taking place at

the 28th degree ; but I am convinced that his obfervations muft have been msde.

with fome fet different from that which was afterwards fold,
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the whole cradle ; when any fpace remained, it was filled up

by a piece of chalk drefled for the purpofe. (Fig. 4. reprefents

the cradle filled, as juft defcribed).

Things being thus prepared, the gun-barrel, placed erect

with its muzzle upwards, was half filled with the liquid fufible

metal. The cradle was then introduced into the barrel, and

plunged to the bottom of the liquid, fo that the carbonate was

placed very near the breech, (as reprefented in fig. 5, the fu-

fible metal Handing at 0). The air-tube (B) being placed fo

as to enter the liquid with its muzzle downwards, retained

great part of the air it originally contained, though fome of it

might be driven off by the heat, fo as to efcape through the

liquid. The metal being now allowed to cool, and to fix round

the cradle and ramrod, the air remaining in the air-tube was

effectually confined, and all was held fail. The barrel being

then filled to the brim with fufible metal, the apparatus was

ready for the application of heat to the breech, (as fhewn in

fig. 6.)

In the experiments made at this time, I ufed a fquare brick

furnace (figs. 7 and 8), having a muffle (r s) traverfing it ho-

rizontally and open at both ends. This muffle being fupported

in the middle by a very flender prop, was expofed to fire from

below, as well as all round. The barrel was placed in the

muffle, with its breech in the hotteft part, and the end next

the muzzle projecting beyond the furnace, and unrounded with

cloths which were drenched with water from time to time.

(This arrangement is fhewn in fig. 7). In this fituation, the

fufible metal furrounding the cradle being melted, the air

contained in the air-tube would of courfe feek the higheft po-

fition, and its firfl place in the air-tube would be occupied

by fufible metal. (In fig. 6., the new pofition of the air is

fhewn at/> q).

At
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At the conclufion of the experiment, the metal was generally

removed by placing the barrel in the tranfverfe muffle, with

its muzzle pointing a little downwards, and fo that the heat

was applied firft to the muzzle, and then to the reft of the

barrel in fucceflion. (This operation is fhewn in fig. 8). In

fome of the firft of thefe experiments, I loofened the cradle, by

plunging the barrel into heated brine, or a ftrong folution of

muriate of lime ; which laft bears a temperature of 250 of

Fahrenheit before it boils. For this purpofe, I ufed a pan

three inches in diameter, and three feet deep, having a flat bafon

at top to receive the liquid when it boiled over. The method

anfwered, but was troublefome, and I laid it afide. I have had

occafion, lately, however, to refume it in fome experiments in

which it was of confequence to open the barrel with the leaft

poilible heat *.

By thefe methods I made a great number ofexperiments, with

refults that were highly interefting in that ftage of the buf>

nefs, though their importance is fo much diminifhed by the

fubfequent progrefs of the inveftigation, that I think it proper

to mention but very few of them.

On the 31ft of March 1801, 1 rammed forty grains of pound-

ed chalk into a tube of green bottle-glafs, and placed it in the

cradle as above defcribed. A pyrometer in the muffle along

with the barrel indicated 33 . The barrel was expofed to heat

during feventeen or eighteen minutes. On withdrawing the

cradle, the carbonate was found in one folid mafs, which had
vifibly fhrunk in bulk, the fpace thus left within the tube being

accurately

* In many of the following experiments, lead was ufed in place of the fufible

metal, and often with fuccefs ; but I loft many good refults in this way : for the

heat required to liquefy the lead, approaches fo near to rednefs, that it is difficult

to difengage the cradle without applying a temperature by which the carbonate

is injured. I have found it anfwer well, to furround the cradle and a few inches

of the rod, with fufible metal, and to fill the reft of the barrel with lead.
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accurately filled with metal, which plated the carbonate all

over without penetrating it in the leaft, fo that the metal was

eafily removed. The weight was reduced from forty to thirty-

fix grains. The fubfiance was very hard, and refifled the knife

better than any refult of the kind previoufly obtained ; its frac-

ture was cryftalline, bearing a refemblance to white faline

marble; and its thin edges had a decided femitranfparency,

a circumftance firfl obferved in this refult.

On the 3d of March of the fame year, I made a fimilar

experiment, in which a pyrometer-piece was placed with-

in the barrel, and another in the muffle ; they agreed in indi-

cating 23 . The inner tube, which was of Reaumur's porce-

lain, contained eighty grains of pounded chalk. The carbo-

nate was found, after the experiment, to have loft 34- grains.

A thin rim, lefs than the 20th of an inch in thicknefs, of

whitifh matter, appeared on the outfide of the mafs. In other

refpects, the carbonate was in a very perfect fiate ', it was of a

yellowifh colour, and had a decided femitranfparency and

faline fracture. But what renders this refult of the greatefl

value, is, that on breaking the mafs, a fpace of more than the

tenth of an inch fquare, was found to be completely cryftal-

iized, having acquired the rhomboidal fracture of calcareous

fpar. It was white and opaque, and prefented to the view

three fets of parallel plates which are feen under three different

angles. This fubftance, owing to partial calcination and fub-

fequent abforption of moifhire, had loft all appearance of its

remarkable properties in fome weeks after its production ; but

this appearance has fince been reftored, by a frefh fracture,

and the fpecimen is now well preferved by being hermetically

kiclofed.

III.
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III.

Experiments made in 'tubes of Porcelain.—tubes of Wedgwood*s Ware.

—Methods ufed to confine the Carbonic Acid, and to clofe the Pores of

the Porcelain in a Horizontal Apparatus.—Tubes made with a view

to thefe Experiments.—The Vertical Apparatus adopted.—View of

Refults obtained, both in Iron and Porcelain.—The Formation of Lime-

flone and Marble.—Inquiry into the Caufe of the partial Calcinations,

—Tubes ofPorcelain weighed previous to breaking.—Experiments with

Porcelain Tubes proved to be limited.

While I was carrying on the above-mentioned experiments1

,

I was occafionally occupied with another fet, in tubes of por-

celain. So much, indeed, was I prepoJTefTed in favour of this

laft mode, that I laid gun-barrels afide, and adhered to it du-

ring more than a year. The methods followed with this fub-

(lance, differ widely from thofe already defcribed, though

founded on the fame general principles.

I procured from Mr Wedgwood's manufactory at Etruria,

in Staffordfhire, a fet of tubes for this purpofe, formed of the

fame fubftance with the white mortars, in common ufe, made
there.. Thefe tubes were fourteen inches long, with a bore

of half an inch diameter, and thicknefs of 0.23 being clofed

at one end (figs. 9, 10, n, 12, 13.)

I proposed to ram the carbonate of lime into the breech

(Fig. 9. A) j then filling the tube to within a fmall diflance of

its muzzle with pounded flint (B), to fill that remainder (C)

with common borax of the fhops (borat of foda) previoufly re*

duced to glafs, and then pounded ; to apply heat to the muzzle

alone, fo as to convert that borax into folid glafs ; then, re-

versing the operation, to keep the muzzle cold, and apply the

requifite heat to the carbonate lodged in the breech.

Vol. VI.—P.I. M J
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I thus expected to confine the carbonic acid; but the at-

tempt was attended with confiderable difficulty, and has led

to the employment of various devices, which I fhall now fhort-

ly enumerate, as they occurred in the courfe of practice. The
fimple application of the principle was found infufficient, from

two caufes : Firft, The carbonic acid being driven from the

breech of the tube, towards the muzzle, among the pores of

the pounded filex, efcaped from the comprefling force, by
lodging itfelf in cavities which were comparatively cold :

Secondly, The glafs of borax, on cooling, was always found to

crack very much, fo that its tightnefs could not be depended

on,

To obviate both thefe inconveniences at once, it occurred to

me, in addition to the firfl arrangement, to place fome borax

(fig. io. C) fo near the breech of the tube, as to undergo heat

along with the carbonate (A) > but interpofmg between this

borax and the carbonate, a ftratum of filex (B), in order to

prevent contamination. I trufted that the borax in a liquid

or vifcid ftate, being thruft outwards by the expanfion of the

carbonic acid, would prefs againft the filex beyond k (D),.

and totally prevent the elaftic fubftances from efcaping out of

the tube, or even from wandering into its cold parts.

In fome refpecls, this plan anfwered to expectation. The

glafs of borax, which can never be obtained when cold, with-

out innumerable cracks, unites into one continued vifcid mafs

in the loweft red-heat ; and as the ftrefs in thefe experiments,

begins only with rednefs, the borax being heated at the fame

rime with the carbonate, becomes united and impervious, as

foon as its action is necefTary. Many good refults were accord-

ingly obtained in this way. But I found, in practice, that as the

heat rofe, the borax began to enter into too thin fufion, and

was often loft among the pores of the filex, the fpace in which

it had lain being found empty on breaking the tube. It was

therefore
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therefore found neceffary to oppofe fomething more fubftan-

tial and compact, to the thin and penetrating quality of pure

borax.

In fearching for fome fuch fubflance, a curious property of

bottle-glafs occurred accidentally. Some of this glafs, in

powder, having been introduced into a muffle at the tempe-

rature of about 20* of Wedgwood > the powder, in the lpace

of about a minute, entered into a ftate of vifcid agglutination,

like that of honey, and in about a minute more, (the heat ak
ways continuing unchanged,) confolidated into a firm and com-

pact mafs of Reaumur's porcelain *. It now appeared, that by

placing this fubflance immediately behind the borax, the

penetrating quality of this laft might be effectually reftrained

;

for, Reaumur's porcelain has the double advantage of being

refractory, and of not cracking by .change of temperature. I

found, however, that in the act of confolidation, the pounded

bottle-glafs fhrunk, fb as to leave an opening between its mafs

and the tube, through which the borax, and, along with it, the

carbonic acid, was found to efcape. But the object in view was
obtained by means of a mixture of pounded bottle-glafs, and
pounded flint, in equal parts. This compound (till agglutinates,

not indeed into a mafs fo hard as Reaumur's porcelain, but fuf-

ficiently fo for the purpofe ', and this being done without any
fenfible contraction, an effectual barrier was oppofed to the bo-

rax -, (this arrangement is fhewn in fig. n.) ; and thus the me-
thod of doling the tubes was rendered fo complete, as feldom

to fail in practice f. A ftill further refinement upon this me-
M 2 thod

* In the fame temperature, a mafs of the glafs of equal hulk would undergo
the fame change ; but it would occupy an hour.

f A fubflance equally efficacious in retraining the penetrating quality of borax,
was difcovered by another accident. It corrhfts of a mixture of borax and com-
mon fand, by which a fubftance is formed, which, in heat, affumes the ftate of a
very tough parte, and becomes hard and compact on cooling.
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thod was found to be of advantage. A fecond feries ofpowders,

like that already defcribed, was introduced towards the muzzle,

(as fhewn in fig. 12.). During the firft period of the experi-

ment, this 1aft-mentioned feries was expofed to heat, with all

the outward half of the tube {a b) ; by this means, a folid

mafs was produced, which remained cold and firm during the

fubfequent action of heat upon the carbonate.

I soon found, that notwithstanding all the above-mention-

ed precautions, the carbonic acid made its efcape, and that it

pervaded the fubfiance of the Wedgwood tubes, where no flaw

could be traced. It occurred to me, that this defedt might be

remedied, were borax, in its thin and penetrating flate of fu-

fion, applied to the infide of the tube ; and that the pores of the

porcelain might thus be clofed, as thofe of leather are clofed

by oil, in an air-pump. In, this view, I rammed the carbonate

into a fmall tube, and unrounded it with pounded glafs ofborax,

which, as foon as the heat was applied, fpread on the infide of

the large tube, and erTe&ually clofed its pores. In this man-

ner, many good experiments were made with barrels lying ho-

rizontally in common muffles, (the arrangement juft defcribed

being reprefented in fig. 13.)

I was thus enabled to carry on experiments with this

porcelain, to the utmofl that its ftrength would bear. But I

was not fatisfied with the force fo exerted; and, hoping to

obtain tubes of a fuperior quality, I fpent much time in expe-

riments with various porcelain compofitions. In this, I fo

far fucceeded, as to produce tubes by which the carbonic acid,

was in a great meafure retained without any internal glaze*

The beft material I found for this purpofe, was the pure por-

celain-clay of Cornwall, or a compofition in the proportion of

two of this clay to one of what the potters call Cornijh-Jlonc,

which I believe to be a granite in a ftate of decompofition.

Thefe tubes were feven or eight inches long, with a bore

tapering
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tapering from 1 inch to 0.6, Their thicknefs was about 0.3

at the breech, and tapered towards the muzzle to the thinnefs

of a wafer.

I now adopted a new mode of operation, placing the tube

vertically, and not horizontally, as before. By obferving the

thin ftate of borax whilft in fufion, I was convinced, that it

ought to be treated as a complete liquid, which being fupport-

ed in the courfe of the experiment from below, would fecure

perfect tightnefs, and obviate the failure which often happen-

ed in the horizontal pofition, from the falling of the borax to

the lower fide.

In this view, (fig. 16.); I rilled the breech in the manner

defcribed above, and introduced into the muzzle fome bo-

rax (C) fupported at the middle of the tube by a quantity

of filex mixed with boitle-glafs (B). I placed the tube, fo

prepared, with its breech plunged into a crucible filled with

fand (E), and its muzzle pointing upwards. It was now my
object to apply heat to the muzzle-half, whilft the other re-

mained cold. In that view, I conftru&ed a furnace (fig. 14.

and 15.), having a muffle placed vertically (c d), furround-

ed on all fides with fire (e e), and open both above (at c),

and below (at d). The crucible juft mentioned, with its

tube, being then placed on a fupport directly below the ver-

tical muffle, (as reprefented in fig. 14. at F), it was raifed, fo

that the half of the tube next the muzzle was introduced into,

the fire. In confequence of this, the borax was feen from
above to melt, and run down in the tube, the air contained in

the powder efcaping in the form of bubbles, till at laft the

borax flood with a clear and fteady furface like that of wa-
ter. Some of this fait being thrown in from above, by means of
a tube of glafs, the liquid furface was raifed nearly to the muz-
zle, and-, after all had been allowed to become cold, the po-

fition of the tube was reverfed ;', the muzzle being now plun-

ged
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ged into the fand, (as in fig. 17.), and the breech introduced

into the muffle. In feveral experiments, I found it anfwer
well, to occupy great part of the fpace next the muzzle, with
a rod of fand and clay previoufly baked, (fig. 19. KK), which
was either introduced at firft, along with the pounded borax,

or, being made red hot, was plunged into it when in a liquid

ftate. In many cafes I affifled the compactnefs of the tube by
means of an internal glaze of borax ; the carbonate being pla-

ced in a fmall tube, (as fhewn in fig. 18.)

These devices anfwered the end propofed. Three-fourths

of the tube next the muzzle was found completely filled with

a. mafs, having a concave termination at both ends, f/and^
figs. 17. 18. 19.)* fhewing that it had flood as a liquid in the

two oppofite pofitions in which heat had been applied to it.

So great a degree of tightnefs indeed was obtained in this

way, that I found myfelf fubjecled to an unforefeen fource of

failure. A number of the tubes failed, not by explofion, but

by the formation of a minute longitudinal fifiiire at the breech,

through which the borax and carbonic acid efcaped. I faw

that this arofe from the expanfion of the borax when in a li-

quid ftate, as happened with the fufible metal in the experi-

ments with iron-barrels ; for, the crevice here formed, indi-

cated the exertion of fome force acting very powerfully, and

to a very fmall diftance. Accordingly, this fource of failure

was remedied by the introduction of a very fmall air-tube.

This, however, was ufed only in a few experiments.

In the courfe of the years 1801, 1802, and 1803, I made a

number of experiments, by the various methods above defcrib-

ed, amounting, together with thofe made in gun-barrels, to

one hundred and fifty-fix. In an operation fo new, and in

which the apparatus was ftrained to the utmoft of its power,

conflant fuccefs could not be expe&ed, and in fact many expe-

riments failed, wholly or partially. The refults, however, upon

the
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the whole, were fatisfaclory, lince they feemed to eftablifh fome

of the elTential points of this inquiry.

These experiments prove, that, by mechanical conflraint,

the carbonate of lime can be made to undergo flrong heat,

without calcination, and to retain almofl the whole of its car-

bonic acid, which, in an open fire, at the fame temperature,

would have been entirely driven off: and that, in thefe circum-

ftances, heat produces fome of the identical efFe&s afcribed to

it in the Huttonian Theory.

By this joint a&ion of heat and prefliire, the carbonate of

lime which had been introduced in the ftate of the fineft

powder, is agglutinated into a firm mafs, poiTefling a degree of

hardnefs, compa&nefs, and fpeeific gravity *, nearly approach-

ing to thefe qualities in a found limeftone ; and fome of the

refults, by their faline fracture, by their femitranfparency, and

their fufceptibility of poliiTi, deferve the "name of marble.

The fame trials have been made with all calcareous fub-

fiances ; with chalk, common limeftone, marble, fpar, and

the fhells of fifh. All have fhewn the fame general property,

with fome varieties as to temperature. Thus, I found, that,

in the fame cireumftances, chalk was more fufceptible of .ag-

glutination than fpar ', the latter requiring a heat two degrees

higher than the former, to bring it to the fame pitch of ag-

glutination.

The chalk ufed in my firft experiments, always aflumed the

ehara&er of a yellow marble, owing probably to fome flight

contamination of iron. When a folid piece of chalk, whofe
bulk had been previouily meafured in the gage of Wedgwood's
pyrometer was fubmitted to heat under compreilion, its con-

traction was remarkable, proving the approach of the particles

during their, confolidation ; on thefe occafions, it was found

to

* See Appendix.
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to fhrink three times more than the pyrometer-pieces in the

fame temperature. It loft, too, almoft entirely, its power of im-

bibing water, and acquired a great additional fpecific gravity.

On feveral occalions, I obferved, that mafles of chalk, which,

before the experiment, had fhewn one uniform character of

whitenefs, afliimed a ftratined appearance, indicated by a feries

of parallel layers of a brown colour. This circumftance may
hereafter throw light on the geological hiftory of this extraor-

dinary fubftance.

I have faid, that, by mechanical conftraint, almoft the

whole of the carbonic acid was retained. And, in truth, at

this period, fome lofs of weight had been experienced in all

the experiments, both with iron and porcelain. But even this

circumftance is valuable, by exhibiting the influence of the

carbonic acid, as varied by its quantity.

When the lofs exceeded 10 or 15 per cent*, of the weight

of the carbonate, the refult was always of a friable texture,

and without any ftony character ; when lefs than 2 or 3 per

cent, it was conlidered as good, and pollened the properties

of a natural carbonate. In the intermediate cafes, when

the. lofs amounted, for inftance, to 6 or 8 per cent., the re-

fult was fometimes excellent at firft, the fubftance bearing

every appearance of foundnefs, and often pofTefling a high cha-

racter of cryftallization j but it was unable to refift the ac-

tion of the air ; and, by attracting carbonic acid or moifture,

or both, crumbled to dull more or lefs rapidly, according to

circumftances. This feems to prove, that the carbonate of

lime, though not fully faturated with carbonic acid, may pof-

fefs the properties of limeftone ; and perhaps a difference of

this

* I have found, that, in open fire, the entire lofs fuftained by the carbonate va-

ries in different kinds from 42 to $$•$ per cent.
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this kind may exift among natural carbonates, give rife to

their different degrees of durability.

I have obferved, in many cafes, that the calcination has

reached only to a certain depth into the mafs ', the internal

part remaining in a ftate of complete carbonate, and, in ge-

neral, of a very fine quality. The partial calcination feems

thus to take place in two different modes. By one, a fmall

proportion of carbonic acid is taken from each particle of

carbonate ; by the other, a portion of the carbonate is quite

calcined, while the reft is left entire. Perhaps one refult is

the effect of a feeble calcining caufe, acting during a long

time, and the other of a ftrong caufe, acting for a fhort time.

Some of the refults which feemed the moft perfect when
firft produced, have been fubject to decay, owing to partial

calcination. It happened, in fome degree, to the beautiful

fpecimen produced on the 3d of March 1801, though a freih

fracture has reftored it.

A specimen, too, of marble, formed from pounded fpar, on

15th May 1 801, was fo complete as to deceive the workman
employed to polifh it, who declared, that, were the fubftance

a little whiter, the quarry from which it was taken would be

of great value, if it lay within reach of a market. Yet, in a

few weeks after its formation, it fell to duft.

Numberless fpecimens, however, have been obtained, which
refifl the air, and retain their polifh as well as any marble*

Some of them continue in a perfect ftate, though they have

been kept without any precaution during four or five years.

That fet, in particular, remain perfectly entire, which were
fhewn laft year in this Society, though fome of them were
made in 1799, fome in 1801 and 1802, and though the firft

eleven were long foaked in water, in the trials made of their

fpecific gravity.

Vol. VI P.I, N A
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A curious circumflance occurred in one of thefe experi-

ments, which may hereafter lead to important confequences.

Some ruft of iron had accidentally found its way into the

tube : 10 grains of carbonate were ufed, and a heat of 2 8° was

applied. The tube had no flaw ; but there was a certainty that

the carbonic acid had efcaped through its pores. When bro-

ken, the place of the carbonate was found occupied, partly

by a black flaggy matter, and partly by fphericles of various

fizes, from that of a fmall pea downwards, of a white fub-

llance, which proved to be quicklime ; the fphericles being

interfperfed through the flag, as fpar and agates appear in

whinltone. The flag had certainly been produced by a mix-

ture of the iron with the fubflance of the tube ; and the fphe-

rical form of the quicklime feems to fhew, that the carbonate

had been in fufion along with the flag, and that they had

feparated on the efcape of the carbonic acid.

The fubject was carried thus far in 1803, when I fliould

probably have publifhed my experiments, had I not been in-

duced to profecute the inquiry by certain indications, and

accidental refults, of a nature too irregular and uncertain to

meet the public eye, but which convinced me, that it was

poffible to eftablifh, by experiment, the truth of all that was

hypothetically aflumed in the Huttonian Theory.

The principal object was now to accomplifh the entire fu-

fion of the carbonate, and to obtain fpar as the refult of that

fufion, in imitation of what we conceive to have taken place

in nature.

It was likewife important to acquire the power of retaining

all the carbonic acid of the carbonate, both on account of the

fact itfelf, and on account of its confequences ; the refult be-

ing vifibly improved by every approach towards complete fa-

turation. I therefore became anxious to inveftigate the caufe

of the partial calcinations which had always taken place, to

a
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a greater or a lefs degree, in all thefe experiments. The que-

ftion naturally fuggefts itfelf, What has become of the car-

bonic acid, feparated in thefe partial calcinations from the

earthy bans ? Has it penetrated the veffel, and efcaped en-

tirely, or has it been retained within it in a gafeous, but

highly comprefTed ftate ? It occurred to me, that this que-

ftion might be ealily refolved, by weighing the veffel before

and after the action of heat upon the carbonate.

With iron, a conftant and inappreciable fource of irregu-

larity exifted in the oxidation of the barrel. But with porce-

lain the thing was eafy ; and I put it in practice in all my ex*

periments with this material, which were made after the que-

ftion had occurred to me. The tube was weighed as foon as its

muzzle was clofed, and again, after the breech had been expo-

fed to the fire; taking care, in both cafes, to allow all to cool.

In every cafe, I found fome lofs of weight, proving, that even

in the beft experiments, the tubes were penetrated to a certain

degree. I next wifhed to try if any of the carbonic acid fepara-

ted, remained within the tube in a gafeous form ', and in that

view, I wrapt the tube, which had juft been weighed, in a

meet of paper, and placed it, fo furrounded, on the fcale of

the balance. As foon as its weight was afcertained, I broke

the tube by a fmart blow, and then replaced upon the fcale

the paper containing all the fragments. In thofe experiments,

in which entire calcination had taken place, the weight was

found not to be changed, for all the carbonic acid had already

efcaped during the action of heat. But in the good refults, I

always found that a lofs ofweight was the confequence ofbreak-

ing the tube.

These fads prove, that both caufes of calcination had ope-

rated in the porcelain tubes ; that, in the cafes of fmall lofs,

part of the carbonic acid had efcaped through the vefTel, and
that part had been retained within it. I had in view methods

N 2 by
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by which the laft could be counteracted ; but I faw no remedy

for the firft. I began, therefore, to defpair of ultimate fuccefs

with tubes of porcelain *.

Another circumflance confirmed me in this opinion. I

found it impracticable to apply a heat above 27 ° to thefe tubes,

when charged as above with carbonate, without deftroying them,

either by explolion, by the formation of a minute rent, or by

the actual fwelling of the tube. Sometimes this fwelling took

place to the amount of doubling the internal diameter, and

yet the porcelain held tight, the carbonate fuftaining but a

very fmall lofs. This ductility of the porcelain in a low

heat is a curious fad, and fhews what a range of temperature

is embraced by the gradual tranfition of fome fubflances from

a folid to a liquid ftate : For the fame porcelain, which is

thus fufceptible of being ftretched out without breaking in a

heat of 2

7

, ftands the heat of 152 °, without injury, when ex-

pofed to no violence, the angles of its fracture remaining fharp

and entire.

IV.

* I am neverthelefs of opinion, that, in fome foliations, experiments with com-

preffion may be carried on with great eafe and advantage in fuch tubes. I allude

to the fituation of the geologifts of France and Germany, who may eafily procure,

from their own manufactories, tubes of a quality far fuperior to any thing made
for fale in this country.
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IV.

Experiments in Gun- Barrels refumed.—The Vertical Apparatus applied

to them.—Barrels bored in /olid Bars.—Old Sable Iron.—Fufion of

the Carbonate of Lime.—Its action on Porcelain.—Additional appa-

ratus required in confequence of that action.—Good refults ; in par-

ticular, four experiments, illustrating the theory of Internal Calcina-

tion, andJhewing the efficacy of the Carbonic Acid as a Flux.

Since I found that, with porcelain tubes, I could neither

confine the carbonic acid entirely, nor expofe the carbonate

in them to ftrong heats ; I at laft determined to lay them afide,

and return to barrels of iron, with which I had formerly ob-

tained fome good refults, favoured, perhaps, by fome acciden-

tal circumflances.

On the 12th of February 1803, I began a feries of experi-

ments with gun-barrels, refuming my former method ofworking

with the fufible metal, and with lead; but altering the pofition of

the barrel from horizontal to vertical ; the breech being placed

upwards during the action of heat on the carbonate. This very

fimple improvement has been productive of advantages no lefs

remarkable, than in the cafe of the tubes of porcelain. In this

new pofition, the included air, quitting the air-tube on the fu-

fion of the metal, and rifing to the breech, is expofed to the

greateft heat of the furnace, and muft therefore react with its

greateft force ; whereas, in the horizontal pofition, that air

might go as far back as the fufion of the metal reached, where

its elafticity would be much feebler. The fame difpofition

enabled me to keep the muzzle of the barrel plunged, du-

ring the action of heat, in a vefiel filled with water ; which

contributed
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contributed very much both to the convenience and fafety

of thefe experiments.

In this view, making ufe of the brick-furnace with the

vertical muffle, already defcribed in page 93. I ordered a pit

(a a a, fig. 20.) to be excavated under it, for the purpofe of

receiving a water-vefTel. This vefTel (reprefented feparately,

fig. 21.) was made of caft iron; it was three inches in diame-

ter, and three feet deep ; and had a pipe {d e) flriking off from

it at right angles, four or five inches below its rim, communi-

cating with a cup {e j') at the diftance of about two feet.

The main vefTel being placed in the pit (a a) directly below the

vertical muffle, and the cup Handing clear of the furnace, wa-

ter poured into the cup flowed into the vefTel, and could thus

conveniently be made to ftand at any level. (The whole ar-

rangement is reprefented in fig. 20.) The muzzle of the barrel

(^) being plunged into the water, and its breech [b) reaching

up into the muffle, as far as was found convenient, its pofition

was fecured by an iron chain (gf). The heat communi-

cated downwards generally kept the furface of the water

(at c) in a flate of ebullition ; the wafle thus occafioned being

fupplied by means of the cup, into which, if necefTary, a con-

flant ffream could be made to flow.

As formerly, I rammed the carbonate into a tube of porce-

lain, and placed it in a cradle of iron, along with an air-tube

and a pyrometer ; the cradle being fixed to a rod of iron,

which rod I now judged proper to make as large as the barrel

would admit, in order to exclude as much of the fufible me-

tal as poflible ; for the expanfion of the liquid metal being in

proportion to the quantity heated, the more that quantity

could be reduced, the lefs rife there wT
as of deflroying the

barrels.

In the courfe of practice, a fimple mode occurred of remo-

ving the metal and withdrawing the cradle •: it confifted in pla-

cing
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cing the barrel with its muzzle downwards, fo as to keep the

breech above the furnace and cold, while its muzzle was

expofed to ftrong heat in the muffle. In this manner, the

metal was difcharged from the muzzle, and the pofition of

the barrel being lowered by degrees, the whole metal was

removed in fucceilion, till at laft the cradle and its contents

became entirely loofe. As the metal was delivered, it was

received in a crucible, filled with water, Handing on a

plate of iron placed over the pit, which had been ufed,

during the firft flage of the experiment, to contain the water-

veiTel. It was found to be of fervice, efpecially where lead

was ufed, to give much more heat to the muzzle than limply

what was required to liquefy the metal it contained ; for when
this was not done, the muzzle growing cold as the breech

was heating, fome of the metal delivered from the breech was

congealed at the muzzle, fo as to Hop the paflage.

According to this method, many experiments were made
in gun-barrels, by which fome very material Heps were gained

in the invefligation.

On the 24th February, I made an experiment with fpar and
chalk ; the fpar being placed neareft to the breech of the bar-

rel, and expofed to the greateft heat, fome baked clay inter-

vening between the carbonates. On opening the barrel, a

long-continued hilling noife was heard. The fpar was in a

ftate of entire calcination ; the chalk, though crumbling at

the outfide, was uncommonly hard and firm in the heart. The
temperature had rifen to 32 °.

In this experiment, we have the firft clear example, in iron
barrels, of what I call Internal Calcination j that is to fay, where
the carbonic acid feparated from the earthy bafis, has been
accumulated in cavities within the barrel. For, fubfequently to

the adion offtrong heat, the barrel had been completely cooled;
the air therefore introduced by means of the air-tube, mud

have
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have refumed its original bulk, and by itfelf could have no

tendency to rufh out j the heat employed to open the barrel

being barely fufficient to foften the metal. Since, then, the

opening of the barrel was accompanied by the discharge of ela-

flic matter in great abundance, it is evident, that this muft have

proceeded from fomething fuperadded to the air originally in-

cluded, which could be nothing but the carbonic acid of the

carbonate. It follows, that the calcination had been, in part

at leaft, internal ; the feparation of the acid from the earthy

matter being complete where the heat was ftrongeft, and only

partial where the intensity was lefs.

The chemical principles ftated in a former part of this

paper, authorifed us to expe6l a refult of this kind. As

heat, by increafing the volatility of the acid, tended to

feparate it from the earth, we had reafon to exped, that,

under the fame compreflion, but in different temperatures,

one portion of the carbonate might be calcined, and ano-

ther not : And that the leaft heated of the two, would be leaft

expofed to a change npt only from want of heat, but like-

wife in confequence of the calcination of the other mafs

;

for the carbonic acid difengaged by the calcination of the hot-

teft of the two, muft have added to the elafticity of the confined

elaftic fluid, fo as to produce an increafe of compreflion. By

this means, the calcination of the coldeft of the two might be

altogether prevented, and that of the hotteft might be hindered

from making any further advancement. This reafoning feemed

to explain the partial calcinations which had frequently occur-

red where there was no proof of leakage j and it opened fome

new practical views in thefe experiments, of which I availed

myfelf without lofs of time. If the internal calcination of one

part of an inclofed mafs, promotes the compreflion of other

manes included along with it, I conceived that we might for-

ward our views very much by placing a {mall quantity ofcarbo-

nate>
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nate, carefully weighed, in the fame barrel with a large quanti-

ty of that fubflance ; and by arranging matters fo that the fmall

fiducial part mould undergo a moderate heat, while a ftronger

heat, capable of producing internal calcination, mould be ap-

plied to the reft of the carbonate. In this manner, I made
many experiments, and obtained remits which feemed to con-

firm this reafoning, and which were often very fatisfactory,

though the heat did not always exert its greateft force where I

intended it to do fo.

On the 28th of February, I introduced fome carbonate, ac-

curately weighed, into a fmall porcelain tube, placed within a

larger one, the reft of the large tube being filled with pounded

chalk ; thefe carbonates, together with fome pieces of chalk,

placed along with the large tube in the cradle r weighing in

all 195.7 grains. On opening the barrel, air ruined out with

a long-continued hiflmg noife. The contents of the little tube

were loft by the intrufion of fome borax which had been in-

troduced over the filex, in order to exclude the fulible metal.

But the reft of the carbonate, contained in the large tube, came
out in a fine ftate, being porous and frothy throughout -, fpark-

ling every where with facettes, the angular form of which

was diftinguifhable in fome of the cavities by help of a

lens : in fome parts the fubftance exhibited the rounding of

fufion j in many it was in a high degree tranfparent. It was
yellow towards the lower end, and at the other almoft colour-

lefs. At the upper end, the carbonate feemed to have united

with the tube, and at the places of contact to have fpread up-

on it \ the union having the appearance of a mutual a&ion.

The general mafs of carbonate efFervefced in acid violently,

but the thin ftratum immediately contiguous to the tube, fee-

bly, if at all.

On the 3d of March, I introduced into a very clean tube of
porcelain 36.8 of chalk. The tube was placed in the upper

Vol. VI.—P. I. O part
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part of the cradle, the remaining fpace being rilled with two

pieces of chalk, cut for the purpofe ', the uppermofl of thefe

being excavated, fo as to anfwer the purpofe of an air-tube.

The pieces thus added, were computed to weigh about 300

grains. There was no pyrometer ufed ; but the heat was guefled

to be about 30 °
. After the barrel had flood during a few minutes

in its delivering pofition, the whole lead, with the rod and

cradle, were thrown out with a fmart report, and with con-

siderable force. The lowermofl piece of chalk had fcarcely

been acted upon by heat. The upper part of the other piece was

in a ftate of marble, with fome remarkable facettes. The car-

bonate, in the little tube, had fhrunk very much during the

firft action of heat, and had begun to {ink upon itfelf, by a fur-

ther advancement towards liquefaction. The mafs was divi-

ded into feveral cylinders, lying confufedly upon each other;

this divifion arifing from the manner in which the pounded

chalk was rammed into the tube in fucceflive portions. In

feveral places, particularly at the top, the carbonate was very

porous, and full of decided air-holes, which could not have

been formed but in a foft fubftance ; the globular form and

mining furface of all thefe cavities, clearly indicating fu-

fion. The fubflance was femitranfparent ; in fome places yel-

low, and in fome colourlefs. When broken, the folid parts

mewed a faline fracture, compofed of innumerable facettes.

The carbonate adhered, from end to end, to the tube, and in-

corporated with it, fo as to render it impoflible to afcertain

what lofs had been fuftained. In general, the line of contact was

of a brown colour ; yet there was no room for fufpecting the

prefence of any foreign matter, except, perhaps, from the iron-

rod which was ufed in ramming down the chalk. But, in fubfe-

quent experiments, I have obferved the fame brown or black

colour at the union of the carbonate with the porcelain tubes,

where the powder had been purpofely rammed with a piece of

wood ;



MODIFIED by COMPRESSION, 107

wood \ To that this colour, which has occurred in almoft every

fimilar cafe, remains to be accounted for. The carbonate ef-

fervefced violently with acid ; the fubftance in contact with the

tube, doing fo, however, more feebly than in the heart, lea-

ving a copious depofite of white fandy matter, which is doubt-

lefs a part of the tube, taken up by the carbonate in fufion.

Om the 24th of March, I made a fimilar experiment, in a

flout gun-barrel, and took fome care, after the application of

heat, to cool the barrel flowly, with a view to cryftallization.

The whole mafs was found in a fine ftate, and untouched by

the lead j having a femitranfparent and faline ftructure, with

various facettes. In one part, I found the moft decided cry-

flallization I had obtained, though of a fmall fize : owing to

its tranfparency it was not eafily vifible, till the light was made
to reflect from the cryftalline fiirface, which then produced

a dazzle, very obfervable by the naked eye : when examined by

means of a lens, it was feen to be compofed of feveral plates, bro-

ken irregularly in the fracture of the fpecimen, all of which are

parallel to each other, and reflect under the fame angle, fo as to

unite in producing the dazzle. This ftructure was obfervable

equally well in both parts of the broken fpecimen. In a for-

mer experiment, as large a facette was obtained in a piece of

folid chalk ; but this refult was of more confequence, as having

been produced from chalk previoufly pounded.

The foregoing experiments proved the fuperior efficacy of

iron veflels over thofe of porcelain, even where the thicknefs

was not great ; and I perfevered in making a great many experi-

ments with gun-barrels, by which I occafionally obtained very

fine refults : but I was at lafl convinced, that their thicknefs

was not fufficient to eniure regular and fleady fuccefs : For

this purpofe, it appeared proper to employ veflels of fuch

ftrength, as to bear a greater expanfive force than was juft ne-

ceflary 3 fince, occafionally, (owing to our ignorance of the re-

O 2 lation
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lation between the various forces of expansion, affinity, tena-

city, &c), much more ftrain has been given to the veifels than

was requilite. In fuch cafes, barrels have been deftroyed,

which, as the refults have proved, had a&ed with fufficient

ftrength during the firft flages of the experiments, though they

had been unable to refift the fubfequent overftrain. Thus, my
fuccefs with gun-barrels, depended on the good fortune of ha-

ving ufed a force no more than fufficient, to conflrain the car-

bonic acid, and enable it to act as a flux on the lime. I there-

fore determined to have recourfe to iron barrels of much
greater ftrength, and tried various modes of conftru&ion.

I had fome barrels executed by wrapping a thick plate ofiron

round a mandrel, as is practifed in the formation of gun-bar-

rels ; and likewife by bringing the two flat fides together, fo as

to unite them by welding. Thefe attempts, however, failed.

I next thought of procuring bars of iron, and of having a cavi-

ty bored out of the folid, fo as to form a barrel. In this man^

ner I fucceeded well. The firft barrel I tried in this way was

of fmall bore, only half an inch : Its performance was highly

fatisfactory, and fuch as to convince me, that the mode now
adopted was the belt of any that I had tried. Owing to the

fmallnefs of the bore, a pyrometer could not be ufed internal-

ly, but was placed upon the breech of the barrel, as it flood in

the vertical muffle. In this pofition, it was evidently expofed

to a much lefs heat than the fiducial part of the apparatus,

which was always placed, as nearly as could be guefled, at the

point of greateft heat.

On the 4th of April, an experiment was made in this way with

fome fpar ', the pyrometer on the breech giving 33 °. The fpar

came out clean, and free from any contamination, adhering to

the infide ofthe porcelain tube 1 it was very much fhrunk, ftill re-

taining a cylindrical form, though bent by partial adhefions. Its

furface bore fcarcely any remains of the impreilion taken by

the
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the powder, on ramming it into the tube : it had, to the naked

eye, the roughnefs and femitranfparency of the pith of a rufh

(tripped of its outer fkin. By the lens, this fame furface was

feen to be glazed all over, though irregularly, fhewing here

and there fome air-holes. In fracture, it was femitranfparent,

more vitreous than cryftalline, though having a few facettes :

the mafs, was feemingly formed ofa congeries of parts, in them-

felves quite tranfparent: and, at the thin edges, fmall pieces were

vifible of perfect tranfparency. Thefe mufi have been produ-

ced in the fire \ for the fpar had been ground with water, and

pafied through fieves, the fame with the fineft of thofe ufed at

Etruria, as deicribed by Mr Wedgwood, in his paper on the

conflruction of his Pyrometer.

With the fame barrel I obtained many interefting refults,

giving as ftrong proofs of fufion as in any former experiments ;

with this remarkable difference, that, in thefe laft, the fub-

flance was compact, with little or no trace of frothing. In

the gun-barrels where fufion had taken place, there had al-

ways been a lofs of 4 or 5 per cent., connected, probably, with

the frothing. In thefe experiments, for a reafon foon to be

ftated, the circumftance of weight could not be obferved ; but

appearances led me to fuppofe, that here the lofs had been

fmall, if any.

On the 6th of April, I made another experiment with the

fquare barrel, whofe thicknefs was now much reduced by fuc-

ceflive fcales, produced by oxidation, and in which a fmall

rent began to appear externally, which did not, however, pe-

netrate to the bore. The heat rofe high, a pyrometer on the

breech of the barrel giving 37 °. On removing the metals,,

the cradle was found to be fixed, and was broken in the at-

tempts made to withdraw it. The rent was much widened

externally : but it was evident, that the barrel had not been

laid open, for part of the carbonate was in a ftate of faline

marble

j
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marble ; another was hard and white, without any faline grains,

and fcarcely effervefced in acid. It was probably quicklim e,

formed by internal calcination, but in a ftate that has not oc-

curred in any other experiment.

The workman whom I employed to takeout the remains of

the cradle, had cut off a piece from the breech of the barrel,

three or four inches in length. As I was examining the crack

which was feen in this piece, I was furprifed to fee the iniide of

the barrel lined with a fet of tranfparent and well-defined cry-

ftals, of fmall flze, yet vifible by the naked eye. They lay to-

gether in fome places, fo as to cover the furface of the iron with

a tranfparent coat \ in others they were detached, and fcattered

over the furface. Unfortunately, the quantity of this fubftance

was too fmall to admit of much chemical examination \ but I

immediately afcertained, that it did not in the leaft effervefce

in acid, nor did it feem to diffolve in it. The cryftals were

in general tranfparent and colourlefs, though a few of them

were tinged feemingly with iron. Their form was very well

defined, being flat, with oblique angles, and bearing a ftrong

refemblance to the cryftals of the Lamellated Stylbite of

Hauy. Though made above two years ago, they ftill retain

their form and tranfparency unchanged. Whatever this

fubftance may be, its appearance, in this experiment, is in

the higheft degree interesting, as it feems to afford an ex-

ample of the mode in which Dr Hutton fuppofes many in-

ternal cavities to have been lined, by the fublimation of fub-

ftances in a ftate of vapour 5 or, held in folution, by matters in

a gafeous form. For, as the cryftals adhered to a part of the

barrel, which muft have been occupied by air during the ac-

tion of heat, it feems next to certain that they were produced

by fublimation.

The very powerful effeds produced by this laft barrel, the

fize of which (reduced, indeed, by repeated oxidation) was not

above
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above an inch fquare, made me very anxious to obtain barrels

of the fame fubftance, which being made of greater fize, ought

to afford remits of extreme intereft. I found upon inquiry,

that this barrel was not made of Swedifh iron, as I at firft fup-

pofed, but of what is known by the name of Old Sable , from

the figure of a Sable ftamped upon the bars ; that being the

armorial badge of the place in Siberia where this iron is

made *.

A workman explained to me fome of the properties of diffe-

rent kinds of irons, molt interefting in my prefent purfuit 5 and

he illuftrated what he faid by actual trial. All iron, when expo-

fed to a certain heat, crufhes and crumbles under the hammer ;

but the temperature in which this happens, varies with every

different fpecies. Thus, as he mewed me, call iron crufhes

in a dull-red heat, or perhaps about 15 of Wedgwood
;

fteel, in a heat perhaps of 30 ; Swedifh iron, in a bright

white heat, perhaps of 50° or 609 ; old fable, Itfelf, likewife

yields, but in a much higher heat, perhaps of ioo°. I merely

gueffed at thefe temperatures ; but I am certain of this, that in a

heat fimilar to that in which Swedifh iron crumbled under the

hammer, the old fable withflood a flrong blow, and feemed to

poffefs confiderable firmnefs. It is from a knowledge of this

quality, that the blackfmith, when he firft takes his iron from
the forge, and lays it on the anvil, begins by very gentle

blows, till the temperature has funk to the degree in which the

iron can bear the hammer. I obferved, as the flrong heat of
the forge acted on the Swedifh iron, that it began to boil at the

furface, clearly indicating the difcharge of fome gafeous mat-
ter ; whereas, the old fable, in the fame circumflances, acqui-

red the mining furface of a liquid, and melted away without

any effervefcence. I procured, at this time, a confiderable

number

* I was favoured with this account of it by the late Profeffor Robison.
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number of bars of that iron, which fully anfwered my expec-

tations.

By the experiments laft mentioned, a very important point

was gained in this inveftigation ; the complete fufibility of the

carbonate under preiliire being thereby eftablifhed. But from

this very circumflance, a neceflity arofe of adding fome new
devices to thofe already defcribed : for the carbonate, in fu-

fion, fpreading itfelf on the infide of the tube containing it,

and the two uniting firmly together, fo as to be quite infe-

parable, it was impoffible, after the experiment, to afcertain

the weight of the carbonate by any method previoufly ufed.

I therefore determined in future to adopt the following ar-

rangement.

A small tube of porcelain (2 k, fig. 23.) was weighed by

means ofa counterpoife offand, or granulated tin ; then the car-

bonate was firmly rammed into the tube, and the whole weighed

again : thus the weight of the carbonate, previous to the ex-

periment, was afcertained. After the experiment, the tube,

with its contents, was again weighed ; and the variation of

weight obtained, independently of any mutual a&ion that had

taken place between the tube and the carbonate. The balance

which I ufed, turned, in a conftant and fteady manner, with

one hundredth of a grain. When pounded chalk was rammed

into this tube, I generally left part of it free, and in that

fpace laid a fmall piece of lump-chalk fij, drefled to a cy-

linder, with the ends cut flat and fmooth, and I ufually cut a

letter on each end, the more effectually to obferve the effects

produced by heat upon the chalk ; the weight of this piece

of chalk being always eftimated along with that of the powder

contained in the tube. In fome experiments, I placed a cover

of porcelain on the muzzle of the little tube, (this cover being

weighed along with it), in order to provide againft the cafe of

ebullition :
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ebullition: But as that did not often occur, I feldom took

the trouble of this laft precaution.

It was now of confequence to protect the tube, thus prepa-

red, from being touched during the experiment, by any fub-

ftance, above all, by the carbonate of lime, which might adhere

to it, and thus confound the appreciation by weight. This was

provided for as follows : The fmall tube ^Fig. 23. i k), with its

pounded carbonate (k), and its cylinder of lump-chalk ( /',),

was dropt into a large tube of porcelain (/> k, Fig. 24.). Upon

this a fragment of porcelain (/), of fuch a fize as not to fall in

between the tubes, was laid. Then a cylinder of chalk (m) was

dreffed, fo as nearly to fit and fill up the infide of the large tube,

one end of it being rudely cut into the form ofa cone. This mafs

being then introduced, with its cylindrical end downwards,

was made to prefs upon the fragment of porcelain (/). I then

dropped into the fpace («), between the conical part of

this mafs and the tube, a fet of fragments of chalk, of a fize

beyond what could poilibly fall between the cylindrical part

and the tube, and preffed them down with a blunt tool, by

which the chalk being at the fame time crufhed and rammed

into the angle, was forced into a mafs of fome folidity, which

effectually prevented any thing from palling between the large

mafs of chalk and the tube. In practice, I have found this

method always to anfwer, when done with care. I covered

the chalk, thus rammed, with a ftratum of pounded flint (s),

and that again with pounded chalk (/>) firmly rammed. In

this manner, I filled the whole of the large tube with alternate

layers of filex and chalk 3 the muzzle being always occu-

pied with chalk, which was eafily prefied into a mafs of to-

lerable firmnefs, and, fuffering no change in very low heats,

excluded the fufible metal in the firft ftages of the experiment.

The large tube, thus filled, was placed in the cradle, fome-

tirnes with the muzzle upwards, and fometimes the reverfe. I

Vol. VI. -P. I. P have
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have frequently altered my views as to that part of the ar-

rangement, each mode pofieilmg peculiar advantages and dis-

advantages. With the muzzle upwards, (as fhewn in fig. 24. and

25.) the beft fecurity is afforded again!! the intrufion ofthe fufi-

ble metal j becaufe the air, quitting the air-tube in the working

polition, occupies the upper part of the barrel ; and the fufible

metal Hands as a liquid (at q, fig. 25.) below the muzzle of the

tube, fo that all communication is cut off, between the liquid me-

tal and the infide ofthe tube. On the other hand, by this arrange-

ment, the fmall tube, which is the fiducial part of the appara-

tus, is placed at a confiderable diftance from the breech of the

barrel, fo as either to undergo lefs heat than the upper part,

or to render it neceffary that the barrel be thruft high into the

muffle.

With the muzzle of the large tube downwards, the inner

tube is placed (as fhewn in fig. 22.), fo as Hill to have its

muzzle upwards, and in contact with the breech of the large

tube. This has the advantage of placing the fmall tube near

to the breech of the barrel : and though there is here lefs fe-

curity againft the intrufion of liquid metal, I have found that

a point of little confequence ; fince, when the experiment is

a good one, and that the carbonic acid has been well con-

fined, the intrufion feldom takes place in any pofition. In

whichever of the two oppofite pofitions the large tube was

placed, a pyrometer was always introduced, fo as to lie as near

as poilible to the fmall tube. Thus, in the firft-mentioned

pofition, the pyrometer was placed immediately below the

large tube, and, in the other pofition, above it ; fo that, in both

cafes, it was Separated from the carbonate by the thicknefs

only of the two tubes.

Much room was unavoidably occupied by this method,

which neceffarily obliged me to ufe fmall quantities of car-

bonate,
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bonate, the fubjec~t of experiment feldom weighing more than

10 or* 1 2 grains, and in others far lefs *.

On the nth of April 1803, with a barrel of old fable

iron having a bore of 0.75 of an inch, I made an experi-

ment in which all thefe arrangements were put in prac-

tice. The large tube contained two fmall ones \ one filled

with fpar, and the other with chalk. I conceived that

the heat had rifen to 33 °, or fomewhat higher. On melting

the metals, the cradle was thrown out with considerable

violence. The pyrometer, which, in this experiment, had

been placed within the barrel, to my aftonifhment, indi-

cated 64 . Yet all was found. The two little tubes came

out quite clean and uncontaminated. The fpar had loft

17.0 per cent. : The chalk 10.7 per cent. : The fpar was

half funk down, and run againft the fide of the little

tube : Its furface was mining, its texture fpongy, and it was

compofed of a tranfparent and jelly-like fubftance : The chalk

was entirely in a ftate of froth. This experiment extends our

power of action, by fhewing, that compreffion, to a confider-

able degree, can be carried on in fo great a heat as 64 °. It

feems likewife to prove, that, in fome of the late experiments

with the fquare barrel, the heat had been much higher than

was fuppofed at the time, from the indication of the pyrometer

placed on the breech of the barrel ; and that in fome of them,

particularly in the lafl, it mull have rifen at leaft as high

as in the prefent experiment.

P 2 On

* I meafured the capacity of the air-tubes by means of granulated tin, acting

as a fine and equal fand. By comparing the weight of this tin with an equal

bulk of water, I found that a cubic inch of it weighed 1330.6 grains, and that

each grain of it correfponded to 0.00075 of a cubic inch. From thefe data I was.

able, with tolerable accuracy, to gage a tube by weighing the tin required to fiil

it.
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On the 21 ft ofApril 1805, a fimilar experiment was made with
a new barrel, bored in a fquare bar of old fable, of about two

and a half inch in diameter, having its angles merely rounded ;

the inner tube being filled with chalk. The heat was main-

tained during feveral hours, and the furnace allowed to burn

out during the night. The barrel had the appearance of found-

nefs, but the metals came off quietly, and the carbonate was

entirely calcined, the pyrometer indicating 63 . On examina-

tion, and after beating off the fmooth and even fcale of oxide

peculiar to the old fable, the barrel was found to have yielded

in its peculiar manner ; that is, by the opening of the longi-

tudinal fibres. This experiment, notwithstanding the failure of

the barrel, was one of the moft interefting I had made, fince

it afforded proof of complete fufion. The carbonate had boil-

ed over the lips of the little tube, {landing, as juft defcribedJ

with its mouth upwards, and had run down to within half an

inch of its lower end : moft of the fubftance was in a frothy

ftate, with large round cavities, and a fhining furface ; in

other parts, it was interfperfed with angular maffes, which

have evidently been furrounded by a liquid in which they

floated. It was harder, I thought, than marble ; giving no

effervefcence, and not turning red like quicklime in nitric

acid, which feemed to have no effect upon it in the lump. It

was probably a compound of quicklime with the fubftance of

the tube.

With the fame barrel repaired, and with others like it,

many fimilar experiments were made at this time with great

fuccefs ', but to mention them in detail, would amount near-

ly to a repetition of what has been faid. I fhall take notice

of only four of them, which, when compared together, throw

much light on the theory of thefe operations, and likewife

feem to eftablifh a very important principle in geology. Thefe

four
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four experiments differ from each other only in the heat em-

ployed, and in the quantity of air introduced.

The firft of thefe experiments was made on the 27th of A-

pril 1803, in one of the large barrels of old fable, with all the

above-mentioned arrangements. The heat had rifen, contrary

to my intention, to 78 ° and 79 . The tubes came out un-

contaminated with fuhble metal, and every thing bore the ap-

pearance of foundnefs. The contents of the little tube, con-

lifting of pounded chalk, and of a fmall piece of lump-chalk,

came out clean, and quite loofe, not having adhered to the

infide of the tube in the fmalleft degree. There was a lofs of

41 per cent., and the calcination feemed to be complete ; the

fubftance, when thrown into nitric acid, turning red, without

effervefcence at firft, though, after lying a few minutes, fome

bubbles appeared. According to the method followed in all

thefe experiments, and lately defcribed at length, (and fliewn

in fig. 24. & 25.), the large tube was filled over the fmall one,

with various mattes of chalk, fome in lump, and fome rammed
into it in powder ; and in the cradle there lay fome pieces of

chalk, filling up the fpace, fo that in the cradle there was a

continued chain of carbonate of four or five inches in length.

The fubftance was found to be lefs and lefs calcined, the more

it was removed from the breech of the barrel, where the heat

was greateft. A fmall piece of chalk, placed at the diftance

of half an inch from the fmall tube, had fome faline fubftance

in the heart, furrounded and intermixed with quicklime, dif-

tinguifhed by its dull white. In nitric acid, this fubftance be-

came red, but efFervefced pretty brifkly; the effervefcence

continuing till the whole was diflblved. The next portion

of chalk, was in a firm ftate of limeftone ; and a lump of

chalk in the cradle, was equal in perfection to any marble

I have obtained by compreffion : the two iaft-mentioned pieces

of chalk erTervefcing with violence in the acid, and fhewing

no
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no rednefs when thrown into it. Thefe fads clearly prove,

that the calcination of the contents of the fmall tube had been

internal, owing to the violent heat which had feparated its

acid from the moft heated part of the carbonate, according

to the theory already ftated. The foundnefs of the barrel was

proved by the complete ftate of thofe carbonates which lay

in lefs heated parts. The air-tube in this experiment had a

capacity of 0.29, nearly one-third of a cubic inch.

The fecond of thefe experiments was made on the 29th of

April, in the fame barrel with the laft, after it had afford-

ed fome good refults. The air-tube was reduced to one-

third of its former bulk, that is, to one-tenth of a cubic inch.

The heat rofe to 6o°. The barrel was covered externally

with a black fpongy fubftance, the conftant indication of fai-

lure, and a fmall drop of white metal made its appearance.

The cradle was removed without any explofion or hilling.

The carbonates were entirely calcined. The barrel had yield-

ed, but had refilled well at firft j for, the contents of the little

tube were found in a complete flate of froth, and running

with the porcelain.

The third experiment was made on the 30th of April, in

another nmilar barrel. Every circumftance was the fame as

in the two laft experiments, only that the air-tube was now
reduced to half its laft bulk, that is, to one-twentieth of a cu-

bic inch. A pyrometer was placed at each end of the large

tube. The uppermoft gave 41 , the other only 15 . The
contents of the inner tube had loft 16 per cent., and were redu-

ced to a moft beautiful ftate of froth, not very much injured

by the internal calcination, and indicating a thinner ftate of

fufion than had appeared.

The fourth experiment was made on the 2d of May, like

the reft in all refpe&s, with a ftill fmaller air-tube, of 0.0318,

being lefs than one-thirtieth of a cubic inch. The upper py-

rometer
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rometer gave 25 , and the under one i6 Q
: The loweft mafTes

of carbonate were fcarcely affected by the heat : The contents

of the little tube had loft 2.9 per cent, j both the lump and the

pounded chalk were in a fine faline ftate, and, in feveral places

had run and fpread upon the infide of the tube, which I had

not expected to fee in fuch a low heat. On the upper furface

of the chalk rammed into the little tube, which, after its in-

troduction had been wiped fmooth, were a fet of white crys-

tals, with mining facettes, large enough to be diftinguifhed by

the naked eye, and feeming to rife out of the mafs of car-

bonate. I likewife obferved, that the folid mafs on which

thefe cryftals flood, was uncommonly tranfparent.

In thefe four experiments, the bulk of the included air was

fucceilively diminished, and by that means its elafticity in-

creafed. The confequence was, that in the firft experiment,

where that elafticity was the leaft, the carbonic acid was

allowed to feparate from the lime, in an early ftage of the

rifing heat, lower than the fuiing point of the carbonate, and

complete internal calcination was effected. In the fecond

experiment, the elaftic force being much greater, calcina-

tion was prevented, till the heat rofe fo high as to occa-

fion the entire fufion of the carbonate, and its aclion on
the tube, before the carbonic acid was fet at liberty by
the failure of the barrel. In the third experiment, with ftill

greater elaftic force, the carbonate was partly conftrained,

and its fufion accomplished, in a heat between 41 Q and 15 .

In the laft experiment, where the force was ftrongeft of all,

the carbonate was almoft completely protected from decom-
position by heat, in confequence of which it cryftallized and
a&ed on the tube, in a temperature between 25 ° and 16 .

On the other hand, the efficacy of the carbonic acid as a

flux on the lime, and in enabling the carbonate to act as a

flux on other bodies, was clearly evinced .; fince the firft ex-

periment
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periment proved, that quicklime by itfelf, could neither be

melted, nor act upon porcelain, even in the violent heat of 79
v

;

whereas, in the laft experiment where the carbonic acid was

retained, both of thefe erTe&s took place in a very low tempe-

rature.

V.

Experiments in which Water was employed to increafe the Elajlicity of

the included Air.—Cafes of complete Compreffion.—General Obferva-

tions.—Some Experiments affording interejling refults ; in particular,

foewing a mutual action between Silex and the Carbonate of Lime.

Finding that fuch benefit arofe from the increafe of elafti-

city given to the included air in the lafl-mentioned experi-

ments, by the diminution of its quantity ; it now occurred to

me, that a fuggeftion formerly made by Dr Kennedy, of ufing

water to ailift the comprefling force, might be followed with

advantage ; That while fufficient room was allowed for the

expanfion of the liquid metal, a reading force of any requi-

red amount, might thus be applied to the carbonate. In this

view, I adopted the following mode, which, though attended

with considerable difficulty in execution, I have often pra&i-

fed with fuccefs. The weight of water required to be intro-

duced into the barrel was added to a fmall piece of chalk or

baked clay, previously weighed. The piece was then dropped in-

to a tube ofporcelain of about an inch in depth, and covered with

pounded chalk, which was firmly rammed upon it. The tube

was then placed in the cradle along with the fubjecl: of expe-

riment, and the whole was plunged into the fufible metal,

previoufly poured into the barrel, and heated fo as merely

to render it liquid. The metal being thus fuddenly cooled,

the
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the tube was encafed in- a folid mafs, before the heat had

reached the included moiflure. The difficulty was to catch

the fufible metal at the proper temperature 5 for when it was

fo hot as not to fix in a few feconds, by the contact of the

cradle and its contents, the water was heard to bubble through

the metal and efcape. I overcame this difficulty, however,

by firft heating the breech of the barrel, (containing a fuffi-

cient quantity of fufible metal), almoft to rednefs, and then

fetting it into a vefTel full ofwater, till the temperature had funk

to the proper pitch, which I knew to be the cafe when the

hilling noife produced in the water by the heated barrel cea-

fed ; the cradle, during the laft ftage of this operation, being-

held clofe to the muzzle of the barrel, and ready to be thruft

into it.

On the 2d of May, I made my firft experiment in this way,

uling the fame air-tube as in the laft experiment, which was

equal in capacity to one-thirtieth of a cubic inch. Half a

grain of water was introduced in the manner juft defcribed.

The barrel, after an hour of red-heat, was let down by a

rope and pulley, which I took care to ufe in all experiments,

in which there was any appearance of danger. All was found.

The metals rulhed out fmartly, and a flafh of flame accompa-

nied the difcharge. The upper pyrometer gave 24°, and the

lower one 14 . The contents of the inner tube had loft lefs

than 1 per cent., ftri&ly 0.84. The carbonate was in a ftate of

good limeftone ; but the heat had been too feeble : The lower

part of the chalk in the little tube was not agglutinated : The
chalk round the fragment of pipe-ftalk (ufed to introduce the

water), which had been more heated than the pyrometer, and

the fmall rod, which had moulded itfelf in the boll of the

ftalk, were in a ftate of marble.

On the 4th ofMay, I made an experiment like the laft, but with

the addition of 1.05 grains water. After application of heat, the

Vol. VI.— P.I. CL fire
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fire was allowed to burn out till the barrel was black. The me-
tal was difcharged irregularly. Towards the end, the inflam-

mable air produced, burnt at the muzzle, with a lambent flame,

during fome time, arifing doubtlefs from hydrogen gas, more

or lefs pure, produced by the decompolition of the water. The
upper pyrometer indicated 36 , and the lower one 19 . The
chalk which lay in the outer part of the large tube was in a

Hate of marble. The inner tube was united to the outer

one, by a liar of fufed matter, black at the edges, and fpread-

ing all round, furrounding one of the fragments of porcelain

which had fallen by accident in between the tubes. The in-

ner tube, with the Harry matter adhering to it, but without

the coated fragment, feemed to have fuftained a lofs of 1 2 per

cent., on' the original carbonate introduced. But, the fub-

flance furrounding the fragment being inappreciable, it was

impoflible to learn what lofs had been really fuftained. Exa-

mining the little tube, I found its edges clean, no boiling over

having taken place. The top of the fmall lump of chalk had

funk much. When the little tube was broken, its contents gave

proof of fuiion in fome parts, and in others, of the nearefl ap-

proach to it. A ftrong action of ebullition had taken place all

round, at the contact of the tube with the carbonate : in the

heart, the fubfiance had a tranfparent granular texture, with little

or no cryflallization. The fmall piece oflump-chalk was united

and blended with the rammed powder, fo that they could fcarce-

ly be diftinguifhed. In the lower part ofthe carbonate, where

the heat mull have been weaker, the rod had acted more feebly

on the tube, and was detached from it : here the fubltance was

firm, and was highly marked in the fracture with cryftalline

facettes. Wherever the carbonate touched the tube, the two

fubllances exhibited, in their mixture, much greater proofs of

fuiion than could be found in the pure carbonate. At one

place, a ftream of this compound had penetrated a rent in

the
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the inner tube, which it had filled completely, conftituting a

real vein, like thofe of the mineral kingdom : which is ftill

diftin&ly to be feen in the fpecimen. It had then fpread it-

felf upon the outnde of the inner tube, to the extent of half

an inch in diameter, and had enveloped the fragment of por-

celain already mentioned. When pieces of the compound

were thrown into nitric acid, fome effervefced, and fome not.

I repeated this experiment on the fame day, with two

grains of water. The furnace being previoufly hot ; I conti-

nued the fire during one half-hour with the muffle open, and

another with a cover upon it. I then let the barrel down by

means of the pulley. The appearance of a large longitudinal

rent, made me at nrft conceive that the experiment was loft,

and the barrel deftroyed : The barrel was vilibly fwelled,

and in fwelling had burft the Cruft of fmooth oxide with

which it was furrounded ; at the fame time, no exudation

of metal had happened, and all was found. The metals

were thrown out with more fuddennefs and violence than

in any former experiment, but the rod remained in its place,

being fecured by a cord. The upper pyrometer gave 27 %
the lower 23 . The contents of the inner tube had loft 1.5

per cent. The upper end of the little lump of chalk, was
rounded and glazed by fufion> and the letter which I have
been in the habit of cutting on thefe fmall pieces, in or-

der to trace the degree of a&ion upon them, was thus quite

obliterated. On the lower end of the fame lump, the letter

is ftill vifible. Both the lump and the rammed chalk were
in a good femitranfparent ftate, mining a little in the fracture,

but with no good facettes, and no where appearing to have
acted on the tube. This laft circumftance is of confequence,
fince it feems to fliew, that this very remarkable action of
heat, under compreflion, was performed without the aftift-

ance of the fabftance of the tube, by which, in many other

CL.2 experiments,
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experiments, a confiderable additional fufibility has been com-

municated to the carbonate.

These experiments, and many others made about the fame

time, with the fame fuccefs, clearly prove the efficacy of wa-

ter in aflifting the compreflion ', and refults approaching to thefe

in quality, obtained, in fome cafes, by means of a very fmall air-

tube, mew that the influence of water on this occafion has

been merely mechanical.

During the following fummer and autumn 1803, I was oc-

cupied with a different branch of this fubjed, which I mail

foon have occaiion to mention.

In the early part of lafl year, 1804, I again refumed the fort

of experiments lately defcribed, having in view principally

to accomplifti abfolute compreflion, in complete imitation of

the natural procefs. In this purfuit, I did not confine myfelf

to water, but made ufe of various other volatile fubftances,

in order to affift compreflion ; namely, carbonate of ammo-

nia, nitrate of ammonia, gunpowder, and paper impregna-

ted with nitre. With thefe I obtained fome good refults, but

none fuch as to induce me to prefer any of thefe compreflbrs

to water. Indeed, I am convinced, that water is fuperior to

them all. I found, in feveral experiments, made with a Ample

air-tube, without any artificial compreflbr, in which a very

low red-heat had been applied, that the carbonate loft one or

one and a half per cent. Now, as this mufl have happened in

a temperature fcarcely capable of inflaming gunpowder, it is

clear, that fuch lofs would not have been prevented by its pre-

fence : whereas water, beginning far below rednefs to aflume

a gafeous form, will effectually refift any calcination, in low

as well as in high heats. And as the quantity of water can

very eaiily be regulated by weight, its employment for this

purpofe feems liable to no objection.

On
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On the 2d of January 1804, I made an experiment with

marble and chalk, with the addition of 1.1 grain of water. I

aimed at a low heat, and the pyrometer, though a little bro-

ken, feemed clearly to indicate 2 2°. Unluckily, the muzzle

of the large tube, which was clofed as ufual with chalk, was

placed uppermoft, and expofed to the ftrongeft heat. I found

it rounded by fufion, and in a frothy ftate. The little tube came

out very clean, and was fo nearly of the fame weight as when

put in, that its contents had loft but 0.074 per cent, of the weight

of the original carbonate. The marble was but feebly aggluti-

nated, but the chalk was in a ftate of firm limeftone, though it

muft have undergone a heat under 2 2°, or that of melting fil-

ver. This experiment is certainly a moft remarkable one, fince

a heat has been applied, in which the chalk has been chan-

ged to hard limeftone, with a lofs lefs than the iooodth par

of its weight, (exactly tjtt) \ while, under the fame circum*

ftances of preflure, though probably with more heat, fome of

the fame fubftance had been brought to fufion. What lofs of

weight this fufed part fuftained, cannot be known.

On the 4th of January, a fimilar experiment was made, like-

wife with 1 . 1 grain of water. The difcharge of the metal

was accompanied with a flafh of flame. The pyrometer in-

dicated 2 6°. The little tube came out quite clean. Its con-

tents had been reduced from 14.53 to I4*4^? difference 0.07

grains, being 0.47 per cent, on the original carbonate, lefs

than one two-hundredth part of the original weight, (exactly

T 4-T ). The chalk was in a ftate of firm faline marble, but with

no unufual qualities.

These two laft experiments are rendered ftill more intereft-

ing, by another fet which I made foon after, which mewed,
that one efiential precaution in a point of fuch nicety

had been neglected, in not previoufly drying the carbonate.

In feveraL trials made in the latter end of the fame month,

I
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I found, that chalk expofed to a heat above that of boiling

water, but quite fhort of rednefs, loft 0.34 per cent. ; and in

another fimilar trial, 0.46 per cent. Now, this lofs of weight

equals within 0.01 per cent, the lofs in the 1aft-mentioned ex-

periment, that being 0.47 ; and far furpafles that of the laft

but one, which was but 0.074. There is good reafon, there-

fore, to believe, that had the carbonate, in thefe two laft ex-

periments, been previoufly dried, it would have been found

during compreilion to have undergone no lofs.

The refult of many of the experiments lately mentioned,

feems fully to explain the perplexing difcordance between my
experiments with porcelain tubes, and thofe made in barrels of

iron. With the procelain tubes, I never could fucceed in a

heat above 28°, or even quite up to it; yet the refults were

often excellent. Whereas, the iron-barrels have currently

ftood firm in heats of 41 ° or 51 , and have reached even to

70 or 80 ° without injury. At the fame time, the refults,

even in thofe high heats, were often inferior, in point of fu-

fion, to thofe obtained by low heats in porcelain. The rea-

fon of this now plainly appears. In the iron-barrels it has

always been confidered as necefTary to ufe an air-tube, in con-

fequence of which, fome of the carbonic acid has been fe-

parated from the earthy bails by internal calcination : what

carbonic acid remained, has been more forcibly attracted, ac-

cording to M. Berthollet's principle, and, of courfe, more

eafily comprefTed, than when of quantity fufficient to faturate

the lime : but, owing to the diminiflied quantity of the acid,

the compound has become lefs fufible than in the natural

ftate, and, of courfe, has undergone a higher heat with lefs

efted. The introduction of water, by furniihing a reading

force, has produced a ftate of things fimilar to that in the

porcelain tubes ; the carbonate fuftaining little or no lofs of

weight,
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weight, and the compound retaining its fufibility in low

heats *.

In the early part of 1804, fome experiments were made

with barrels, which I wifhed to try, with a view to another

feries of experiments. The remits were too interefting to be

palTed over ; for, though the carbonic acid in them was far

from being completely conftrained, they afforded fome of the

fineft examples I had obtained, of the fufion of the carbonate,

and of its union with filex.

On the 13th of February, an experiment was made with

pounded oyfter-fhell, in a heat of 33 °, without any water be-

ing introduced to ailift compreffion. The lofs was apparently

of 1 2 per cent. The fubftance of the fhell had evidently been

in vifcid fufion : it was porous, femitranfparent, mining in fur-

face and fracture ; in moil parts with the glofs of fufion, in

many others with facettes of cryflallization. The little tube

had been fet with its muzzle upwards ; over it, as ufual, lay a

fragment of porcelain, and on that a round mafs of chalk.

At the contact of the porcelain and the chalk, they had run

together, and the chalk had been evidently in a very foft flate ;

for, refting with its weight on the porcelain, this laft had been

prefTed into the fubftance of the chalk, deeper than its own
breadth, a rim of chalk being vifible without the furface of

the porcelain j juft as when the round end of a knife is prefTed

upon

* The retentive power here afcribed to the procelain tubes, feems not to accord

with what was formerly mentioned, of the carbonic acid having been driven

through the fubftance of the tube. But the lofs by this means has probably been

fo fmall, that the native properties of the carbonate have not been fenfibly

changed. Or, perhaps, this penetrability may not be fo univerfal as" I have

been induced to think, by having met with it in all the cafes which I tried.

In this doubt, I ftrenuoufly recommend a further examination of this fubject to

gentlemen who have eafy accefs to fuch procelains as that of Drefden or of

Seve.
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upon a piece of foft butter. The carbonate had fpread very

much on the infide of the tube, and had rifen round its lip, as

fome falts rife from their folution in water. In this manner,

a fmall quantity of the carbonate had reached the outer tube,

and had adhered to it. The black colour frequently mention-

ed as accompanying the union of the carbonates with the

porcelain, is here very remarkable.

On the 26th of February, I made an experiment, in which

the carbonate was not weighed, and no foreign fubftance

was introduced to affift the compreffion. The temperature

was 46^. The pyrometer had been affected by the contact

of a piece of chalk, with which it had united ; and fome of

the carbonate muft have penetrated the fubftance of the py-

rometer, fince this laft had vifibly yielded to preffirre, as ap-

peared by a fwelling near the contact. I obferved in thefe ex-

periments, that the carbonate had a powerful action on the

tubes of Corniih clay, more than on the pounded lilex. Per-

haps it has a peculiar affinity for argil, and this may lead to

important confequences. The chalk had vifibly firft fhrunk

upon itfelf, fo as to be detached from the fides, and had then

begun to run by fucceflive portions, fo as ftill to leave a pil-

lar in the middle, very irregularly worn away ; indicating

a fucceflive liquefaction, like that of ice, not the yielding of

a mafs foftening all at once.

On the 28th of February, I made an experiment with

oyfter-fhell unweighed, finely ground, and paffed through the

clofeft fieves. The pyrometer gave 40°. The piece of chalk

below it had been fo foft, as to fink to the depth of half an

inch into the mouth of the iron air-tube, taking its impreffion

completely. A fmall part of this lump was contaminated

with iron, but the reft was in a fine ftate. The tube had a

rent in it, through which the carbonate, united with the mat-

ter of the tube, had flowed in two or three places. The
fhell
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fhell had fhrunk upon itfelf, fo as to ftand detached from

the fides, and bore very ftrong marks of fufion. The exter-

nal furface was quite fmooth, and mining like an enamel.

The internal part confifted of a mixture of large bubbles

and folid parts : the inlide of the bubbles had a luflre much
fuperior to that of the outfide, and equal to that of glafs. The
general mafs was femitranfparent ; but fmall parts were vifible

by the lens, which were completely tranfparent and colour-

lefs. In feveral places this fmooth furface had cryflallized,

fo as to preient brilliant facettes, fleadily mining in certain

afpects. I obferved one of thefe facettes on the infide of an

air-bubble, in which it interrupted the fpherical form as if

the little fphere had been prefTed inwards at that fpot, by the

contact of a plane furface. In fome chalk near the mouth of

the large tube, which lay upon a flratum of filex, another very

interefting circumflance occurred. Connected with its lower

end, a fubflance was vifible, which had undoubtedly refulted

from the union of the carbonate with the lilex. This fubflance

was white and femitranfparent, and bore the appearance of
chalcedony. The mafs of chalk having attached itfelf to that

above it, had fhrunk upwards, leaving an interval between it

and the filex, and carrying fome of the compound up with it.

From thence this laft had been in the act of dropping in a

vifcid ftate of fufion, as evidently appeared when the fpecU

men was entire 3 having a flalactite and ftalagmite corre-

fponding accurately to each other. Unluckily I broke off the

flalactite, but the ftalagmite continues entire, in the form of a

little cone. This new fubflance erfervefced in acid, but not
brifldy. I watched its entire folution ; a fet of light clouds

remained undiffolved, and probably fome jelly was formed •

for I obferved, that a feries of air-bubbles remained in the

form of the fragment, and moved together without any vifible

connection ; thus feeming to indicate a chemical union be-

Vol.VI.— P. I. R twecn
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tween the filex and the carbonate. The fhell, fufed in the ex-

periment, difiblved entirely in the acid, with violent effervef-

cence.

In the three laft experiments, and in feveral others made at

the fame time, the carbonate had not been weighed ; but no

water being introduced to ailift the compreflion, it is probable

there was much lofs by internal calcination ; and owing doubt-

lefs to this, the carbonates have crumbled almoft entirely co

duft, while the compounds which they had formed with lilex

remain entire.

On the 13th of March, I made a fimilar experiment, in which,

befides fome pounded oyfter-fhell, I introduced a mixture of

chalk, with 10 per cent, of lilex intermixed, and ground to-

gether in a mortar with water, in a date of cream, and then

well dried. The contents of the tube when opened, were

difcharged with fuch violence, that the tube was broken to

pieces > but I found a lump of chalk, then in a Hate of

white marble, welded to the compound \ which laft, in its

fracture, fhewed that irregular black colour, interfperfed

roughly through a cryftalline mafs, that belongs to the al-

pine marbles, particularly to the kind called at Rome Cipol-

line. It was very hard and firm ; I think unufually fo. It effer-

velced conflantly to the laft atom, in diluted nitric acid, but

much more fluggifhly than the marble made of pure chalk. A
cloudinefs appeared pervading all the liquid. When the

eftervefcence was over, a feries of bubbles continued during

the whole day in the acid, without any difpofition to burft,

or rife to the furface. After ftanding all next day and night,

they maintained their ftation \ and the folution being ftirred,

was found to be entirely agglutinated into a tranfparent jelly,

breaking with fharp angles. This experiment affords a direct

and pofitive proof of a chemical union having taken place be-

tween the carbonate and lilex.

VI.
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VI.

Experiments made in Platina,—with Spar,—with Shells,—and with

Carbonate of Lime of undoubted purity.

Since I had the honour of laying before this Society a

fhort fketch of the foregoing experiments, on the 30th of Auguft

laft (1804), many chemifts and mineralogifls of eminence have

favoured me with fome obfervations on the fubject, and have

fuggefted doubts which I am anxious to remove. It has been

fuggefted, that the fulibility of the carbonates may have been

the confequence of a mixture of other fubftances, either ori-

ginally exifting in the natural carbonate, or added to it by

the contact of the porcelain tube.

With regard to the firfl of thefe furmifes, I beg leave to

obferve, that, granting this caufe of fufion to have been the

real one, a material point, perhaps all that is ftri&ly necefla-

ry in order to maintain this part of the Hattonian Theory, was

neverthelefs gained. For, granting that our carbonates were

impure, and that their impurity rendered them fufible, ft ill

the fame is true of almoft every natural carbonate ; fo that

our experimenats were, in that refpect, conformable to nature.

And as to the other furmife, it has been fhewn, by com-
paring together a varied feries of experiments, that the mu-
tual action between the lime and the porcelain was oc-

cafioned entirely by the prefence of the carbonic acid, fince,

when it was abfent, no action of this kind took place. The
fufion of our carbonates cannot, therefore, be afcribed to the

porcelain.

Being convinced, however, by many obfervations, that the

fufibility of the carbonate did not depend upon impurity,

R 2 I
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I have exerted myfelf to remove, by frefh experiments, every

doubt that has arifen on the fubjecl:. In order to guard againft

natural impurities, I have applied to fuch of my friends as have

turned their attention to chemical analylis, (a branch of the

fcience to which I have never attended,) to furnifh me with

carbonate of lime of undoubted purity. To obviate the con-

tamination arifing from the contact of the porcelain tubes, I de-

termined to confine the fubjecl: of experiment in fome fubftance

which had no difpofition to unite with the carbonate. I firft

tried charcoal, but found it very troublefome, owing to its

irregular abforption of water and air.

I then turned my thoughts to the conftruction of tubes or

cups of platina for that purpofe. Being unable readily to pro-

cure proper folid vefTels of this fubftance, I made ufe of thin

laminated plates, formed into cups. My firft method was,

to fold the plate exactly as we do blotting-paper to form a filter

(Fig. 26.)', this produced a cup capable of holding the thin-

ner! liquid ; and being covered with a lid, formed of a fimilar

thin plate, bent at the edges, fo as to overlap confiderably

(Fig. 28.), the carbonate it contained was fecured on all fides

from the contact of the porcelain tube within which it was

placed. Another convenient device likewife occurred : I

wrapt a piece of the plate of platina round a cylinder, fo as

to form a tube, each end of which was clofed by a cover

like that juft described (Fig. 27. and 29). (In figure 26. and

27. thefe cups are reprefented upon a large fcale, and in 28.

and 29. nearly of their actual fize). This laft conftruction

had the advantage of containing eight or nine grains of car-

bonate, whereas the other would only hold about a grain

and a half. On the other hand, it was not fit to retain a

thin liquid ; but, in moft cafes, that circumftance was of no

confequence ; and I forefaw that the carbonates could not

thus
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thus efcape without proving the main point under confidera-

tion, namely, their fufion.

The reft of the apparatus was arranged in all refpects as

formerly defcribed, the fame precautions being taken to defend

the platina veftel as had been ufed with the inner tubes of

porcelain.

In this manner I have made a number of experiments

during this fpring and fummer, the refult of which is highly

fatisfa&ory. They prove, in the firft place, the propriety of

the obfervations which led to this trial, by fhewing, that the

pure carbonate, thus defended from any contamination, is

decidedly more refractory than chalk; fince, in many ex-

periments, the chalk has been reduced to a ftate of marble,

while the pure carbonate, confined in the platina vefTel, has

been but very feebly acted upon, having only acquired the in-

duration of a fandftone.

In other experiments, however, I have been more fuccefs-

ful, having obtained fome refults, worthy, I think, of the at-

tention of this Society, and which I fhall now fubmit to their

infpeclion. The fpecimens are all inclofed, for fafety, in

glafs tubes, and fupported on little ftands of wax, (fig. 31,

32, 33.). The fpecimens have, in general, been removed from

the cup or tube of platina in which they were formed, thefe

devices having the advantage of fecuring both the veflel and

its contents, by enabling us to unwrap the folds without vio-

lence ', whereas, in a folid cup or tube, it would have been dif-

ficult, after the experiment, to avoid the deftru&ion either of

the veflel or its contents, or both.

April 16. 1805.—An experiment was made with pure

calcareous fpar from St Gothard, remarkably tranfparent, and

having a ftrong double refraction. A temperature of 40 was

applied 3 but owing to fome accident, the weight was not

known. The conical cup came out clean and entire, filled

not
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not quite to the brim with a yellowifh-grey fubfiance, having

a mining furface, with longitudinal ftreaks, as we fometimes fee

on glafs. This furface was here and there interrupted by lit-

tle white tufts or protuberances, difpofed irregularly. On
the ledge of the cup, formed by the ends of the folded plati-

na, were feveral globular drops like minute pearls, vifible to

the naked eye, the number of which amounted to fixteen.

Thefe feem to have been formed by the entire fufion of what

carbonate happened to lie on the ledge, or had been entangled

amongft the extremities of the folds, drawing itfelf together,

and uniting in drops ; as we fee when any fubltance melts un-

der the blowpipe. This refult is preferved entire, without de-

ranging the tube. I am forry to find that it has begun to fall

to decay, in confequence, no doubt, of too great a lofs of its

carbonic acid. But the globules do not feem as yet to have fuf-

fered any injury.

April 25.—The fame fpar was ufed, with two grains of

water, and a heat of 33 . I have reafon to fufpecl:, how-

ever, that, in this and feveral other experiments made at

this time, the metal into which the cradle was plunged, on

firft introduction into the barrel, had been too hot, fo as to

drive off the water. There was a lofs of 6.4 per cent. The
refult lay in the cup without any appearance of frothing

or fwelling. The furface was of a clean white, but rough,

having in one corner a fpace mining like glafs. The cup

being unwrapt, the fubfiance was obtained found and entire :

where it had moulded itfelf on the platina, it had a fmall de-

gree of luftre, with the irregular femitranfparency of faline

marble : when broken, it preferved that character more com-

pletely than in any refult hitherto obtained ; the fracture be-

ing very irregular and angular, and mining with facettes in

various directions. I much regret that this beautiful fpecimen

no
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no longer exifts, having crumbled entirely to pieces, notwith-

ftanding all the care I took to inclofe it with glafs and wax.

April 26. - An experiment was made with fome .carbonate

of lime, purified by my friend Sir George Mackenzie. Two
grains of water were introduced, but were loft, I fufpecT:, as in

the laft cafe. The heat applied was 32°. The lofs of weight

was 10.6 per cent. Yet, though made but one day after the

laft-mentioned fpecimen, it remains as frefh and entire as

at firft, and promifes to continue unchanged. The external

furface, as feen on removing the lid of the conical cup, was

found to mine all over like glafs, except round the edges,

which were fringed with a feries of white and rough fphericles,

one fet of which advanced, at one fpot, near to the centre.

The mining furface was compofed of planes, which formed ob-

tufe angles together, and had their furface ftriated ; the llriae

bearing every appearance of a cryftalline arrangement. When
freed from the cup, as before, the fubftance moulded on the

platina was found to have aflumed a fine pearly furface. Some

large air-bubbles appeared, which had adhered to the cup,

and were laid open by its removal, whofe internal furface had

a beautiful luftre, and was full of ftrise like the outward fur-

face. The mafs is remarkable for femitranfparency, as feen

particularly where the air-bubbles diminifh its thicknefs : a

fmall part of the mafs being broken at one end, mews an in-

ternal faline ftru&ure.

April 29. —A cup of platina was filled with feveral

large pieces of a periwinkle * (hell, the fharp point of the

fpiral being made to ftand upright in the cup, (fig. 30.). A
heat of 30 was applied, and no water was introduced. The
carbonate loft no lefs than 16 per cent. The fhell, particularly

the

* Turbo terebra, Lin.
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the fharp end of the periwinkle, retained its original fhape in

a great meafure, fo as to be quite difcernible ; but the whole

was glazed over with a truly vitreous luftre. This glaze co-

vered, at one place, a fragment of the (hell which had been ori-

ginally loofe, and had welded the two together. All the angles

are rounded by this vitrifaction 5 the fpace between the en-

tire fhell and the fragment being filled, and the angles

of their meeting rounded, with this mining fubflance. The
colour is a pale blue, contrafled, in the fame little glafs,

with a natural piece of periwinkle, which is of a reddifh-yel-

low. One of the fragments had adhered to the lid, and had

been converted into a complete drop, of the fize of a muftard-

feed. It is fixed on the wax (at b), along with the other fpe-

cimens of the experiment (fig. 32.). This refult mews, as yet,

no fign of decay, notwithftanding fo great a lofs of weight.

The laft experiment was repeated on the fame day, and pre-

pared in the fame manner, with large fragments of fhell, and the

point of the periwinkle {landing up in the cup. A heat of 34
was applied ; a lofs took place of 13 per cent. All the original

form had difappeared, the carbonate lying in the cup as a com-

plete liquid, with a concave furface, which did not mine, but

was fludded all over with the white fphericles or tufts, like

thofe {een in the former refults, without any fpace between

them. When detached from the cup, the furface moulded on

the platina, was white and pearly, with a flight glofs. The
mafs was quite folid ; no veflige whatever appearing, of the

original form of the fragments, (fig. 33.). A fmall piece, bro-

ken off near the apex of the cone, fhewed the internal ftruc-

ture to be quite faline. In the ad of arranging the fpecimen on

its ftand, another piece came off in a new direction, which pre-

fented to view the molt perfect cryflalline arrangement : the

#iinmg plane extended acrofs the whole fpecimen, and was

more than the tenth of an inch in all directions. This fracture,

likewife,
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likewife, fhewed the entire internal folidity of themafs. Un-

fortunately, this fpecimen has fuffered much by the fame de-

cay to which all of them are fubject which have loft any con-

fiderable weight. The part next the outward furface alone

remains entire. I have never been able to explain, in a fatis-

factory manner, this difference of durability ; the laft-men-

tioned refult having loft more in proportion to its weight than

this.

About the beginning of June, I received from Mr Hatchett
fome pure carbonate of lime, which he was fo good as to pre-

pare, with a view to my experiments ; and I have been conftant-

ly employed with it till within thefe few days.

My firft experiments with this fubftanee were peculiarly un-

fortunate, and it feemed to be lefs eafily acted upon than any

fubftanee of the kind I had tried. Its extreme purity, no doubt,

contributed much to this, though another circumftance had

likewife had fome effect. The powder, owing to a cryftallization

which had taken place on its precipitation, was very coarfe,

and little fufceptible of clofe ramming; the particles, therefore,

had lefs advantage than when a fine powder is ufed, in acting up-

on each other, and I did not choofe to run any rifk of contami-

nation, by reducing the fubftanee to a finer powder. Whatever

be the caufe, it is certain, that in many experiments in which

the chalk was changed to marble, this fubftanee remained in a

loofe and brittle ftate, though confifting generally of clear and

fhining particles. I at laft, however, fucceeded in obtaining

fome very good refults with this carbonate.

In an experiment made with it on the 18 th of June, in a

ftrong heat, I obtained a very firm mafs with a laline fracture,

moulded in feveral places on the platina, which was now ufed

in the cylindrical form. On the 23d, in a fimilar experiment,

the barrel failed, and the fubject of experiment was found in

an entire ftate of froth, proving its former fluidity.

Vol. VI,—P.I. S On
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On the 25th, in a fimilar experiment, a heat of 64 was ap-

plied, without any water within the barrel. The platina tube,

(having been contaminated in a former experiment with fome

fufibie metal), melted, and the carbonate retaining its cylin-

drical fhape, had fallen through it, fo as to touch the piece of

porcelain which had been placed next to the platina tube. At

the point of contact, the two had run together, as a hot iron

runs when touched by fulphur. The carbonate itfelf was very

tranfparent, refembling a piece of fnow in the act of melting.

On the 26th of June, I made an experiment with this car-

bonate, which afforded a beautiful refult. One grain of wa-

ter was introduced with great care ; yet there was a lofs of

6.5 per cent., and the refult has fallen to decay. The pyro-

meter indicated 43 . On the outfide of the platina cylinder,

and on one of the lids, were feen a fet of globules, like pearls,

as once before obtained, denoting perfect fufion. When the

upper lid was removed, the fubflance was found to have funk

almoft out of light, and had afiumed a form not ealily defcri-

bed. (I have endeavoured to reprefent it in fig. 31. by an ideal

fection of the platina-tube and its contents, made through the

axis of the cylinder). The powder, firfl fhrinking upon itfelf

in the ad of agglutination, had formed a cylindrical rod, a

remnant of which {a h c) flood up in the middle of the tube.

By the continued action of heat, the fummit of the rod (at a)

had been rounded in fufion, and the mafs being now fof-

tened, had funk by its weight, and fpread below, fo as to

mould itfelf in the tube, and fill its lower part completely

(dfge). At the fame time, the vifcid fluid adhering to the

fides (at e artd d), while the middle part was finking, had

been in part left behind, and in part drawn out into, a thin

but tapering fhape, united by a curved furface (at b and c) ta

the middle rod. When the platina tube was unwrapt, the

thin edges (at e and d) were preferved all round, and in a

Hate
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flate of beautiful femitranfparency. (I have attempted to re-

prefent the entire fpecimen, as it flood on its cone of wax, in

fig. 34.). The carbonate, where moulded on the platina, had

a clean pearly whitenefs, with a faline appearance externally,

and in the fun, fhone with facettes. Its furface was interrupt-

ted by a few fcattered air-bubbles, which had lain againft the

tube. The intervening fubflance was unufually compact and

hard under the knife. The whole furface {ebac d, fig. 31.)?

and the infide of the air-bubbles, had a vitreous luflre. Thus,

every thing denoted a flate of vifcid fluidity, like that of ho-

ney.

These lafl experiments feem to obviate every doubt that re-

mained with refpedl to the fufibility of the purefl carbonate,

without the affiftance of any foreign fubflance.

VII.

Meafurement of the Force required to conjlrain the Carbonic Acid.—Ap-
paratus with the Muzzle of the Barrel upwards

y
and the weight acting

by a long Lever.—Apparatus with the Muzzle downwards.—Appa-
ratus with Weight atling diredlly on the barrel.—Comparifon of various

refults.

In order to determine, within certain limits at leafl, wliat

force had been exerted in the foregoing experiments, and what
was necefTary to enfure their fuccefs, I made a number of ex-

periments, in a mode nearly allied to that followed by Count
Rumford, in meafuring the explofive force of gunpowder.

I began to ufe the following fimple apparatus in June
1803. I took one of the barrels, made as above defcribed,

for the purpofe of compreffion, having a bore of 0.75 of an

$ 2 inch,
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inch *, and drefled its muzzle to a iharp edge. To this barrel

was firmly fcrewed a collar of iron {a a, fig. 36.) placed at a

diflance of about three inches from the muzzle, having twa
flrong bars (b b) projecting at right angles to the barrel, and

drefTed fquare. The barrel, thus prepared, was introduced,

with its breech downwards, into the vertical muffle (fig. 35.) ;

its length being fo adjufled, that its breech mould be placed

in the flrongeft heat j the two projecting bars above defcribed,

retting on two other bars (c c, fig. 35.) laid upon the furnace

to receive them ; one upon each fide of the muffle. Into the

barrel, fo placed, was introduced a cradle, containing carbo-

nate, with all the arrangements formerly mentioned; the rod

connected with it being of fuch length, asjuil to lie within the

muzzle of the barrel. The liquid metal was then poured in.till'

it filled the barrel, and flood at the muzzle with a convex fur-

face ', a cylinder of iron, of about ah inch in diameter, and half

an inch thick, was laid on the muzzle (fig. 35. and 37.), and to

it a compreffing weight was inflantly applied. This was firfl

done by the prefTure of a bar of iron {de> r]g. 35.), three feet in

length, introduced loofely into a hole (/I)', made for the purpofe

in the wall againfl which the furnace flood ; the diflance between

this hole and the barrel being one foot. A weight was then fuf-

pended at the extremity of the bar (e), and thus a compreffing

force was applied, equal to three times that weight. In the

cpurfe of practice, a cylinder of lead was fubftituted for that

of iron, and a piece of leather was placed between it and the

muzzle of the barrel, which lad being drefTed to a pretty fharp

edge, made an impreflion in the lead : to aflift. this effect, one

fmart blow of a hammer was flruck upon the bar, directly over

the barrel, as foon as the weight had been hung on.

It-

* This was the lize of barrel ufed in all the following experiments, where the.

fad is not otberwife exprefTed.
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It was eflential, in this mode of operation, that the whole

of the metal mould continue in a liquid Hate during the adion

of heat ; but when I was fatisfied as to its intensity and dura-

tion, I congealed the metal, either by extinguifhing the furnace

entirely, or by pouring water on the barrel. As foon as the

heat began to act, drops of metal were feen to force themfelves-

between the barrel and the leather, following each other with

more or lefs rapidity, according to circumftances. In fome

experiments, there was little exudation; but few of them

were entirely free from it. To fave the metal thus extruded^

I placed a black-lead crucible, having its bottom perforated,

round the barrel, and. luted clofe to it, (fig. 37.) ; fome fand

being laid in this crucible, the metal was collected on its fur-

face. On fome occafions, a found of ebullition was heard

during the action of heat; but this was a certain fign of fail-

ure.

The remits of the molt important of thefe experiments,

have been reduced to a common ftandard in the fecond table

placed in the Appendix ; to which reference is made by the

following numbers.

No. 1.

—

On the 16th of June 1803, I made an experiments

with thefe arrangements. I had tried to ufe a weight of 30 lb..

producing a preflure of 90 lb., but. I found this not fiifEcient.

I then hung on a. weight of 1 cwt., or 112.1b. ; by which a com-

prefling force was applied of 3 cwt. or 3361b. Very little

metal was feen to efcape, and no found of ebullition was heard.

The chalk in the body of the large tube was- reduced to quick-

lime ; but what lay in the inner tube was pretty firm, and ef-

fervefced to the lafl. One or two facettes, of good appearance,

were likewife found.. The contents of the fmall tube had loft,

but 2.6 per cent.j but there was a fmall vifible intrufion of me-
tal, and the refult, by its appearance, indicated a greater lofs.

I confidered.this, however, as one point gained; that being the

firil:
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firft tolerable compreffion accomplifhed by a determinate force.

The pyrometer indicated 2 2 Q .

This experiment was repeated the fame day, when a ftill

fmaller quantity of metal efcaped at the muzzle ; but the bar-

rel had given way below, in the manner of thofe that have

yielded for want of fufficient air. Even this refult was fatis-

factory, by mewing that a mechanical power, capable of for-

cing fome of the barrels, could now be commanded. The car-

bonate in the little tube had loft 20 per cent.; but part of it was

in a hard and firm ftate, efFervefcing to the laft.

No. 2.

—

On the 21ft June, I made an experiment with ano-

ther barrel, with the fame circumftances. I had left an empty

fpace in the large tube, and had intended to introduce its

muzzle downwards, meaning that fpace to.anfwer as an air-

tube j but it was inverted by miftake, and the tube entering

with its muzzle upwards, the empty fpace had of courfe filled

with metal, and thus the experiment was made without any

included air. There was no pyrometer ufed 5 but the heat was

guefTed to be about 25 ° where, the fubject of experiment

lay. The barrel, when opened, was found full of metal,

and the cradle being laid flat on the table, a confiderable

quantity of metal ran from it, which had undoubtedly

been lodged in the vacuity of the large tube. When cold, I

found that vacuity ftill empty, with a plating of metal.

The tube was very clean to appearance, and, when fhaken,

its contents were heard to rattle. Above the little tube,

and the cylinder of chalk, I had put fome borax and fand,

with a little pure borax in the middle, and chalk over it.

The metal had not penetrated beyond the borax and fand, by

a good fortune peculiar to this experiment ; the intrufion of

metal in this mode of execution, being extremely troublefome.

The button of chalk, was found in a ftate of clean white car-

bonate, and pretty hard, but without tranfparency. The little

tube
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tube was perfectly clean. Its weight with its contents, feem-

ed to have fuffered no change from what it had been when

firfl introduced. Attending, however, to the balance with

fcrupulous nicety, a fmall preponderance did appear on the

fide of the weight. This was done away by the addition-

of the hundredth of a grain to the fcale in which the carbo-

nate lay, and an addition of another hundredth produced in it

a decided preponderance. Perhaps, had the tube, before its in-

troduction, been examined with the fame care, as great a diffe-

rence might have been detected ; and it feems as if there had

been no lofs, at leaft not more than one hundredth of a grain,

which on 10.95 grains, amounts to 0.0912, fay 0.1 per cent.

The carbonate was loofe in the little tube, and fell out by ma-

king. It had a yellow colour, and compact appearance, with

a ftony hardnefs under the knife, and a ftony fracture ; but with

very flight facettes, and little or no tranfparency. In fome

parts of the fpecimen, a whitifh colour feemed to indicate partial

calcination. On examining the fracture, I perceived, with the

magnifier, a fmall globule of metal, not vifible to the naked

eye, quite infulated and fingle. Poilibly the fubftance may have

contained others ofthe fame fort, which may have compenfated

for a fmall lofs, but there could not be many fuch, from the

general clean appearance of the whole. In the fra&ure, I faw

here and there fmall round holes, feeming, though imperfect-

ly, to indicate a beginning of ebullition.

I made a number of experiments in the fame manner,

that is to fay, with the muzzle of the barrel upwards, in fome

of which I obtained very fatisfactory remits; but it was
only by chance that the fubftance efcaped the contamina--

tion of the funble metal; which induced me to think of ano-

ther mode of applying the comprefling weight with the

muzzle of the barrel downwards, by which I expected to re-

peat, with a determinate weight, all the experiments formerly

made



144 EFFECTS of HEAT

made in barrels clofed by congealed metal ; and that, by ma-
king ufe of an air-tube, the air, rifing to the breech, would fe-

cure the contents of the tube from any contamination. In

this view, the barrel was introduced from below into the

muffle with its breech upwards, and retained in that pofition

by means of a hook fixed to the furnace, till the collar was

made to prefs up againft the grate, by an iron lever, loaded

with a weight, and refting on a fupport placed in front. In

fome experiments made in this way, the refult was obtained

very clean, as had been expected ; but the force had been too

feeble, and when it was increafed, the furnace yielded up-

wards by the mechanical ftrain.

I found it therefore neceflary to ufe a frame of iron, (as in fig.

38. ', the frame being reprefented feparately in fig. 39.), by which

the brick-work was relieved from the mechanical ftrain. This

frame confifted of two bars (a b and/V, figs. 38. and 39.), fixed

into the wall, (at a and/,) palling horizontally under the furnace,

one on each fide ofthe muffle, turning downwards at the front, (in

b and <?), and meeting at the ground, with a fiat bar (c d) uniting

the whole. In this manner, a kind of ftirrup (be de) was formed

in front of the furnace, upon the crofs bar (c d) of which a

block of wood [h h, fig. 38.), was placed, fupportingan edge of

iron, upon which the lever refted ; the working end of the

lever (g) acting upwards. A ftrain was exerted, by means of

the barrel and its collar, againft the horizontal bars, (a b and

/ ej, which was effectually refilled by the wall (at a and/j at

one end of thefe bars, and by -the upright bars (c b and d e) at

the other end. In this manner the whole ftrain was fuftained

by the frame, and the furnace ftood without injury.

The iron bar, at its working end, was formed into the fhape

of a cup, (at^), and half filled with lead, the fmooth furface of

which, was applied to the muzzle of the barrel. The lever, too,

was lengthened, by joining to the bar of iron, a beam of wood,

making
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making the whole ten feet in length. In this manner, a pref-

fure upwards was applied to the barrel, equal to the weight of

10 cwt.

In the former method, in which the barrel flood with its

muzzle upwards, the weight was applied while the metal was

liquid. In this cafe, it was neceflary to let it previoufly con-

geal, otherwife the contents would have run out in placing the

barrel in the muffle, and to allow the liquefaction ellential to

thefe trials, to be produced by the propagation of heat from

the muffle downwards. This method required, therefore, in

every cafe, the ufe of an air-tube ; for without it, the heat

acting upon the breech, while the metal at the muzzle was

ftill cold, would infallibly have deftroyed the barrel. A great

number of thefe experiments failed, with very confiderable

wafte of the fufible metal, which, on thefe occafions was nearly

all loft. But a few of them fucceeded, and afforded very fatis-

faclory refults, which I fhall now mention.

In November 1803, fome good experiments were made in

this way, all with a bore of 0.75, and a prefliire of 10 cwt.

No. 3.

—

On the 19th, a good limeftone was obtained in an

experiment made in a temperature of 21 , with a lofs of only

1.1 per cent.

No. 4.

—

On the 2 2d, in a fimilar experiment, there was

little exudation by the muzzle. The pyrometer gave 31°.

The carbonate was in a porous, and almoft frothy ftate.

No. 5.

—

In a fecond experiment, made the fame day, the

heat rofe to 37 or 41 °. The fubftance bore ftrong marks of

fufion, the upper part having fpread on the little tube : the

whole was very much fhrunk, and run againft one fide. The
mafs fparkling and white, and in a very good ftate.

No. 6.

—

On the 2 5th,an experiment was made with chalk,and

fome fragments of mail fhell, with about half a grain of water.

The heat had rifen to near 51 or 49 . The barrel had been

Vol. VI.— P. I. T held
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held tight by the beam, but was rent and a little fwelled

at the breech. The rent was wide, and fuch as has always

appeared in the ftrongeft barrels when they failed. The car-

bonate was quite calcined, it had boiled over the little tube,

and was entirely in a frothy ftate, with large and diftinctly

rounded air-holes. The fragments of fhell which had occupied

the upper part of the little tube, had loft every trace of their

original fhape in the act of ebullition and fufion.

No. 7.

—

On the 26th a fimilar experiment was made, in

which the barrel was thrown open, in fpite of this powerful

comprelling force, with a report like that of a gun, (as I was

told, not having been prefent), and the bar was found in a

ftate of ftrong vibration. The carbonate was calcined, and

fomewhat frothy, the heart of one piece of chalk ufed was in

a ftate of faline marble.

It now occurred to me to work with a comprefling force, and

no air-tube, trufting, as happened accidentally in one cafe, that

the expanfion of the liquid would clear itfelf by gentle exu-

dation, without injury to the carbonate. In this mode, it

was necefTary, for reafons lately ftated, to place the muzzle

upwards. Various trials made thus, at this time, afforded no

remarkable refults. But I refumed the method, with the fol-

lowing alteration in the application of the weight, on the 27th

of April 1804.

I conceived that fome inconvenience might arife from the

mode of employing the weight in the former experiments.

In them it had been applied at the end of the bar, and its

effect propagated along it, fo as to prefs againft the barrel

at its other extremity. It occurred to me, that the propagation

of motion in this way, requiring fome fenfible time, a confi-

derable quantity of carbonic acid might efcape by a fudden

eruption, before that propagation had taken effect. I there-

fore thought, that more effectual work might be done, by

placing
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placing a heavy mafs, (fig. 40.), fo as to ad diredly and

fimply upon the muzzle of the barrel ; this mafs being guided

and commanded by means of a powerful lever, (a b). For

this purpofe, I procured an iron roller, weighing 3 cwt. 7 lb,,

and fufpended it over the furnace, to the end of a beam of

wood, refting on a fupport near the furnace, with a long arm

guided by a rope (c c) and pulley (dj, by which the weight

could be raifed or let down at pleafure.

With this apparatus I made fome tolerable experiments ', but

I found the weight too light to afford certain and fteady refults

of the beft quality. I therefore procured at the foundry a

large mafs of iron ff), intended, I believe, for driving piles, and

which, after allowing for the counterpoife of the beam, gave a

direcT: preffure of 8.1 cwt. ; and I could, at pleafure, diminifh

the compreffing force, by placing a bucket (e) at the extremity

of the lever, into which I introduced weights, whofe effect

on the ultimate great mafs, was known by trial. Many bar-

rels failed in thefe trials : at laft, I obtained one of fmall bore,

inch 0.54, which gave two good refults on the 2 2d of June

1804.

No. 8.

—

Wishing to afcertain the leaft compreffing force by

which the carbonate could be effe&ually conftrained in melt-

ing heats, I firft obferved every thing flanding firm in a heat

of above 20 ; I then gradually threw weights into the bucket,

till the compreffing force was reduced to 2 cwt. Till then,

things continued fteady ; but, on the preffiire being flill further

diminifhed, metal began to ooze out at the muzzle, with in-

creafing rapidity. When the preffure was reduced to i~ cwt.

air rulhed out with a hilling noife. I then flopped the experi-

ment, by pouring water on the barrel. The piece of chalk

had loft 12 per cent. It was white and foft on the outfide, but

firm and good in the heart.

T 2 No. 9.
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No. 9.

—

An experiment was made with chalk, in a little

tube ; to this, one grain ef water was added. I had intended to

work with 4 cwt. only ; but the barrel was no fooner placed,

than an exudation of metal began at the muzzle, owing, doubt-

lefs, to the elafticity of the water. I immediately increafed

the prefTure to 8.1 cwt. by removing the weight from the

bucket, when the exudation inftantly ceafed. I continued the

fire for three quarters of an hour, during which time no exu-

dation happened ; then all came out remarkably clean, with

fcarcely any contamination of metal. The lofs amounted to

2.58 per cent. The fubftance was tolerably indurated, but had

not acquired the character of a complete ftone.

In thefe two laft experiments, the bore being fmall, a pyro-

meter could not be admitted.

On the 5th of July 1804, I made three very fatisfactory ex-

periments of this kind, in a barrel with the large bore of 0.75

of an inch.

No. 10.

—

was made with a comprefling force of only 3 cwt.

A fmall eruption at the muzzle being obferved, water was

thrown on the barrel : the pyrometer gave 21 : the chalk was

in a firm Hate of limeftone.

No. 11.

—

with 4 cwt. The barrel flood without any erup-

tion or exudation, till the heat rofe to 25 °. There was a lofs

of 3.6 per cent. : the refult was fuperior, in hardnefs and trans-

parency, to the laft, having fomewhat of a faline fracture.

No. 12.

—

with 5 cwt. The refult, with a lofs of 2.4. per

cent., was of a quality fuperior to any of thofe lately obtained..

These experiments appear to anfwer the end propofed, of af-

certaining the leaft preffare, and loweft heat, in which lime-

ftone can be formed. The remits, with various barrels of

different fizes, agree tolerably, and tend to confirm each other.

The table fhews, when we compare numbers 1, 2, 8, 10, 11,

12, That a preffare of 52 atmofpheres, or 1700 feet of fea, is

capable
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capable of forming a limeftone in a proper heat : That under

S6 atmofpheres, anfwering nearly, to 3000 feet, or about half

a mile, a complete marble may be formed : and laftly, That

with a prefTure of 173 atmofpheres, or 5700 feet, that is, little

more than one mile of fea, the carbonate of lime is made

to undergo complete fufion, and to acT: powerfully on other

earths.

VIII.

Formation of Coal.—Accidental occurrence which led me to undertake thefe

Experiments.—Refults extractedfrom a former publication.—Explana-

tion offome difficulties that have beenfuggejled.—The Fibres of Wood in.

fame cafes obliterated, and in fome preferved under comprefjion.—Re-

femblance which thefe Refults bear to aferies ofNatural Subflances de-

fcribed by Mr Hatchett.—Thefe refults feem to throw light on the

hiflory of Surturbrand.

As I intend, on fome future occafion, to refume my ex-

periments with inflammable fubfiances, which I look upon as

far from complete, I mall add but a few obfervations to what
I have already laid before this Society, in the fketch I had the

honour to read in this place on the 30th of Auguit laft.

The following incidental occurrence led me to enter upon
this fubjec"l rather prematurely, fince I had determined firft to

fatisfy myfelf with regard to the carbonate of lime.

Observing, in many of the laft-mentioned clafs of experi-

ments, that the elaftic matters made their efcape between the
muzzle of the barrel and the cylinder of lead, I was in the ha-

bit, as mentioned above, of placing a piece of leather between
the lead and the barrel j in which petition, the heat to which
the leather was expofed, was necefTarily below that of melting

lead.
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lead. In an experiment, made on the 28th November 1803, in

order to afcertain the power of the machinery, and the quantity

of metal driven out by the expanfion of the liquid, there being

nothing in the barrel but metal, I obferved, as foon as the com-

prefling apparatus was removed, (which on this occafion was

done while the lower part of the barrel was at its full heat, and

the barrel {landing brim full of liquid metal,) that all the leather

which lay on the outfide of the circular muzzle of the barrel,

remained, being only a little browned and crumpled by the

heat to which it had been expofed. What leather lay within

the circle, had difappeared ; and, on the furfice of the liquid

metal, which flood up to the lip of the barrel, I faw large drops,

of a mining black liquid, which, on cooling, fixed into a crifp

black fubftance, with a mining fracture, exactly like pitch or

pure coal. It burned, though not with flame. While hot, it

fmelt decidedly of volatile alkali. The important circumftance

here, is the different manner in which the heat has acted on the

leather, without and within the rim of the barrel. The only

difference confided in compreflion, to which, therefore, the dif-

ference of effect muft be afcribed : by its force, the volatile

matter of the leather which efcaped from the outward parts,

had within the rim, been conflrained to remain united to

the reft of the compofition, upon which it had acted as a

flux, and the whole together had entered into a liquid flate,

in a very low heat. Had the preflure been continued till

all was cool, thefe fubftances muft have been retained, pro-

ducing a real coal.

On the 24th April 1803, a piece of leather ufed in a fimilar

manner, (the comprefling force being continued, however, till

all was cold,) was changed to a fubflance like glue, owing

doubtlefs to compreflion, in a heat under that of melting lead.

These obfervations led me to make a feries of experi-

ments with animal and vegetable fubflances, and with coal;

the
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the refult of which I have already laid before the Society.

I fhall now repeat that communication, as printed in Nichol-

son's Journal for October laft (1804).

" I HAVElikewife madefome experiments with coal, treated

in the fame manner as the carbonate of lime : but I have found

it much lefs tradable ; for the bitumen, when heat is applied

to it, tends to efcape by its fimple elafticity, whereas the car-

bonic acid in marble, is in part retained by the chemical force

of quicklime. I fucceeded, however, in conftraining the bitu-

minous matter of the coal, to a certain degree, in red heats, fo

as to bring the fubftance into a complete fufion, and to retain

its faculty of burning with flame. But, I could not accomplifh

this in heats capable of agglutinating the carbonate ; for I

have found, where I rammed them fucceflively into the fame

tube, and where the veflel has withflood the expanlive force,

that the carbonate has been agglutinated into a good limeftone,

but that the coal has loft about half its weight, together with

its power of giving flame when burnt, remaining in a very

compact ftate, with a mining fracture. Although this experi-

ment has not afforded the delired refult, it anfwers another

purpofe admirably well. It is known, that where a bed of coal

is crofted by a dike of whinftone, the coal is found in a pecu-

liar ftate in the immediate neighbourhood of the whin : the

fubftance in fuch places being incapable of giving flame, it is

diflinguifhed by the name of blind coal. Dr Hutton has ex-

plained this fact, by fuppofing that the bituminous matter of

the coal, has been driven by the local heat of whin, into places-

of lefs intenfity, where it would probaBly be retained by diftil-

lation. Yet the whole muft have been carried on under the.

action of a preffure capable of conftraining the carbonic acid

of the calcareous fpar, which occurs frequently in fuch rocks.

In the laft-mentioned experiment, we have a perfect reprefen-

tation
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tation of the natural fact; fince the coal has loft its petroleum,

while the chalk in contact with it has retained its carbonic

acid.

" I have made forrie experiments of the fame kind, with ve-

getable and animal fubftances. I found their volatility much
greater than that of coal, and I was compelled, with them, to

work in heats below rednefs 5 for, even in the loweft red-heat,

they were apt to deftroy the apparatus. The animal fubftance

I commonly ufed was horn, and the vegetable, faw-duft of fir.

The horn was incomparably the moft fufible and volatile of

the two. In a very flight heat, it was converted into a yellow

red fubftance, like oil, which penetrated the clay tubes through

and through. In thefe experiments, I therefore made ufe of

tubes of glafs. It was only after a considerable portion of the

fubftance had been feparated from the mafs, that the remainder

aflumed the clear black peculiar to coal. In this way I ob-

tained coal, both from faw-duft and from horn, which yielded

a bright flame in burning.
u The mixture of the two produced a fubftance having ex-

actly the fmell of foot or coal-tar. I am therefore ftrongly in-

clined to believe, that animal fubftance, as well as vegetable,

has contributed towards the formation of our bituminous

ftrata. This feems to confirm an opinion, advanced by Mr
Keir, which has been mentioned to me fince I made this ex*

periment. I conceive, that the coal which now remains in the

world, is but a fmall portion of the organic matter originally

depofited : the moft volatile parts have been driven off by the

action of heat, before the temperature had rifen high enough

to bring the furrounding fubftance into fufion, fo as to confine

the elaftic fluids, and fubject them to comprefllon.

" In feveral of thefe experiments, I found that, when the pref-

fure was not great, when equal, for inftance, only to 80 at-

mofpheres, that the horn employed was diflipated entirely, the

glafs
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glafs tube which had contained it being left almoft clean : yet

undoubtedly, if expofed to heat without compreflion, and pro-

tected from the contact of the atmofphere, the horn would

leave a cinder or coak behind it, of matter wholly devoid

of volatility. Here, then, it would feem as if the moderate

preflure, by keeping the elements of the fubftance together,

had promoted the general volatility, without being flrong

enough to refill that expanfive force, and thus, that the whole

had efcaped. This refult, which I mould certainly not have

forefeen in theory, may perhaps, account for the abfence of

coal in fituations where its prefence might be expected on prin-

ciples of general analogy.'*

Since this publication, a very natural queftion has been put

to me. When the inflammable fubftance has loft weight, or

when the whole has been diflipated, in thefe experiments, what

has become of the matter thus driven off?

I must own, that to anfwer this queftion with perfect con-

fidence, more experiments are required. But, in the courfe of

practice, two circumftances have occurred as likely, in moft ca-

fes, to have occafioned the lofs alluded to. I found in thefe expe-

riments, particularly with horn, that the chalk, both in powder
and in lump, which was ufed to fill vacuities in the tubes,

and to fix them in the cradle, was ftrongly impregnated with

an oily or bituminous matter, giving to the fubftance the qua-

lities of a ftinkftone. I conceive, that the moft volatile part of

the horn has been conveyed to the chalk, partly in a ftate of
vapour, and partly by boiling over the lips of the glafs tube

;

the whole having been evidently in a ftate of very thin fluidity.

Having, in fome cafes, found the tube, which had been intro-

duced full of horn, entirely empty after the experiment, I was
induced, as above ftated, to conceive, that, under prefTure, it

had acquired a greater general volatility than it had in free-

Vol.VI.—P.I. U dom;
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dom ; and I find that, in the open fire, horn yields a charcoal

equal to 20 per cent, of the original weight. But more expe-

riments mull be made on this fubject.

Another caufe of the lofs of weight, lay undoubtedly in the

excefs of heat employed in mofl of them, to remove the cradle

from the barrel. With inflammable fubftances, no air-tube

was ufed, and the heats being low, the air lodged in inter-

faces had been fufficient to fecure the barrels from deftruction,

by the expanfion of the liquid metal. In this view, likewife, I

often ufed lead, whofe expanfion in fuch low heats, I expe&ed

to be lefs than that of the fufible metal. And the lead requir-

ing to melt it, a heat very near to that of rednefs, the fubject

of experiment was thus, on removing the cradle, expofed in

freedom to a temperature which was comparatively high. But,

obferving that a great lofs was thus occafioned, I returned to

the ufe of the fufible metal, together with my former method

of melting it, by plunging the barrel, when removed from the

furnace, into a folution of muriate of lime, by which it could

only receive a heat of 250 of Fahrenheit.

The effect was remarkable, in the few experiments tried in

this way. The horn did not, as in the other experiments,

change to a hard black fubftance, but acquired a femifluid and

vifcid confiftency, with a yellow-red colour, and a very orTen-

ffve fmell. This ftiews, that the fubftances which here occa-

fioned both the colour and fmell of the refults, had been dri-

ven off in the other experiments, by the too great heat applied

to the fubftance, when free from compreffion.

I found that the organization of animal fubftance was en-

tirely obliterated by a flight action of heat, but that a ftronger

heat was required to perform the entire fufion of vegetable

matter. This, however, was accomplifhed ; and in feveral

experiments, pieces of wood were changed to a jet-black and

inflammable fubftance, generally very porous, in which no

trace
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trace could be difcovered of the original organization. In

others, the vegetable fibres were ftill vifible, and are forced afun-

der by large and fhining air-bubbles.

Since the publication of the fketch of my experiments, I

have had the pleafure to read Mr Hatchett's very interefting

account of various natural fubftances, nearly allied to coal

>

and I could not help being ftruck with the refemblance which

my refults bear to them, through all their varieties, as brought

into view by that able chemifl ; that refemblance affording a

prefumption, that the changes which, with true fcientific mo-

deity, he afcribes to an unknown caufe, may have refulted from

various heats acting under preffure of various force. The
fubftance to which he has given the name of Retinafphaltum,

feems to agree very nearly with what I have obtained from

animal fubftance, when the barrel was opened by means of low

heat. And the fpecimen of wood entering into fufion, but ftili

retaining the form of its fibres, feems very fimilar to the in-

termediate fubftance of Bovey-coal and Surturbrand, which Mr
Hatchett has aflimilated to each other. It is well known,

that the furturbrand of Iceland, conlifts of the (terns of large

trees, flattened to thin plates, by fome operation of nature hi-

therto unexplained. But the laft-mentioned experiment feems

to afford a plaufible folution of this puzzling phenomenon.

In all parts of the globe, we find proofs of flips, and various

relative motions, having taken place amongft great mafles

of rock, whilft they were foft in a certain degree, and which
have left unequivocal traces behind them, both in the derange-

ment of the beds of ftrata, and in a fmooth and fhining fur-

face, called Jlickenfide, produced by the direct friction of one

mafs on another. During the action of fubterranean heat, were
a fingle ftratum to occur, containing trees intermixed with
animal fubftances, fhell-fifh, &c. thefe trees would be reduced,

to a foft and unctuous ftate, fimilar to that of the piece of wood
U 2 in
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in the laft-mentioned experiment, whilft the Tubfiance of the

contiguous ftrata retained a confiderable degree of firmnefs. In

this Hate of things, the ftratum jufl mentioned, would very na-

turally become the fcene of a flip, occafioned by the unequal

prefTure of the furrounding mafles. By fuch a Hiding motion,

accompanied by great compreflion, a tree would be flattened,

as any fubftance is ground in a mortar, by the combination of

a lateral and direcT: force. At the fame time, the fliells along

with the trees, would be flattened, like thofe defcribed by Berg-

man y while thofe of the fame fpecies in the neighbouring

limeftone-rock, being protected by its inferior fulibility, would

retain their natural fhape.

IX.

Application of the foregoing refults to Geology.—The fire employed in the

Huttonian Theory is a modification of that of the Volcanoes.—This mo-

dification mujl take place in a lava previous to its eruption.—An Inter-

nal Lava is capable of melting Limeflone.—The effects of Volcanic Fire

on fubjlances in a fubterranean andfubmarinejituation, are thefame as

thofe afcribed to Fire in the Huttonian Theory.—Our Strata were once

in a fimilar fituation, and then underwent the action offire.—All the

conditions of the Huttonian Theory being thus combined, the formation

of all Rocks may be accounted for in a fatisfaclory manner.—Conclu^

fion.

Having inveftigated, by means of the foregoing experi-

ments, fome of the chemical fuppofitions involved in the Hut-

tonian Theory, and having endeavoured to aflign a determi-

nate limit to the power of the agents -employed ; I fliall now

apply thefe refults to Geology, and inquire how far the events

fuppofed
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fuppofed anciently to have taken place, accord with the exift-

ing ftate of our globe.

The molt powerful and elfential agent of the Huttonian

Theory, is Fire, which I have always looked upon as the fame

with that of volcanoes, modified by circumftances which muft,

to a certain degree, take place in every lava previous to its

eruption.

The original fource of internal fire is involved in great ob-

fcurity; and no fufficient reafon occurs to me for deciding

whether it proceeds by emanation from fome vafl central re-

fervoir, or is generated by the local operation of fome chemi-

cal procefs. Nor is there any neceflity for fuch a decifion :

all we need to know is, that internal fire exifts, which no one

can doubt, who believes in the eruptions of Mount Vefuvius.

To require that a man mould account for the generation of

internal fire, before he is allowed to employ it in geology, is

no lefs abfurd than it would be to prevent him from reafoning

about the conflrudion of a telefcope, till he could explain the

nature of the fun, or account for the generation of light *.

But while we remain in fufpenfe as to the prime caufe of

this tremendous agent, many circumftances of importance with

regard to it, may fairly become the fubje&s of obfervation and

difcuffion.

Some authors (I conceive through ignorance of the fads)

have alleged, that the fire of iEtna and Vefuvius is merely fu-

perficial. But the depth of its action is fufficiently proved, by

the great diftance to which the eruptive percuffions are felt,

and (till more, by the fubflances thrown out .uninjured by fome

eruptions

* This topic, however, has of late been much urged againft us, and an unfair

advantage has been taken of what Mr Playfair has faid upon it. What he gave

as mere conje&ure on a fubjeft of collateral importance, has been argued upon as

the bafis and fundamental doclrine of the fyftem.
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eruptions ofMount Vefuvius. Some of thefe, as marble and gyp-
fum, are incapable in freedom of refitting the action of fire. We
have likewife granite, fchiftus, gneifs,and ftones of every known
clafs, befides many which have never, on any other occafion,

been found at the furface of our globe. The circumftance of

thefe fubftances having been thrown out, unaffected by the

fire, proves, that it has proceeded from a fource, not only as

deep, but deeper, than their native beds ; and as they exhibit

fpecimens of every clafs of minerals, the formation of which
we pretend to explain, we need inquire no further into the

depth of the Vefuvian fire, which has thus been proved to

reach below the range of our fpeculations.

Volcanic fire is fubject to perpetual and irregular varia-

tions of intenfity, and to fudden and violent renewal, after

long periods of abfolute cefiation. Thefe variations and inter-

miflions, are likewife effential attributes of fire as employed by
Dr Hutton ; for fome geological fcenes prove, that the indura-

ting caufe has acted repeatedly on the fame fubftance, and that,

during the intervals of that action, it had ceafed entirely.

This circumftance affords a complete anfwer to an argument

lately urged againft the Huttonian Theory, founded on the

wafte of heat which mull have taken place, as it is alleged,

through the furface. For if, after abfolute cefiation, a power

of renewal exifts in nature, the idea of wafte by continuance

is quite inapplicable.

The external phenomena of volcanoes are fufBciently well

known ; but our fubject leads us to inquire into their internal

actions. This we are enabled to do by means of the foregoing

experiments, in fo far as the carbonate of lime is concerned.

Some experiments which I formerly* laid before this So-

ciety and the public, combined with thofe mentioned in this

paper,

* Edinburgh I'ranfaBions, Vol. V. Part I. p. 60

—

66.



MODIFIED by COMPRESSION. 159

paper, prove, that the feebleft exertions of volcanic fire, are of

fufficient intenfity to perform the agglutination, and even the

entire fufion, of the carbonate of lime, when its carbonic acid

is effectually confined by preflure ; for though lava, after its

fufion, may be made, in our experiments, to congeal into a

glafs, in a temperature of 16 ° or 18 ° of Wedgwood, in which

temperature the carbonate would fcarcely be affected ; it mull

be obferved, that a fimilar congelation is not to be looked for

in nature ; for the mafs, even of the fmalleft ftream of lava, is

too great to admit of fuch rapid cooling. And, in fact, the

external part of a lava is not vitreous, but confifts of a fub-

ftance which, as my experiments have proved, muft have been

congealed in a heat of melting filver, that is, in 22 of Wedg-
wood ; while its internal parts bear a character indicating that

they congealed in 27 ° or 28 ° of the fame fcale. It follows,

that no part of the lava, while it remained liquid, can have

been lefs hot than 22 ° of Wedgwood. Now, this happens to

be a heat, in which I have accomplished the entire fufion of

the carbonate of lime, under preflure. We muft therefore

conclude, that the heat of a running lava is always of fiiffi-

cient intenfity to perform the fufion of limeftone.

In every active volcano, a communication muft exift between,

the fummit of the mountain and the unexplored region, far

below its bafe, where the lava has been melted, and whence it

has been propelled upwards ; the liquid lava rifing through this

internal channel, fo as to fill the crater to the brim, and flow

over it. On this occafion, the fides of the mountain muft un-

dergo a violent hydroftatical preflure outwards, to which they

often yield by the formation of a vaft rent, through which the

lava is difcharged in a lateral eruption, and flows in a continued

ftream fometimes during months. On ^Etna moft of the erup-

tions are fo performed ; few lavas flowing from the fummit,

hut generally breaking out laterally, at very elevated ftations.

At.
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At the place of delivery, a quantity of gafeous matter is pro-

pelled violently upwards, and, along with it, fome liquid lava ',

which lalt, falling back again in a fpongy ftate, produces one

of thofe conical hills which we fee in great number on the vaft

fides of Mount iEtna, each indicating the difcharge of a parti-

cular eruption. At the fame time, a jet of flame and fmoke iffues

from the main crater, proving the internal communication be-

tween it and the lava ', this difcharge from the fummit gene-

rally continuing, in a greater or a lefs degree, during the in-

tervals between eruptions. (Fig. 41. reprefents an ideal fection

of Mount iEtna ; a b is the direct channel, and b c is a lateral

branch).

Let us now attend to the ftate of the lava within the moun-
tain, during the courfe of the eruption \ and let us fuppofe, that

a fragment of limeflone, torn from fome flratum below, has

been included in the fluid lava, and carried up with it. By the

laws of hydroftatics, as each portion of this fluid fuftains pref-

fure in proportion to its perpendicular diftance below the point

of difcharge, that preflure muft increafe with the depth. The
fpecific gravity of folid and compact lava is nearly 2.8 ; and its

weight, when in a liquid ftate, is probably little different.

The table fhews, that the carbonic acid of limeftone cannot be

conftrained in heat by a preflure lefs than that of 1708 feet of

fea, which correfponds nearly to 600 feet of liquid lava. As
foon, then, as our calcareous mafs rofe to within 600 feet of the

furface, its carbonic acid would quit the lime, and, afluming a

gafeous form, would add to the eruptive effervefcence. And
this change would commonly begin in much greater depths, in

confequence of the bubbles of carbonic acid, and other fubftan-

ces in a gafeous form, which, rifing with the lava, and through

it, would greatly diminifh the weight of the column, and would

render its preflure on any particular fpot extremely variable.

With all thefe irregularities, however, and interruptions, the

preflure
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preflure would in all cafes, efpecially where the depth was confi-

derable, far furpafs what it would have been under an equal

depth of water. Where the depth of the ftream, below its

point of delivery, amounted, then, to 1708 feet, the prefiiire, if

the heat was not of exceffive intenfity, would be more than fuf-

flcient to conftrain the carbonic acid, and our limeftone would

fufFer no calcination, but would enter into fufion ; and if the

eruption ceafed at that moment, would cryftallize in cooling

along with the lava, and become a nodule of calcareous fpar.

The mafs of lava, containing this nodule, would then conftitute

a real whinftone, and would belong to the kind called amygda-

loid. In greater depths ftill, the preflure would be propor-

tionally increafed, till fulphur, and even water, might be con-

{trained ; and the carbonate of lime would continue undecom-

pofed in the higheft heats.

If, while the lava was in a liquid ftate, during the eruption

or previous to it, a new rent (de, fig. 41.), formed in the folid

country below the volcano, was met by our ftream (at d), it is

obvious that the lava would flow into the aperture with great

rapidity, and fill it to the minuteft extremity, there being no

air to impede the progrefs of the liquid. In this manner, a

ftream of lava might be led from below to approach the bot-

torn of the fea (//), and to come in contact with a bed of

loofe fhells (gg), lying on that bottom, but covered with

beds of clay, interftratified, as ufually occurs, with beds of

fand, and other beds of fhells. The firft effect of heat would be

to drive off the moifture of the loweft fhell-bed, in a ftate of va-

pour, which, rifing till it got beyond the reach of the heat,

would be condenfed into water, producing a flight motion of
ebullition, like that of a veflel of water, wrhen it begins to

boil, and when it is faid to fimmer. The beds of clay and fand

might thus undergo fome heaving and partial derangement, but

would ftill poflefs the power of flopping, or of very much im-

Vol. VI.—P. I. X peding,
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peding, the defcent of water from the fea above ; fo that the

water which had been driven from the fhells at the bottom,

would not return to them, or would return but llowly j and

they would be expofed dry to theaction of heat fv

In this cafe, one of two things would inevitably happen. Ei-

ther the carbonic acid of the fhells would be driven off by the

heat, producing an incondenfable elaftic fluid, which, heaving

up or penetrating the fuperincumbent beds, would force its

way to the furface of the fea, and produce a fubmarine erup-

tion, as has happened at Santorini and elfewhere; or the vo-

latility of the carbonic acid would be reprefled by the weight of

the fuperincumbent water (k k), and the {hell-bed, being fof-

tened or fufed by the action of heat, would be converted into

a ftratum of limeftone.

The foregoing experiments enable us to decide in any parti-

cular cafe, which of thefe two events muft take place, when
the heat of the lava and the depth of the fea are known.

The table mews, that under a fea no deeper than 1708

feet, near one-third of a mile, a limeftone would be formed

by proper heat \ and that, in a depth of little more than

one mile, it would enter into entire fufion. Now, the com-

mon foundings of mariners extend to 200 fathoms, or 1200

feet. Lord MulgRave f found bottom at 4680 feet, or

nearly nine-tenths of a mile; and Captain Ellis let down

a fea-gage to the depth of 5346 feet %. It thus appears,

that

* This fituation of things, is iimilar to what happens when fmall-coal is moi-

ftened, in order to make it cake. The duft, drenched with water, is laid upon the

fire, and remains long wet, while the heat below fuffers little or no abatement.

\ Voyage towards the North Pole t p. 142.

% Philofophical Tranfa&ions, 1751, p. 212.
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that at the bottom of a Tea, which would be founded by a

line much lefs "than double of the ufual length, and lefs than

half the depth of that founded by Lord Mulgrave, lime-

flone might be formed by heat ', and that, at the depth reach-

ed by Captain Ellis, the entire fufion would be accomplifh-

ed, if the bed of fhells were touched by a lava at the extre-

mity of its courfe, when its heat was loweft. Were the heat

of the lava greater, a greater depth of fea would, of courfe, be

requifite to conflrain the carbonic acid effectually ; and future

experiments may determine what depth is required to co-ope-

rate with any given temperature. It is enough for our prefent

purpofe to have fhewn, that the refult is poffible in any cafe,

and to have circumfcribed the neceffary force of thefe agents

within moderate limits. At the fame time it mud be obferved,

that we have been far from flretching the known fads; for when
we compare the fmall extent of fea in which any foundings

can be found, with that of the vaft unfathomed ocean, it is ob-

vious, that in affuming a depth of one mile or two, we fall

very fhort of the medium. M. de la Place, reafoning

from the phenomena of the tides, flates it as highly probable

that this medium is not lefs than eleven Englifh miles *.

If a great part or the whole of the fuperincumbent mafs

confifted, not of water, but of fand or clay, then the depth re-

quifite to produce thefe effects would be leflened, in the inverfe

ratio of the fpecific gravity. If the above-mentioned oc-

currence took place under a mafs compofed of Hone firmly

bound together by fome previous operation of nature, the

power of the fuperincumbent mafs, in oppofing the efcape of

X 2 carbonic

* " On peut done regarder au moins comme tres probable, que la profondeur

" moyenne de la mer n'eft pas au-deflbus de quatre lieues." De la Place,
Hijl. de V.Acad. Roy. des Sciences, annee 1776.
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carbonic acid*, would be very much increafed by that union

and by the ftiffnefs or tenacity of the fubftance. We have

feen numberlefs examples of this power in the courfe of thefe

experiments, in which barrels, both of iron and porcelain,

whofe thicknefs did not exceed one-fourth of an inch, have

exerted a force fuperior to the mere weight of a mile of fea.

Without fuppofing that the fubftance of a rock could in any

cafe act with the fame advantage as that of a uniform and con-

nected barrel 5 it feems obvious that a fimilar power mull, in

many cafes, have been exerted to a certain degree.

We know of many calcareous maffes which, at this mo-
ment, are expofed to a preflure more than fufricient to accom-

plifh their entire fufion. The mountain of Saleve, near Geneva,

is 500 French fathoms, or nearly 3250 Englifh feet, in height,

from its bafe to its fummit. Its mafs confifts of beds, lying

nearly horizontal, of limeftone filled with fhells. Independent-

ly, then, of the tenacity of the mafs, and taking into account

its mere weight, the loweft bed of this mountain, mult, at this

moment, fuftain a prefTure of 3250 feet of limeftone, the fpecific

gravity ofwhich is about 2.65. This preflure, therefore, is equal

to that of 8612 feet of water, being nearly a mile and a half of

fea, which is much more than adequate, as we have fhewn, to

accomplifh the entire fufion of the carbonate, on the appli-

cation of proper heat. Now, were an emanation from a

volcano, to rife up under Saleve, and to penetrate upwards

to its bafe, and flop there ; the limeftone to which the lava

approached, would inevitably be foftened, without being cal-

cined, and, as the heat retired, would cryftallize into a faline

marble.

Some other circumftances, relating to this fubjecT:, are very

deferving of notice, and enable us ftill further to compare the

ancient and modern operations of fire.

It
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It appears, at firft fight, that a lava having once pene-

trated the fide of a mountain, all fubfequent lavas mould conti-

nue, as water would infallibly do, to flow through the fame

aperture. But there is a material difference in the two cafes.

As foon as the lava has ceafed to flow, and the heat has begun

to abate, the crevice through which the lava had been pafling,

remains filled with a fubflance, which foon agglutinates in-

to a mafs, far harder and firmer than the mountain itfelf. This

mafs, lying in a crooked bed, and being firmly welded to the

fides of the crevice, mufl oppofe a moft powerful refiflance to

any ftream tending to purfue the fame courfe. The injury

done to the mountain by the formation of the rent, will thus

be much more than repaired ; and in a fubfequent eruption,

the lava mufl force its way through another part of the moun-
tain or through fome part of the adjoining country. The
action of heat from below, feems in moft cafes to have kept a

channel open through the axis of the mountain, as appears

by the fmoke and flame which is habitually difcharged at the

fummit during intervals of calm. On many occafions, how-
ever, this fpiracle feems to have been entirely clofed by the

confolidation of the lava, fo as to fupprefs all emiflion. This

happened to Vefuvius during the middle ages. All appearance

of fire had ceafed for five hundred years, and the crater was
covered with a foreft of ancient oaks, when the volcano open-

ed with frefh vigour in the fixteenth century.

The eruptive force, capable of overcoming fuch an ob-

ftacle, mufl be tremendous indeed, and feems in fome cafes

to have blown the volcano itfelf almofl to pieces. It is im-
poffible to fee the Mountain of Somma, which, in the form of a

crefcent, embraces Mount Vefuvius, without being convinced

that it is a fragment of a large volcano, nearly concentric

with
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with the prefent inner cone, which, in fome great eruption,

had been deftroyed all but this fragment. In our own times,

an event of no fmall magnitude has taken place on the fame

fpot ; the inner cone of Vefuvius having undergone fo great a

change during the eruption in 1794, that it now bears no re-

femblance to what it was when I faw it in 1785.

The general or partial ilagnation of the internal lavas at

the clofe of each eruption feems, then, to render it necefTary,

that in every new difcharge, the lava mould begin by ma-

king a violent laceration. And this is probably the caufe

of thofe tremendous earthquakes which precede all great erup-

tions, and which ceafe as foon as the lava has found a vent. It

feems but reafonable to afcribe like effects to like eaufes, and

to believe that the earthquakes which frequently defolate coun-

tries not externally volcanic, likewife indicate the protrufion

from below of matter in liquid fufion, penetrating the mafs of

rock.

The injection of a whinftone-dike into a frail mafs of male

and fandflone, muft have produced the fame effects upon it that

the lava has juft been Hated to produce on the loofe beds of

volcanic fcoria. One fiream of liquid whin, having flowed into

fuch an aflemblage, muft have given it great additional weight

and ftrength : fo that a fecond ftream coming like the firft, would

be oppofed by a mafs, the laceration of which would produce

an earthquake, if it were overcome ', or by which, if it refilled,

the liquid matter would be compelled to penetrate fome weaker

mafs, perhaps at a great diftance from the firft. The internal

fire being thus compelled perpetually to change the fcene of its

a&ion, its influence might be carried to an indefinite extent :

So that the intermittance in point of time, as well as the verfa-

tility in point of place, already remarked as common to the

Huttonian and Volcanic fires, are accounted for on our princi-

ples.
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pies. And it thus appears, that whinftone pouenes all the pro-

perties which we are led by theory to afcribe to an internal

lava.

This collection is curioufly illuflrated by an intermediate

cafe between the remits of external and internal fire, difplayed

in an actual feclion of the ancient part of Vefuvius, which oc-

curs in the Mountain of Somma mentioned above. I formerly

defcribed this fcene in my paper on Whinftone and Lava; and

I muft beg leave once more to prefs it upon the notice of the

public, as affording to future travellers a moft interefting field

of geological inquiry.

The fe&ion is feen in the bare vertical cliff, feveral hundred

feet in height, which Somma prefents to the view from the

little valley, in form of a crefcent, which lies between Somma
and the interior cone of Vefuvius, called the Atrio del Cavallo.

(Fig. 42. reprefents this fcene, done from the recollection of

what I faw in 1785. abc is the interior cone of Vefuvius

;

dfg the mountain of Somma; and c de the Atrio del Cavallo).

By means of this cliff (fd in figure 42. and which is repre-

fented feparately in fig. 44.), we fee the internal ftructure of

the mountain, compofed of thick beds {k k) of loofe fcoria,

which have fallen in mowers ; between which thin but firm

dreams (m m) of lava are interpofed, which have flowed down
the outward conical fides of the mountain. (Fig. 43. is an ideal

feciron of Vefuvius and Somma, through the axis of the cones,

fhewing the manner in which the beds of fcoria and of lava

lie upon each other; the extremities of which beds are {ten.

edgewife in the cliff at m m and k k, fig. 42, 43, and* 44.).

This aflemblage of fcoria and lava is traverfed abruptly and
vertically, by ftreams of folid lava {n n, fig, 44.), reaching

from top to bottom of the cliff. Thefe laft I conceive to have

flowed in rents of the ancient mountain, which rents had acled

as.
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as pipes through which the lavas of the lateral eruptions were

conveyed to the open air. This fcene prefents to the view

ofan attentive obferver, a real fpecimen of thofe internal ftreams

which we have juft been confidering in fpeculation, and they

may exhibit circumflances decifrve of the opinions here ad-

vanced. For, if one of thefe ftreams had formerly been con-

nected with a lateral eruption, dilcharged at more than 600

feet above the AtHo del Cavallo, it might poffibly contain the

carbonate of lime. But could we fuppofe that depth to extend

to 1708 feet, the interference of air-bubbles, and the action

of a ftronger heat than was merely required for the fufion of

the carbonate, might have been overcome.

Perhaps the height of Vefuvius has never been great enough

for this purpofe. But could we fuppofe iEtna to be cleft in

two, and its ftru&ure displayed, as that of Vefuvius has juft

been defcribed, there can be no doubt that internal ftreams of

lava would be laid open, in which the preflure muft have far

exceeded the force required to conftrain the carbonic acid of

limeftone ; fince that mountain occafionally delivers lavas from

its fummit, placed 10.954 feet above the level of the Mediterra-

nean *, which wafhes its bafe. I recollect having feen, in fome

parts of ^tna, vaft chafms and crags, formed by volcanic re-

volutions, in which vertical ftreams of lava, fimilar to thofe of

Somma, were apparent. But my attention not having been

turned to that objecl: till many years afterwards, I have only

now to recommend the inveftigation of this interefting point

to future travellers.

Wh at has been faid of the heat conveyed by internal volca-

nic ftreams, applies equally to that deeper and more general

heat by which the lavas themfelves are melted and propelled

upwards.

* Phil. "Tratif. 1777, p. 595.
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upwards. That they have been really fo propelled, from a

great internal mafs of matter, in liquid fufion, feems to admit

of no doubt, to whatever caufe we afcribe the heat of volcanoes.

It is no lefs obvious, that the temperature of that liquid muft

be of far greater intensity than the lavas, flowing from it, can re-*

tain when they reach the furface. Independently of any actual

eruption, the body of heat contained in this vaft mafs of liquid,

muft difFufe itfelf through the furrounding fubftances, the in-

tenfity of the heat being diminifhed by flow gradations, in pro-

portion to the diftance to which it penetrates. When, by means

of this progreffive diffulion, the heat has reached an afTemblage

of loofe marine depolltes, fubject to the preffure of a great fu-

perincumbent weight, the whole muft be agglutinated into a

mafs, the folidity of which will vary with the chemical com-

pofition of the fubftance, and with the degree of heat to which

each particular fpot has thus been expofed. At the fame time,

analogy leads us to fuppofe, that this deep and exteniive heat

muft be fubject to viciflitudes and intermiflions, like the exter-

nal phenomena of volcanoes. We have endeavoured to explain

fome of thefe irregularities, and a fimilar reafoning may be ex-

tended to the prefent cafe. Having fhewn, that fmall in-

ternal ftreams of lava tend fucceflively to pervade every weak
part of a volcanic mountain, we are led to conceive, that the

great maffes of heated matter juft mentioned, will be fucceflive-

ly directed to different parts of the earth ; fo that every loofe

afTemblage of matter, lying in a fubmarine and fubterranean

fituation, will, in its turn, be affected by the indurating caufe j

and the influence of internal volcanic heat will thus be cir-

cumfcribed within no limits but thofe of the globe itfelf.

A series of undoubted facts prove, that all our ftrata once

lay in a fituation fimilar in all refpects to that in which the

marine depofites juft mentioned have been fuppofed to lie.

The inhabitant of an unbroken plain, or of a country form-

ed of horizontal ftrata, whofe obfervations have been confi-

Vol.VI.^P.I. Y ned
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ned to his native fpot, can form no idea of thofe truths,

which at every ftep in an alpine diftricl force themfelves

on the mind of a geological obferver. Unfortunately for

the progrefs of geology, both London and Paris, are pla-

ced in countries of little intereft ; and thofe fcenes by which

the principles of this fcience are brought into view in the

mod finking manner, are unknown to many perfons bell

capable of appreciating their value. The moft important,

and at the fame time, the moll aftonifhing truth which we
learn by any geological obfervations, is, that rocks and moun-

tains now placed at an elevation of more than two miles

above the level of the fea, muft at one period have lain at

its bottom. This is undoubtedly true of thofe flrata of lime-

flone which contain fhells ; and the fame conclunon muft be ex-

tended to the circumjacent flrata. The imagination flruggles

againft the admifllon of fo violent a pofition ; but mufl yield

to the force of unqueflionable evidence ; and it is proved by

the example of the moll eminent and cautious obfervers, that

the conclufion is inevitable *.

Another queflion here occurs, which has been well treat-

ed by Mr Playfair. Has the fea retreated from the moun-

tains ? or have they rifen out of the fea ? He ha* fhewn,

that the balance of probability is incomparably in favour of

the latter fuppofition ; hnce, in order to maintain the former,

we mull difpofe of an enormous mafs of fea, whofe depth

is feveral miles, and whofe bafe is greater than the furface

of the whole fea. Whereas the elevation of a continent

out of a fea like ours, would not change its level above a

few feet ', and even were a great derangement thus occa-

sioned,

* Saussure, Voyages dans les Alpes, torn. ii. p. 99.—104.
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fioned, the water would eafily find its level without the af-

fiftance of any extraordinary fuppofition. The elevation of

the land, too, is evinced by what has occafionally happened in

volcanic regions, and affords a complete folution of the con-

tortion and erection of ftrata, which are almoft univerfclly ad-

mitted to have once lain in a plane and horizontal pofition.

Whatever opinion be adopted as to the mode in which the

land and the water have been feparated, no one doubts of the

ancient fubmarine fituation of the ftrata.

An important feries of facts proves, that they were likewife fub-

terranean. Every thing indicates that a great quantity of matter

has been removed from what now conftitutes the furface of our

globe, and enormous depofites of loofe fragments, evidently de-

tached from mafTes fimilar to our common rock, evince the action

of fome very powerful agent of deftrudtion. Analogy too, leads

us to believe, that all the primary rocks have once been covered

with fecondary ; yet, in vaft diftricts, no fecondary rock ap-

pears. In mort, geologifts feem to agree in admitting the ge-

neral pofition, that very great changes of this kind have taken

place in the folid furface of the globe, however much they may
differ as to their amount, and as to their caufes.

Dr Hutton afcribed thefe changes to the action, during

very long time, of thofe agents, which at this day continue

flowly to corrode the furface of the earth ; frofts, rains, the or-

dinary floods of rivers, &c. which he conceives to have acted

always with the fame force, and no more. But to this opinion

I could never fubfcribe, having early adopted that of Saus-

sure, in which he is joined by many of the continental

geologifts. My conviction was founded upon the infpection

of thofe facts in the neighbourhood of Geneva, which he

has adduced in fupport of his opinion. I was then convinced,

Y 2 and
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and I flill believe, that vaft torrents, of depth fufficient to over-

top our mountains, have fwept along the furface of the earth,

excavating vallies, undermining mountains, and carrying away
whatever was unable to refill fuch powerful corrofion. If fuch

agents have been at work in the Alps, it is difficult to conceive

that our countries mould have been fpared. I made it therefore

my bufinefs to fearch for traces of fimilar operations here. I was

not long in difcovering fuch in great abundance ; and, with the

help of feveral of my friends, I have traced the indications of

vaft torrents in this neighbourhood, as obvious as thofe I

formerly faw on Saleve and Jura. Since I announced my opi-

nion on this fubject, in a note fubjoined to my paper on Whin-
flone and Lava, publifhed in the fifth volume of the Tranf-

adions of this Society, I have met with many confirmations

of thefe views. The mofl important of thefe are derived from

the teftimony of my friend Lord Selkirk, who has lately

met with a feries of fimilar fads in North America.

It would be difficult to compute the effects of fuch an agent ;

but if, by means of it, or of any other caufe, the whole mafs,

of fecondary flrata, in great tracts of country, has been remo-

ved from above the primary, the weight of that mafs alone mufl

have been fufficient to fulfil all the conditions of the Huttonian

Theory, without having recourfe to the preffure of the fea. But

when the two prefTures were combined, how great mufl have

been their united ftrength !

We are authorifed to fuppofe, that the materials of our flrata,

in this fituation, underwent the action of fire. For volcanoes

have burnt long before the earlieft times recorded in hiflory, as

appears by the magnitude of fome volcanic mountains ; and it

can fcarceiy be doubted, that their fire has a&ed without any

material cefTation ever fine© the furface of our globe acquired its

prefent
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prefent form. In extending that fame influence to periods of

ftill higher antiquity, when our ftrata lay at the bottom of the

fea, we do no more than afcribe permanence to the exifting

laws of nature.

The combination of heat and compreffion refulting from

thefe circumftances, carries us to the full extent of the Hutto-

nian Theory, and enables us, upon its principles, to account

for the igneous formation of all rocks from loofe marine depo-

fites.

The fand would thus be changed to fandftone ; the fhells to

limeftone ; and the animal and vegetable fubftances to coal.

Other beds, confuting of a mixture of various fubftances,

would be ftill more affected by the fame heat. Such as con-

tained iron, carbonate of lime, and alkali, together with a mix-

ture of various earths, would enter into thin fufion, and, pe-

netrating through every crevice that occurred, would, in fome

cafes, reach what was then the furface of the earth, and con-

ftitute lava : in other cafes, it would congeal in the internal

rents, and conftitute porphyry, bafalt, greenflone, or any other

of that numerous clafs of fubftances, which we comprehend

under the name of whinjlone. At the fame time, beds of fimi-

lar quality, but of compofition fomewhat lefs fufible, would-

enter into a Hate of vifcidity, fuch as many bodies pafs

through in their progrefs towards fufion. In this ftate, the

particles, though far from poflefllng the fame freedom as in a.

liquid, are fufceptible of cryftalline arrangement * j and the

fubftance

* This ftate of vifcidity, with its numberlefs modifications, is deferving of

great attention, fince it afFoids a folution of fome of the molt important geologi-

cal queftions. The mechanical power exerted by fome fubftances, in the adl of

offumwg a cryftalline form, is well known. I have feen a fet of large and broad

cryftals
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fubftance, which, in this fluggifh ftate, would be little difpofed

to move, being confined in its original fituation by contiguous

beds of more refractory matter, would cryflallize, without

undergoing any change of place, and conftitute one of thofe

beds of whinftone, which frequently occur interftratified with

fandftone and limeftone.

In other cafes where the heat was more intenfe, the beds of

fand, approaching more nearly to a ftate of fufion, would ac-

quire fuch tenacity and toughnefs, as to allow themfelves to be

bent and contorted, without laceration or fracture, by the in-

fluence of local motions, and might alTume the fhape and'

character of primary fchiflus : the limeftone would be highly

cryftallized, and would become marble, or, entering into thin

fufion, would penetrate the minuteft rents in the form of cal-

careous fpar. Laftly, when the heat was higher ftill, the fand

itfelf would be entirely melted, and might be converted, by the

fubfequent effects of flow cooling, into granite, fienite, &c. >

in fome cafes, retaining traces of its original ftratification,

and conftituting gneifs and ftratified granite ; in others, flowing

into the crevices, and forming veins of perfect granite.

In confequence of the action of heat, upon fo great a quan-

tity of matter, thus brought into a fluid or femifluid ftate, and

in which, notwithftanding the great preflure, fome fubftances

would be volatilized, a powerful heaving of the fuperincumbent

mafs muft have taken place ; which, by repeated efforts, fuc-

ceeding

cryftals of ice, like the blade of a knife, formed in a mafs of clay, of fuch ftiffnefs,

that it had juft been ufed to make cups for chemical purpofes. In many of

my former experiments, I found that a fragment of glafs made from whinftone or

lava, when placed in a muffle heated to the melting point of filver, affumed a

cryftalline arrangement, and underwent a complete change of character. During

this change, it became foft, fo as to yield to the touch of an iron rod
;
yet retained

fuch ftiffnefs, that, lying untouched in the muffle, it preferved its fhape entirely

;

the fharp angles of its frafture not being in the leaft blunted.
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ceeding each other from below, would at laft elevate the flrata

into their prefent fituation.

The Huttonian Theory embraces fo wide a field, and com-

prehends the laws of fo many powerful agents, exerting their

influence in circumflances and in combinations hitherto un-

tried, that many of its branches muft ftill remain in an unfi-

nifhed ftate and may long be expofed to partial and plauiible

objections, after we are fatisfied with regard to its fundamen-

tal doctrines. In the mean time I truft, that the object of

our purfuit has been accompliihed, in a fatisfactory manner,

by the fufion of limeflone under prefTure. This fingle refult af-

fords, I conceive, a ftrong prefumption in favour of the folu-

tion which Dr Hutton has advanced of all the geological phe-

nomena; for, the truth of the moft doubtful principle which

he has affumed, has thus been eftablifhed by direct experi-

ment.

APPEN-
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APPENDIX.

No. I.

SPECIFIC GRAVITY OF SOME OF THE FOREGOING RESULTS.

AS many of the artificial Iimeftones and marbles produced in

thefe experiments, were poffefTed ofgreat hardnefs and com-

paclnefs, and as they had vifibly undergone a great diminution

of bulk, and felt heavy in the hand, it feemed to me an object of

fome confequence to afcertain their fpecific gravity, compared

with each other, and with the original fubftances from which

they were formed. As the original was commonly a mafs of

chalk in the lump, which, on being plunged into water, begins

to abforb it rapidly, and continues to do fo during a long time,

fo as to vary the weight at every inftant, it was impoflible, till

the abforption was complete, to obtain any certain refult ; and

to allow for the weight thus gained, required the application of

Vox, VI.—P.I. Z a
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a method different from that ufually employed in estimating fpe-

cific gravity.

In the common method, the fubftance is firft weighed in air,

and then in water ; the difference indicating the weight of wa-

ter difplaced, and being confidered as that of a quantity of wa-

ter equal in bulk to the folid body. But as chalk, when fatu-

rated with water, is heavier, by about one-fourth, than when
dry, it is evident, that its apparent weight, in water, muft be in-

creafed, and the apparent lofs of weight diminifhed exactly to that

amount. To have a juft eflimate, then, of the quantity of wa-

ter difplaced by the folid body, the apparent lofs of weight mufl

be increafed, by adding the abforption to it.

Two diftinct methods of taking fpecific gravity thus prefent

themfelves, -which it is of importance to keep feparate, as each

of them is applicable to a particular clafs of fubjecls.

On e of thefe methods, confifts in comparing a cubic inch of a

fubftance in its dry ftate, allowing its pores to have their fhare

in conftituting its bulk, with a cubic inch of water.

The other depends upon comparing a cubic inch of the fo-

lid matter of which the fubftance is compofed, independently of

vacuities, and fuppofing the whole reduced to perfect folidity,

with a cubic inch of water.

Thus, were an architect to compute the efficacy of a given

bulk of earth, intended to load an abutment, which earth was

dry, and fhould always remain fo, he would undoubtedly follow

the firft of thefe modes : Whereas, were a farmer to compare

the fpecific gravity of the fame earth with that of any other

foil, in an agricultural point of view, he would ufe the fecond

mode, which is involved in that laid down by Mr Davy.

As our object is to compare the fpecific denfity of thefe re-

fults, and to afcertain to what amount the particles have ap-

proached
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proached each other, it feems quite evident that the firft mode
is fuited to our purpofe. This will appear moft diftinctly, by

mfpection of the following Table, which has been conftructed fo

as to include both.

Z a TABLE.
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TABLE OF SPECIFIC GRAVITIES.

I. 11. III. IV. V. VI. VII. VIII. IX. X.

Weight in Weight in Weight in

Difference

between

Difference

between
Columns

Abforp-

tion per

Sum of

Columns

Specific

gravity

by com-

Specific

gravity
air, dry. water. air, wet. Columns

II. &III.
II. & IV. or

abforption.

cent.
V. and
VI.

mon
mode.

2.604

by new
mode.

1

I. I25.9O 77-55 I35-65 47-35 9-75 7-74 57-i° 2.204
2. 9.94 6.13 9.99 3.81 0.05 0.50 3.86 2.609 2-575
3- I5.98 9.70 l6.02 6.28 0.04 0.25 6.32, 2-544 2.528

4- 5-47 3-33 5^ 2.14 0.01 0.18 2.15 2-556 2-544
5- 18.04 10.14 I8.06 7.90 0.02 O.II 7.92 2.283 2.277
6. ^6.48 3-74 7.IO 2.74 0.62 9-56 3-36 2.365 1.928

7- 10.32 5-97 IO.36 4-35 0.04 °-39 4-39 2.372 2-35°
8. 54-57 3i-3° 55-23 23.27 0.66 1.21 23-93 2-345 2.280

9- 72.27 41.10 76.13 3J-I7 3.86 5-34 35-°3 2.318 2.063

IO. 37-75

21.21

j- 18.59

1

[•504.15

1

21.15

12.55

11.56

302.40

3 8 -3°

21.26

18.61

623.20

16.60

8.66

7-03

201.75

°-55

0.05

0.02

119.05

i-45

0.24

0.18

23.61

I7-I5

8.71

7-°5

320.80

2.274

2.449

2.644

2.498

2.201

2-435

2.636

I-57I

ii.

12.

Marble.
_

13- "

Chalk.

14.

Average
Chalk.

1

J
444-3°

1

264.35 550.80 1 79-95 106.50 23-97 286.45 2.469 i-55i

15-

rammed
[ 283.97 _ _ ^^^ _„ 198.65 1.429

Powder.
.

EXPLANATION.

Column I. contains the number affixed to each of the

fpecimens, whofe properties are exprefTed in the table.

The
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The firfl eleven are the fame with thofe ufed in the paper read

in this Society on the 30th of Auguft 1804, and published in

Nicholson's Journal for October following, and which refer

to the fame fpecimens. No. 12. Is a fpecimen of yellow marble,

bearing a ftrong refemblance to No. 3. No. 13. A fpecimen of

chalk. No. 14. Shews the average of -three trials with chalk.

No. 15. Some pounded chalk, rammed in the manner followed

in thefe experiments. In order to afcertain its fpecific gravity,

I rammed the powder into a glafs-tube, previoufly weighed

;

then, after weighing the whole, I removed the chalk, and filled

the fame tube with water. I thus afcertained, in a direct man-

ner, the weight of the fubflance, as ftated in Column II., and

that of an equal bulk of water, ftated in Column VIII.

Column II. Weight of the fubflance, dry in air, after expo-

fure, during feveral hours to a heat of 212 ° of Fahrenheit.

Column III. Its weight in water, after lying long in the li-

quid, fo as to perform its full abforption ; and all air-bubbles

being carefully removed,

Column IV. Weight in air, wet. The loofe external moift-

ure being removed by the touch of a dry cloth ', but no time

being allowed for evaporation.

Column V. Difference between Columns II. and III., or ap-

parent weight of water difplaced.

Column VI. Difference between Columns II. and IV., or the

abforption

Column VII. Abforption reduced to a per centage of the dry

fubflance.

Column VIII. Sum of Columns V. and VI., or the real

weight of water difplaced by the body.

Column IX. Specific gravity, by the common mode, refult-

ing from the divifion of Column II. by Column V.

Column X. Specific gravity, in the new mode, refulting

from the divifion of Column II. by Column VIII.

The
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The fpecific gravities afcertained by the new mode, and ex-

prefTed in Column X. correfpond very well to the idea which is

formed of their comparative denfities, from other circumftances,

their hardnefs, compact appearance, fufceptibility of polifli, and

weight in the hand.

The cafe is widely different, when we attend to the refults of

the common method contained in Column IX. Here the fpe-

cific gravity of chalk is rated at 2.498, which exceeds confider-

ably that of a majority of the refults tried. Thus, it would ap-

pear, by this method, that chalk has become lighter by the ex-

periment, in defiance of our fenfes, which evince an increafe of

denfity.

This fingular refult arifes, I conceive, from this, that, in our

fpecimens, the faculty of abforption "has been much more decrea-

fed than the porofity. Thus, if a piece of crude chalk, whofe

fpecific gravity had previoufly been afcertained by the common
mode, and then well dried in a heat of 212°, were dipped in var-

nifh, which would penetrate a little way into its furface ; and,

the varnifh having hardened, the chalk were weighed in water,

it is evident, that the apparent lofs of weight would now be

greater by 23.61 per cent, of the dry weight, than it had been

when the unvarnifhed chalk was weighed in water ; becaufe the

varnifh, clofing the fuperficial pores, would quite prevent the

abforption, while it added but little to the weight of the mafs,

and made no change on the bulk. In computing, then, the fpe-

cific gravity, by means of this lafl refult, the chalk would appear

very much lighter than at firfl, though its denfity had, in fact,

been increafed by means of the varnifh.

A similar effect feems to have been produced in fome of

thefe refults, by the agglutination or partial fufion of part of

the fubfiance, by which fome of the pores have been fhut out

from the water.

This
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This view derives fome confirmation from an infpection of

Columns VI. and VII. ; the firft of which exprefles the abforp-

tion ; and the fecond, that refult, reduced to a per centage of the

original weight. It there appears, that whereas chalk abforbs

23.97 Per cent "> fc>me of our refults abforb only 0.5, or fo low

as o. 1 1 per cent. So that the power of abforption has been re-

duced from about one-fourth, to lefs than the five hundredth of

the weight.

I have meafured the diminution of bulk in many cafes, par-

ticularly in that of No. II. The chalk, when crude, ran to the

75th degree of Wedgwood's gage, and fhrunk fo much during

the experiment, that it ran to the i6i ft
- ; the difference amount-

ting to 86 degrees. Now, I find, that Wedgwood's gage tapers

in breadth, from 0.5 at zero of the fcale, to 0.3 at the 240th

degree. Hence, we have for one degree 0.000833. Confequently,

the width, at the 75th degree, amounts to 0.437525 ; and at

the 16 1 ft, to 0.365887. Thefe numbers, denoting the linear

meafure of the crude chalk, and of its refult under heat and

compreflion, are as 100 to 83.8 ; or, in folid bulk, as 100 to

57.5. Computing the denfities from this fource, they are as

1 to 1.73. The fpecific gravities in the Table, of the chalk, and

of this refult, are as 1.551 : 2.435 ; that is, as 1 to L57. Thefe

conclufions do not correfpond very exactly ; but the chalk em-
ployed in this experiment, was not one of thofe employed in de^-

termining average fpecific gravity in the Table ; and other cir-

cumftances may have contributed to produce irregularity.

Comparing this chalk with refult fecond, we have 1.55 1 : 2.575
fo 1 : 1.6602.

TABLE
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No. II.

TABL E,

CONTAINING THE REDUCTION OF THE FORCES MENTIONED
IN CHAP. VII. TO A COMMON STANDARD.

I. II. III. IV. V. VI VII.
Number of Bore, in de- Preflure in . Tempera- Depth of fea Ditto in miles- Preflure, tx-

experiment cimals of an hundred ture by in feet. prefled in at-

referred to inch. weights. Wedg- mofpheres

inChap.VII. wood's
pyrometer.

I °-75 3 22 I708 05 0-3235 51.87
2 °-75 3 25 I708.O5 0-3^35 5I-87

3 o-75 10 20 5693-52 I.O783 I72.92

4 o-75 10 31 5693 5 2 I.O783 I72.92

5 0.75 10 41 5 693-5 2 I.O783 I72.92

6 °-75 10 51 5693-52 I.O783 I72.92

7 o-75 10 5693-52 I.O783 I72.92

8 °-54 2 2196.57 O.4160 66.7I

0-54 $ 4 4393- I 4 O.832O J 3343
9 f8.i 8896.12 I.6848 270.19
IO 0-75 3 21 1708.05 0-3235 • 51.87 j

ii 0-75 4 25 2277.41 °-43 1 3 69.70
12 °-75 5

— 2846.76 0.5396 86.46

EXPLANATION.
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EXPLANATION.

Column I. contains the number of the experiment, as refer-

red to in the text. Column II. The bore of the barrel ufed, in

decimals of an inch. Column III. The abfolute force applied to

the barrel, in hundred-weights. Column IV. The temperature,

in Wedgwood's fcale. Column V. The depth of fea at which

a force of compreflion would be exerted equal to that fuftained

by the carbonate in each experiment, exprefTed in feet. Co-

lumn VI. The fame in miles. Column VII. Comprefling force,

exprefTed in atmofpheres.

Both Tables were computed feparately, by a friend, Mr J.

Jardine, and myfelf.

The following data were employed.

Area of a circle of which the diameter is unity, 0.785398.

Weight of a cubic foot of diftilled water, according to Pro-

feflbr Robison, 998.74 ounces avoirdupois.

Mean fpecific gravity of fea-water, according to Bladh,

1.0272.

Mean heighth of the barometer at the level of the fea

29.91196 Englifh inches, according to Laplace.

Specific gravity of mercury, according to Cavendish and

Brisson, 13.568.
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IV. Of the Solids of Greatest Attraction, or those

which, among all the Solids that have certain Properties,

Attract with the greatest Force in a given Direction. By
John Playfair, F. R. S. Lond. and Edin. and Professor of

Natural Philosophy in the University of Edinburgh.

\_Read 5th January 1807 •]
'

I^HE inveftigations which I have at prefent the honour of

. fubmitting to the Royal Society, were fuggefted by the

experiments which have been made of late years concerning

the gravitation of terreftrial bodies, firfl, by Dr Maskelyne,
on the Attraction of Mountains, and afterwards by Mr Caven-
dish, on the Attraction ©f Leaden Balls.

In reflecting on thefe experiments, a queftion naturally

enough occurred, what figure ought a given mafs of matter to

have, in order that it may attract a particle in a given direc-

tion, with the greateft force poflible ? This feemed an inquiry

not of mere curiolity, but one that might be of ufe in the fur~

ther profecution of fuch experiments as are now referred to.

On conlidering the queflion more nearly, I foon found, though

it belongs to a clafs of problems of confiderable difficulty,

which the Calculus Variationum is ufually employed to re-

folve, that it neverthelefs admits of an eafy folution, and one

leading to refults of remarkable fimplicity, fuch as may intereft

Vol. VI.—P. II. A a Mathematicians
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Mathematicians by that circumftance, as well as by their con-

nection with experimental inquiries.

In the problem thus propofed, no condition was joined to

that of the greater!: attraction, but that of the quantity of ho-

mogeneous matter being given. This is the molt general Hate

of the problem. It is evident, however, that other conditions

may be combined with the two preceding ; it may be required

that the body fhall have a certain figure, conical, for example,

cylindric, &c. and the problem, under fuch reftrictions, may be

ftill more readily applicable to experiments than in its mofl

general form.

Though the queftion, thus limited, belongs to the common
method of Maxima and Minima, it leads to inveftigations

that are in reality confiderably more difficult than when it is

propofed in its utmofl generality.

Among the following invefligations, there are alfo fome that

have a particular reference to the experiments on Scheh allien.

A few years ago, an attempt was made by Lord Webb Sey-

mour and myfelf, toward fuch a furvey of the rocks which

compofe that mountain, as might afford a tolerable eftimate

of their fpecific gravity, and thereby ferve to correct the con-

clufions, deduced from Dr Maskelyne's obfervations, concern-

ing the mean denfity of the earth. The account of this furvey,

and of the conclufions arifing from it, belongs naturally to the

Society under whofe direction the original experiment was

made ; what is offered here, is an inveftigation of fome of the

theorems employed in obtaining thofe conclufions. When a

new element, the heterogenity of the mafs, or the unequal di-

flribution of denfity in the mountain, was to be introduced into

the calculations, the ingenious methods employed by Dr Hut-

ton could not always be purfued. The propofitions that re-

late to the attraction of a half, or quarter cylinder, on a par-

ticle placed in its axis, are intended to remedy this inconveni-

ence,
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ence, and will probably be found of life in all inquiries con-

cerning the difturbance of the direction of the plumb-line by in-

equalities, whether in the figure or denfity of the exterior cruft

of the globe.

The firft of the problems here refolved, has been treated of

by Boscovich; and his folution is mentioned in the catalogue

of his works, as publifhed in the memoirs of a philofophical fo-

ciety at Pifa. I have never, however, been able to procure a

fight of thefe memoirs, nor to obtain any account of the folu-

tion juft mentioned, and therefore am fenfible of hazarding a

good deal, when I treat of a fubject that has pafled through the

hands of fo able a mathematician, without knowing the conclu-

fions which he has come to, or the principles which he has em-

ployed in his inveftigation. In fuch circumftances, if my re-

mit is juft, I cannot reafonably expect it to be new ; and I

mould, indeed, be much alarmed to be told, that it has not been

anticipated. The other problems contained in this paper, as

far as I know, have never been confidered.

I.

To find the folid into which a mafs of homogeneous matter

muft be formed, in order to attract a particle given in pofition,

with the greater! force poflible, in a given direction.

Let A (Fig. 1. PI. 6.) be the particle given in pofition, AB
the dire&ion in which it is to be attracted ', and ACBH a fec-

tion of the folid required, by a plane palling through AB.
Since the attraction of the folid is a maximum, by hypothe-

fis, any fmall variation in the figure of the folid, provided the

quantity of matter remain the fame, will not change the attrac-

tion in the direction AB. If, therefore, a fmall portion of mat-
ter be taken from any point C, in the fuperficies of the folid,

and placed at D, another point in the fame fuperficies, there

A a 2 will
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will be no variation produced in the force which the folid exerts

on the particle A, in the direction AB.

The curve ACB, therefore, is the locus of all the points in

whjch a body being placed, will attract; the particle A in the

direction AB, with the fame force.

This condition is fufficient to determine the nature of the

curve ABC. From C, any point in that curve, draw CE per-

pendicular to AB ', then if a- mafs of matter placed at C be call-

edw 3
, -TTTz will be the attraction of that mafs on A, in the di-

m* X AE • •

rection AC, and—^-^— will be its attraction in the direction

711
'

AB. As this is conflant, it will be equal to 7^7, and therefore.

AB J xAE = AC 3
.

All the lections of the required folid, therefore, by planes

paffing through AB, have this property, that AC 3=AB 2xAE ;

and as this equation is fufficient to determine the nature of the

curve to which it belongs, therefore all the fections of the fo-

lid, by planes that pafs through AB, are fimilar and equal

curves \ and the folid of confequence may be conceived to be

generated by the revolution of ACB, any one of thefe curves,

about AB as an axis.

The folid fo generated may be called the Solid of greateft

Attraction j and the line ACB, the Curve of equal Attraftion.

II.

To find the equation between the co-ordinates of ACB, the

curve of equal attraction.

From
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From C (Fig. 1.) draw CE perpendicular to AB ; let ABzza,

AE=x, ECzzy. We have found AB 2 XAE:=AC 3
, that is, a x—

{x
%

+y)T
, or a

4
x

2
zz (x

2
-{-y

2

) , which is an equation to a line

of the 6th order.

4 2 42
To have y in terms of x, x -{-y

1
zza 3 x 3

, y
z
zz a 1 xT — .ry

and y zz x 3 V a*—x 3
.

Hence y zz o, both when x zz o, and when xzz a. Alfo if S?

be fuppofed greater than #, j/ is impoffible. No part of the

curve, therefore, lies beyond B.

The parts of the curve on oppofite fides of the line AB, are

fimilar and equal, becaufe the pofitive and negative values of y
are equal. There is alfo another part of the curve on the fide

of A, oppofite to B, fimilar and equal to ACB ; for the values

ofy are the. fame whether x be pofitive or negative.

III.

The curve may eafily be conftructed without having recourfe

to the value ofy juft obtained.

Let AB=#, (Fig. 1.) AC = z, and the angle BAC = (p.

Then AE = AC X cof<p zz z cof <p, and fo a 'z cofp zz z l
, or

a
2
cof <p zzz* ; hence zzza\f cof <p.

From this formula a value of AC or % may be found, if (p or

the angle BAC be given ', and if it be required to find z in

numbers, it may be conveniently calculated from this expref-

fion. A geometrical conftru&ion may alfo be eafily derived

from it. For if with the radius AB, a circle BFH be defcribed

from the centre A j if AC be produced to meet the circumfe-

rence
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ence in F, and if FG be drawn at right angles to AB, then

^ ~ cof <p, and fo z = axJ^ =VAB X AG = AC.

Therefore, if from the centre A, with the diftance AB, a

circle BFH be defcribed, and if a circle be alfo defcribed on the

diameter AB, as AKB, then drawing any line AF from A,

meeting the circle BFH in F, and from F letting fall FG per-

pendicular on AB, interfering the femicircle AKB in K ; if AK
be joined, and AC made equal to AK, the point C is in the

curve.

For AK= VAB X AG, from the nature of the femicircle,

and therefore AC = VAB X AG, which has been fhewn to be a

property of the curve. In this way, any number of points of

the curve may be determined ', and the Solid ofgreateft attrac-

tion will be defcribed, as already explained, by the revolution of

this curve about the axis AB.

IV.

To find the area of the curve ACB.

i. Let ACE, AFG (Fig. 2.) be two radii, indefinitely near to

one another, meeting the curve ACB in C and F, and the

circle, defcribed with the radius AB, in E and G. Let AC ~z

as before, the angle BAC — <pf and AB zz a. Then GE =: # <p,

and the area AGE = 4.V <p, and fmce AE* : AC" : : Sett. AEG :

Sea. ACF, the fedor ACFr=i % %
<p. But z2 = a% cof <p, (§ m.),

whence the fedor ACF, or the fluxion ofthe areaABC—\a*<p eofp,

and confequently the area ABC — ~ a
1

fin <p, to which no con-

ftant quantity need be added, becaufe it vaniihes when <pz: o, or

when the area ABC vanifhes.

The
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The whole area of the curve, therefore, is ^ a\ or 4- AB2

\ for

when <p is a right angle fin<p= 1* Hence the area of the curve

on both fides of AB is equal to the fquare of AB.

2. The value of x, when y is a maximum, is eafily found. For

± -T
when.y, and therefore / is a maximum, |^ 3 x =z 2x, or

4. 1 . a a
3 arzitf 3

, that is x= —— —-—

.

S ti V 27

Hence, calling £ the value of y when a maximum,

2?
<r

27
t v 2?

t y m^ V27

and therefore a : 6 : :\/ 2J. :\/ 2, -or &s 11 : J nearly.

3. It is material to obferve, that the radius of curvature at A
4.

is infinite. For fince/=^^—x\ y— = ^7— *.- But when
# 3

2

J
a? is very fmall, or y indefinitely near to A, - becomes the dia-

meter of the circle having the fame curvature with ACB at A,

4

y
7, a 3

. r.

and when x vanifhes, this value of *-, or —,
— *, becomes mn-

X' L
X 6

,

1

nite, becaufe of the divifor x 3 being in that cafe =: o. The dia-

meter, therefore, and the radius of curvature at A are infinite.

In other words, no circle, having its centre in AB produced,

and pafling through A, can be defcribed with fo great a radius,

but that, at the point A, it will be within the curve of equal

attra&ion.

The
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The folid of greater! attraction, then, at the extremity of its

axis, where the attracted particle is placed, is exceedingly flat,

approaching more nearly to a plane than the fuperficies of any

fphere can do, however great its radius.

4. To find the radius of curvature at B, the other extremity of

4 2

the axis, fince y* zz a* xT— x
2

, if we divide by a— x, we have

L — a * x3 x
. But at B, when a— x, or the abfcifia

a— x a— x

reckoned from B vanifhes, is the diameter of the circle
it— x •

having the fame curvature with ACB in B. But when

a— * — o, or a zz x, both the numerator and denominator of

4. 2

the fraction vanifh, fo that its ultimate value does
a-<— x

not appear. To remove this difficulty, let a— xzzz, or

4 2_

xzza— z, then we have / = a 3 (a— z) 3 — (a— z)\ But

when z is extremely fmall, its powers, higher than the firft,

may be rejected; and therefore (a— z) 3 =«Mi
J

3 =

a* (1 ~ &c.) Therefore the equation to the curve becomes

in this cafe,/ = a 3* X^ ( 1—— }— «*+ 2azzza —-az—

* 1 4a -j- 2az zz~ az.
3

Hence
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Hence 2L, or the radius of curvature at B ~ -a. The
22 3

curve, therefore, at B falls wholly without the circle BKx\, de-

fcribed on the diameter AB, as its radius of curvature is

greater. This is alfo evident from the conftru&ion.

V.

To find the force with which the folid above defined attracts

the particle A in the direction AB.

Let b (Fig. 2.) be a point indefinitely near to B, and let the curve

Ac b be defcribed fimilar to ACB. Through C draw CcD per-

pendicular to AB, and fuppofe the figure thus conftructed to re-

volve about AB ', then each of the curves ACB, Acb will gene-

rate a folid of greateft attraction ; and the excefs of the one of

thefe folids above the other, will be an indefinitely thin fhell,

the attraction of which is the variation of the attraction of the

folid ACB, when it changes into Acb.
Again, by the line DC, when it revolves along with the reft

of the figure about AB, a circle will be defcribed ; and by the

part C c, a circular ring, on which, if we fuppofe a folid of in-

definitely fmall altitude to be conftituted, it will make the ele-

ment of the folid fhell AC c. Now the attraction exerted by

this circular ring upon A, will be the fame as if all the matter

of it were united in the point C, and the fame, therefore, as if it

were all united in B.

But the circular ring generated by C c, is = r (DC — D c
2

)

— 2* DC X C c. Now 2 DC X C c is the variation of /, or

DC1

, while DC pafies into D c, and the curve BCA into the

curve beA; that is 2 DC X C c is the fluxion of/2

, or ofaT xT—x%

Vol. VI.—P. II, Bb taken
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taken on the fuppofition that x is conftant and a variable,

viz. ? a 3 a xx*. Therefore the fpace generated by Cc =
3

±la* x 3 a.

3

If this expreffion be multiplied by x, we have the element of

the fhell = ~ a 3 x T a x.

3

In order to have the folidity of the fhell ACB b c, the above

expreffion mufl be integrated relatively to x, that is, fuppofing

only x variable, and it is then ^X~ a 3 x 3 a-\- C. But Crro,
J

5 3

becaufe the fluent vanifhes when x vanifhes, therefore the por-

4

5

4. - — *

tion of the fhell AC c = - x 3 a 3 a, and when xzza, the whole

fhell = ££ a 1 a.

5

Now, if the whole quantity of matter in the fhell were unit-

ed at B, its attractive force exerted on A, would be the fame

with that of the fhell ', therefore the whole force of the fhell

zz — a. The fame is true for every other indefinitely thin

fhell into which the folid may be fuppofed to be divided ; and

therefore the whole attraction of the folid is equal to f4-5 a,

fuppofing a variable, that is zr 45 a.

Hence
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Hence we may compare the attraction of this folid with

that of a fphere of which the axis is AB, for the attraction of

that fphere z= J a= x — zz — a. The attraction of the folidr
6 a%

3

ADBH, (Fig. i.) is, therefore, to that of the fphere on the fame

axis as — a to —- a, or as 6 to 5.

5 3

VL

To find the content of the folid ADBH, we need only inte-

grate the fluxionary expreffion for the content of the fhell, viz.

£5 a a. We have then £— a 3 = the content of the folid

5 *5

ADBH. Since the folidity of the fphere on the axis a is = 1 a
,

the content of the folid ADBH is to that ofthe fphere on the fame

axis as — a 1 to % a 1 j that is, as £ to ^, or as 8 to 5.

IS 6 15 t D

VII.

Lastly, To compare the attraction of this folid with the at-

traction of a fphere of equal bulk, let m zz any given mafs of

matter formed into the folid ADBH ; then for determining: AB,

we have this equation, ^- a* — m> and a — m y -£ ; and there-
15 4t

B b 2 fore
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fore alfo the attraction of the folid, (which is ^- a) =^ m J -£
5 5

V 4*

- 'J cT ' 25

Again, if m be formed into a fphere, the radius of that

fphere zz'm V — , and the attraction of it on a particle at its

m (ioVY
furface = (j_U = «

Hence the attraction of the folid ADBH, is to that of a

fphere equal to it, as m (i- *)~* to m V~~~) T
', that is, as

I i

(27)
T to (25)

3
, or as 3 to the cube-root of 25.

The ratio of 3 to v 25, is nearly that of 3 to 3 « ?-, or
27

of 8 1 to 79 ; and this is therefore alfo nearly equal to the ratio

of the attraction of the folid ADBH to that of a fphere of equal

magnitude.

VIII.

It has been fuppofed in the preceding inveftigation, that the

particle on which the folid of greater! attraction exerts its force

is in contact with that folid. Let it now be fuppofed, that the

diftance between the folid and the particle is given ; the folid

being-
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being on one fide of a plane, and the particle at a given di-

ftance from the fame plane on the oppofite fide. The mafs of

matter which is to compofe the folid being given, it is required

to conftrucT: the folid.

Let the particle to be attracted be at A (Fig. 3.), from A draw

AA' perpendicular to the given plane, and let EF be any ftraight

line in that plane, drawn through the point A' ; it is evident

that the axis of the folid required mull be in AA' produced.

Let B be the vertex of the folid, then it will be demonftrated

as has been done above, that this folid is generated by the re-

volution of the curve of equal attraction, (that of which

the equation is y
%
zz a 3 x 3 — x

2

), about the axis of which one

extremity is at A, and of which the length muft be found from

the quantity of matter in the folid.

The folid required, then, is a fegment of the folid of great-

eft attraction, having B for its vertex, and a circle, of which

A' E or A' F is the radius, for its bafe.

To find the folid content of fuch a fegment, CD being zzy,

and AC = x, we have y
%
zz a 3 x 3 —

#

2

, and *y
% x — na^x 3 x—

* x
z
x — the cylinder which is the element of the folid feg-

ment.

Therefore Jny
2
x, or the folid fegment intercepted be-

2 — s 1
tween B and D muft be^srtf 3 * 3 — -*A; 3 -f-C. This muft

5 3

vanifh when x = a, or when C comes to B, and therefore C =
It 3— •z— a .

J5
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l5 a J
. The fegment, therefore, intercepted between B and

C, the line AC being x, is^ a 3 —^l aJ x^ 4-^ x\
l 5 5 3

This alfo gives ^ a 3
,
for the content of the whole folid

when x — o, the fame value that was found by another me-
thod at § vi.

Now, if we fuppofe x to be = AA', and to be gi-

ven rz b, the folid content of the fegment becomes

4l? # 3 — 2.5rtfT ^T +-3 3
, which mud be made equal to the

15 5 3

given folidity which we fhall fuppofe zzm 3
, and from this

equation a, which is yet unknown, is to be determined. If

u — * b 3 u -r
3

rzm 3
, ox ~~ u — ^ b 3 u rz — and u •— ¥ bT u

*S 5 * 3 4

- T5^ 3

._ 15 p
4^ 12

The fimplelt way of refolving this equation, would be

by the rule of falfe pofition. In fome particular cafes it

then, for a 3 we put u, we have % (— u — 3 b 3 u -f-
I £

3

\

may be refolved more eafily ; thus, if ^fL LL b 3 — o
7T 12 '

a — 5. bT u = o, and « s = 2 £T , that is «T = ^ bT ox a=z
4 4 4

IX.
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IX.

1. If it be required to find the equation to the fuperficies of

the folid of greater! attraction, and alio to the fections of it pa-

rallel to any plane parting through the axis ; this can readily be

done by help of what has been demonftrated above.

Let AHB (Fig. 4.) be a feclion of the folid, by a plane through

AB its axis. Let G be any point in the fuperficies of the folid,

GF a perpendicular from G on the plane AHB, and FE a per-

pendicular from F on the axis. Let AE zz x, EF = z, FG — v,

then x, z, and v are the three co-ordinates by which the fuper-

ficies is to be defined. Let AB =z a, EH — y, then, from the na-

ture of the curve AHB, y
2 — a 3 x 3 — x

2
. But becaufe the plane

GEH is at right angles to AB, G and H are in the circumfer-

ence of a circle of which E is the centre ; fo that GE = EH
=/. Therefore EF 2 + FG 2 ~ EH2

, that is, z
2

-f v
2

=/, and by

fubftitution for y* in the former equation, z
2

-f- v
2 = a 3 x 3 — x

2

,

or (x
2

-f- z
2 + vj =: a* x*, which is the equation to the fuperfi-

cies of the folid of greateft attraction.

2. If we fuppofe EF, that is z, to be given — b, and the fo-

lid to be cut by a plane through FG and CD, (CD being paral-

lel to AB), making on the furface of the folid the fedtion DGC ;

and if AK be drawn at right angles to AB, meeting DC in K,

then we have, by writing b for z in either the preceding equa-

tions, b
2

-f- v* = a 3 x 3 — x z
, and v 2 — a 3 x 3 — x

2— bx for the

equation of the curve DGC, the co-ordinates being GF and

FK, becaufe FK is equal to AE or x.

This
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This equation alio belongs to a curve of equal attraction;

the plane in which that curve is being parallel to AB, the line

in which the attraction is eftimated, and dirtant from it by the

fpace b.

Instead of reckoning the abfcifla from K, it may be made
to begin at C. If AL or CK = b, then the value of b is deter-

mined from the equation b
% — a 3 b 3 — b% and if x = b -J- u, u

being put for CF, v =£ {h -f »)f— (b -f- u)
z—J b% + //, or

w* + (A + »)' + A* = «T (b + uy, or (V-f- (£ + *)* + £
2

)
3 =

a' (b + u)\

When b is equal to the maximum value of the ordinate EH,
(iv. 2.) the curve CGD goes away into a point ; and if b be fiip-

pofed greater than this, the equation to the curve is impoffible.

X.

The folid of greater!; attraction may be found, and its pro-

perties inveftigated, in the way that has now been exemplified,

whatever be the law of the attracting force. It will be fuffi-

cient, in any cafe, to find the equation of the generating curve,

or the curve of equal attraction.

Thus, if the attraction which the particle C (Fig. I.) exerts on

the given particle at A, be inverfely as the m power of the di-

ftance, or as -r-^, then the attraction in the direction AE
Ad'"

AF t AF
will be -7-

, and if we make this = -, we have 3-m -+- 1 t 111' in •+• r

AG AB AG

1— m>

AB
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1

, or making AE = x, EG =y, and AB zz a, as before,

AB
M

* 1^= -£ or *"* = «+/)
Sft

, and x
%

-f f =

^^T+T #« + 1 , or y
1
zz a™+i xm

+~
l— x\

If «=i, or»i+iz:2, this equation becomes y
1
zz a x— a?%

being that of a circle of which the diameter is AB. If,

therefore, the attracting force were inverfely as the diffcance, the

folid of greateft attraction would be a fphere.

If the force be inverfely as the cube of the diftance, or

m zz 3, and z» -f- 1 = 4, the equation is y
1

zz a 2
at * — a?

a

, which

belongs to a line of the 4th order-

If mzz 4, and m + 1 — 5> the equation isy = « y * J — x* ,

which belongs to a line of the 10th order.

In general, if m be an even number, the order of the curve

is »z + iX2j but if m be an odd number, it is m -f r limply.

XI.

In the fame manner that the folid of greateft attraction has

been found, may a great class of fimilar problems be refolved.

Whenever the property that is to exift in its greateft or leafh

degree, belongs to all the points of a plane figure, or to all the

points of a folid, given in magnitude, the queftion is reduced to

the determination of the locus of a certain equation, juft as in

the preceding example.

Vol.VI.—P.II. Ce Let
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Let it, for inftance, be required to find a folid given in mag-
nitude, fuch, that from all the points in it, ftraight lines being

drawn to any afligned number of given points, the fum of the

fquares of all the lines fo drawn fhall be a minimum. It will

be found, by reafoning as in the cafe of the folid of greatefl at-

traction, that the fuperficies bounding the required folid muft

be fuch that the fum of the fquares of the lines drawn from any
point in it, to all the given points, muft be always of the fame

magnitude. Now, the fum of the fquares of the lines drawn
from any point to all the given points, may be fliewn by

plane geometry to be equal to the fquare of the line drawn
to the centre of gravity of thefe given points, multiplied by the

number of points, together with a given fpace. The line, there-

fore, drawn from any point in the required fuperficies to the

centre of gravity of the given points, is given in magnitude,

and therefore the fuperficies is that of a fphere, having for its

centre the centre of gravity of the given points.

The magnitude of the fphere is next determined from the

condition, that its folidity is given.

In general, if x, y, and z, are three rectangular co-ordinates

that determine the pofition of any point of a folid given in

magnitude, and if the value of a certain function Q^of x, y and

z, be computed for each point of the folid, and if the fum of

all thefe values of Q^added together, be a maximum or a mini-

mum, the folid is bounded by a fuperficies in which the func-

tion Q^is every where of the fame magnitude. That is, if the

triple integral J xj yj Qjs be the greateft or leaft poffible,

the fuperficies bounding the folid is fuch that Qjz: A, a con-

ftant quantity.

The fame holds of plane figures j the proposition is then

fimpler, as there are only two co-ordinates, fo that J x j Qy is

the
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the quantity that is to be a maximum or a minimum, and the

line bounding the figure is defined by the equation Qj= A.

All the queftions, therefore, which come under this defcrip-

tion, though they belong to an order of problems, which re-

quires in general the application of one of the moft refined in-

ventions of the New Geometry, the Calculus Variationum, form

a particular divifion admitting of refolution by much Ampler

means, and directly reducible to the conftruction of loci.

In thefe problems alfo, the fynthetical demonflration will be

found extremely fimple. In the inftance of the folid of great-

eft attraction this holds remarkably. Thus, it is obvious, that

(Fig. 1.) any particle of matter placed without the curve

ACBH, will attract the particle at A in the direction AB, lefs

than any of the particles in that curve, and that any particle of

matter within the curve, will attract the particle at A more

than any particle in the curve, and more, a\ fortiori, than any

particle without the curve. The fame is true of the whole

fuperficies of the folid. Now, if the figure of the folid be

any how changed, while its quantity of matter remains the

fame, as much matter muft be expelled from within the fur-

face, at fome one place C, as is accumulated without the fur-

face at fome other point H. But the action of any quantity of

matter within the fuperficies ACBH on A, is greater than the

action of the fame without the fuperficies ACBH. The folid

ACBH, therefore, by any change of its figure, muft lofe more
attraction than it gains ; that is, its attraction is diminifhed by

every fuch change, and therefore it is itfelf the folid of great-

eft attraction. Q^ E. D.

Cc 2 XIL.
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XII.

The preceding theorems relate to the folids, which, of all

folids whatfoever of a given content, have the greater!; attrac-

tion in a given direction. It may be interefting alfo to know,

among bodies of a given kind, and a given folid content, for

example, among cones, cylinders, or parallelepipeds, given in

magnitude, which has the greateft attractive power, in the di-

rection of a certain flraight line. We fhall begin with the

cone.

Let ABC (Fig. 5.) be a cone of which the axis is AD, re-

quired to find the angle BAC, when the force which the cone

exerts, in the direction AD, on the particle A at its vertex, is

greater than that which any other cone of the fame folid con^

tent, can exert in the direction of its axis, on a particle at its

vertex.

It is known, if t be the femicircumference of the circle of

which the radius is 1, that is, if % zz 3. 14 159, &c that the at-

traction of the cone ABC, on the particle A, in the direction(AD a\AD XWJ' (Simpson '

s Fluxions, vol. ii.

Art. 377.)

Let AD zz x, AB zz z, the folid content of the cone zzm*,

and its attraction z=, A.

Then A zz 2 k (x— __\, and «r x (z — x
1

) zz 3 m>.

The quantity x , is to be a maximum, and therefore,
•6

o, or z2 *— 2 x z + x
1

. - zz o.
z" x

Again,
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Again, from the equation *x (2*— x
l

) =z$m 3
, we have

2 x zz + z* x — 3 x
1

x s= 0, and ? — ™ , and by fubfli-
.y> '2d X Xj

tuting this value of J in the former equation, we have

x

5f J x z -f-
-2 . — = o.

2 2 Z

*
As this equation is homogeneous, if we make - = u, we will

%

obtain an equation involving u only, and therefore deter-

mining the ratio of z to x, or of AB to AD. Subftitu-

ting, accordingly, u z for x in the laft equation, we have

%t— 5. u z* -f-
3 #3 z* — o and 1 — £ u 4- v »3 = Q .22 22

This equation is obvioufly divifible by u— 1, and when fo

divided, gives ^ u -J-
* u— 1 = 0, or u

1

4- » = -> whence22 3

1 +, /i£

2 V 12*

This is the value of -, and as - muft be lefs than unity,
z z

becaufe AB is greater than AD, the negative value of ?/, or

— - —\/— , is excluded; fo that u r=— - -f- V— — '457^1212 212
nearly ..

ADNow u = -^—- = the cofme of the angle BAD, or half the

angle of the cone > therefore that angle = 62 °. 46' nearly.

As
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As the tangent of 6 2°. 46' is not far from being double of

the radius, therefore the cone of greateft attraction has the ra-

dius of its bafe nearly double of its altitude.

To compare the attraction of this cone with that of a fphere

containing the fame quantity of matter, we muft exprefs the

attraction in terms of uy the ratio of x to z, which has now been

found.

Because * x (z*— x 2

) — £m3
, and z — -,*x(— — xj rr

x ), and lince - zzu. — r=
z' z z

3

zz2nm.(i— u) y—~ k ; wherefore, A3 — 8 *' m 3 (1— u)z
v J t(i— u) y J

But if A' be the attraction of a fphere of which the mafs is

mK on a particle at its furface, A' = m V —-. and A'3 =
9

«3.Zil. Therefore A* : A'» : :

24 a' (i - a)* 16 . .

9 1 +

«

9

27 , (1—

y

. nd conf tl A . A, tf^fcsjf : T ..

If, in this expreffion, we fubrtitute .45761 for ?/, we fhall

have A: A7
: : .82941 : 1, fo that the attraction of the cone,

when
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when a maximum is about - of the attraction of a fphere
5

of equal folidity.

XIII.

Of all the cylinders given in mafs, or quantity of matter, to

find that which mall attrad a particle, at the extremity of its

axis, with the greater!: force.

Let DF (Fig. 6.) be a cylinder of which the axis is AB, ifAG
be drawn, the attraction of the cylinder on the particle A is

2 * X (AB -f BC— AG) *, and we have therefore to find when

AB -f- BC— AC is a maximum, fuppofing AB . BC2
to be equal

to a given folid.

Let AB = x, BC zzy, then AG == V** +/, and the quanti-

ty that is to be a maximum is x-^-y— */x2 -\~y*> We have

therefore x -\-

y

~r )' j — 0) an(j ^x _j_^ fa'-f-yHss

x x + y y, or (1 -f ? \ (x*+y*)T zzx+y-l°
x' X

But fince irx/r^, 2 xyy -\-y* x z± o, or 2 x y zz — y x,

and l - _ Z..

x 2x

Therefore

^Princip. Lib. I. Prop. 91. Alfo Simpson's Fluxions, vol. II. § 379. In

the former, the conftant multiplier 2 tt is omitted, as it is in fome other of the

theorems relating to the attraction of bodies. This requires to be particularly

attended to, when thefe propofitions are to be employed for comparing the at-

traction of folids of different fpecies.
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Therefore (i — JL^ •

(f +/)V = * _ ^ . _Z_, or

(2 #—j) (y+/) 2 = 2#a— j/
2
.

As this equation is homogeneous, if we make <- =:*/, or

y — u x, both a? and j/ may be exterminated. For we have by

fubftituting u x for y, (2 x— u x) (x
2
-\-u

z
x*)

a = 2 ** — u
2
w\

or (2 x
2—u x*) (1 -f- «*)

2 = 2 #
a— a

2
**, and dividing by xz

,

(2— »)»(i-f-#
2

)
2

s? 2 — u*
\ whence fquaring both fides,

(4— 4«+ «
a

) (i+»a

) = 4— 4"*+ «4
-

From this, by multiplying and reducing, we get 4 a
1 —- o«.

— — 4?
or u

1— ^ u =. — 1; and // z= 9 — ^ '
..

4 ».

2. The two values of « in this formula create an ambiguity

which cannot be removed without fome farther inveftigation.

IfA be the attraction of the cylinder, then A = 2* (x -\-y—
v/(I

.'i
_j_y'*)

)
into which expreflion, if we introduce u, and exter-

minate both x andj/, by help of the equations # xy x — m 3
3
and

v A t i+«— v/i + «*— w, we get A= 2.^3 m—:

2

Notwithstanding the radical fign in this formula, there

is but one value of A, correfponding to each value of u, as the

pofitive root of s/i — u x
is not applicable to the phyiical pro-

blem.



Of GREATEST ATTRACTION. 211

blem. This is evident, becaufe the attraction mult vanifh both

when y — o, and when x = o ; that is, both when u is nothing,

and when it is infinite. This can only happen when V i + w
1

is negative.

Farther, the value of A is always pofitive (as it ought to

be), 1 + u being greater than \/i + «*, becaufe it is the fquare-

root of 1 -j- 2 u 4- «
a
.

3. Perhaps the relation between A and u will be beft con-

ceived, by fuppofing A to be the ordinate of a curve in which

the abfcifTae are reprefented by the fucceflive values of u. Thus,

if OP (Fig. 7.) = u
y
and PM = A, the locus ofM is a curve of

the figure OMM', which interfedts the axis at O, and has the or-

dinate PM a maximum, when OP = °

—

^
'

, beyond PM' the
o

curve has a point M' ofcontrary flexure, where it becomes convex

toward the axis OR, and afterwards approaches OR continually.

It has alfo another branch mm' n, correfponding to the af-

firmative values of / 1 -f- u
2
, which has the perpendicular OQ^

for an afiymptote; and has the ordinate V m' a minimum,

when u = 9
"*" —7. After palling the point where P' m' is a

o

minimum, this branch of the curve recedes continually from

the axis OR. Befides thefe, there are other two branches of
the fame curve, on the oppofite fide of OQ^ anfwering to the

negative values of u. It is, however, only the firft-mentioned

of thefe four branches that is conne&ed with the mechanical

queftion confidered here.

Vol. VI.—P. II. Dd The
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The attra&ion is a maximum, therefore, when ft = 9.
Vl7

7

8 '

that is, when y is to x, or the radius of the bafe of the cylinder,

to its altitude, as g— v/17 to 8, or as 5 to 8 nearly. Therefore

alio the diameter of the bafe is to the altitude, when the at-

traction of the cylinder is greater!:, as 9— V 17 to 4, or as 5 to

4 nearly.

5, The attraction of the cylinder, when a maximum is now
to be compared with that of a fphere of equal folid content.

First, to compute the quantity
2

*
"*"*

, when

u-=. 9 *? = .6096, fince »* = .37161, i + w* = 1.37161,
o

and V 1
-J- u

x= 1.17 116 ; fo that 1 + «— ^1 + ^ = .43844.

Also becaufe «" = .37161, « 3 =.718945; and therefore

I+„_vi+7 _ 4384. Therefore Aiwf.™

.

i+"-y1+r

Z/

7189
f <*~* « J

2ff* OTX 43
7189

Now, if A' be the attra&ion of a fphere of the folidity m,

A. = ^«x(fy,a„d A: A-::^|fi :

(fy: :

8768
. I.2II4,

7189
*'
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7
: 1.2114, or as 1218 to 1211.4; fo that the attraction of

7189

the cylinder, even when its form is moft advantageous, does

not exceed that of a fphere, of the fame folid content, by more

than a hundred and eighty-third part.

6. In a note on one of the letters of G. L. Le Sage, pub-

lifhed by M. Prevost of Geneva *, the following theo-

rem is given concerning the attraction of a cylinder and a

fphere : If a cylinder be circumfcribed about a fphere, the

particle placed in the extremity of the axis of the cylin-

der, or at the point of contact of the fphere, and the bafe

of the cylinder, is attracted equally by the fphere, and by that

portion of the cylinder which has for its altitude two-thirds of

the diameter of the fphere, and of which the folidity is there-

fore juft equal to that of the fphere.

We may inveftigate this theorem, by feeking the altitude of

fuch a part of the circumfcribing cylinder as mail have the

fame attraction with the fphere at the point of contact. If r

be the radius of the fphere, the attraction at any point of

its furface, is -— ', and if x be the altitude of the cylinder,

and the radius of its bafe r, then its attraction on a particle at

the extremity of its axis is 2 v {x -f r— M x
2

-f- r
2

). Since thefe

attractions are fuppofed equal, 2 * {x -f- r — VV -J- r
2

) zz ^* r
}

3

and x-\- r— VV -4- r
2
zz

t
— , whence — zz , and x zz ££.
3 3 9 3

D d 2 The

* Notice de la vie de G. L. Le Sage de Geneve, par P. Prevost, p. 391.
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The altitude of the cylinder is therefore - of the radius,

or - of the diameter of the fphere, which is Le Sage's Theo-
3

rem.

This cylinder is alfo known to be equal in folidity to the

fphere ; but its attraction is not greater than that of the latter,

becaufe the proportion of its altitude to the diameter of its

bafe is not that which gives the greateft attraction. Its alti-

tude is to the diameter of its bafe, as ? r to 2 r, or 4 to 6 : in
3

order to have the greateft effect, it muft be as 4 to 5 nearly,

(§ 30-
Notwithstanding, therefore, that the form of the one of

thefe cylinders is confiderably different from that of the other,

their attractions are very nearly equal 5 the one of them being

the fame with that of the fphere, and the other greater than it

by about the 183d part. On each fide of the form which gives

the maximum of attraction, there may be great variations of

figure, without much change in the attracting force. A fimi-

lar property belongs to all quantities near their greateft or leaft

Hate, but feems to hold efpecially in what regards the attrac-

tion of bodies.

XIV.

In confidering the attraction of the Mountain Shehallien,

in fuch a manner as to make a due allowance for the heteroge-

neity of the mafs, it became necefTary to determine the attrac-

tion of a half cylinder, or of any fector of a cylinder, on a

point fituated in its axis, in a given direction, at right angles

to
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to that axis. The folution of this problem is much connected

with the experimental inquiries concerning the attraction of

mountains, and affords examples of maxima of the kind that

form the principal object of this paper. The following lemma
is neceflary to the folutiom

Let the quadrilateral DG (Fig. 8.) be the indefinitely fmall

bafe of a column DH, which has everywhere the fame fection,

and is perpendicular to its bafe DG*
Let A be a point at a given diftance from D, in the plane

DG ; it is required to find the force with which the column
DH attracts a particle at A, in the direction AD.
Let the diftance ADz:r, the angle DAE =r p, DE (fuppo-

fed variable) —y, and let EF be a feetion of the folid parallel,

and equal to the bafe DG ; and let the area of DG — m\

The element of the folid DF is m 2

y j and fince DE, or

y z=.r tan <p, y ~r tan <z>
— r.—£-t, fo that the element of the

cof<p

folid = in r. —£—..

cof<p

This quantity divided by AE2

, that is, fince AE : AD : : 1

:

f
C°f<P'

by cH^ giveS the element °f the attradion in the direc-

tion AE equal to^ X *M -£& To- reduce this to the

direction AD, it muft be multiplied into the cofine of the angle

DAE or <p, fo that the element of the attraction of the column

in the direction AD is — <pcof<p, and the attraction itfelf

—

r

m% C ' r ^ n? r— ©col © zr — nn<pr
r j r

When
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When <p becomes equal to the whole angle fubtended by the

column, the total attraction is equal to the area of the bafe di-

vided by the diftance, and multiplied by the line of the angle

of elevation of the column.

If the angle of elevation be 30 °, the attraction of the co-

lumn is juft half the attraction it "would have, fuppofing it ex-

tended to an infinite height.

In this inveftigation, nt is fuppofed an infinitefimal ; but if

it be of a finite magnitude, provided it be fmall, this theorem

will afford a fufficient approximation to the attraction of the-

column, fuppofing the diftance AD to be meafured from the

centre of gravity of the bafe, and the angle <p to be that which

is fubtended by the axis of the column, or by its perpendicular

height above the bafe.

XV.

Let the femicircle CBG (Fig. 9.), having the centre A, be the

bafe of a half cylinder ftanding perpendicular to the horizon,

AB a line in the plane of the bafe, bifecting the femicircle, and
reprefenting the direction of the meridian ; it is required to

find the force with which the cylinder attracts a particle at A, in

the direction AB, fuppofing the radius of the bafe, and the alti-

tude of the cylinder to be given.

Let DF be an indefinitely fmall quadrilateral, contained be-

tween two arches of circles defcribed from the centre A, and

two radii drawn to A ; and let a column ftand on it of the fame

height with the half cylinder, of which the bafe is the femi-

circle CBG. Let z = the angle BAD, the azimuth of D ;

v zz the vertical angle fubtended by the column on DF ? azz

the
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the height of that column, or of the cylinder, AD — x, AB,

the radius of the bafe, = r.

By the lafl proportion, the column ftanding on DF, exerts

on A an attraction in the direction AD, which is zz —
~XD

X fini>.

Now Ddzz x, Dfzz x z, and D d X D/rz xzx. Therefore

• • • X X Z ' '

the attraction in the direction AD is —— x fin v zz x zfmv,
x

and reduced to the direction AB, it is x z fin v X cofz.

This is the element of the attraction of the cylindric fhell

or ring, ofwhich the radius is AD or x, and the thicknefs x j and

therefore integrated on the fuppofition that z only is variable,

and x and v conflant, it gives * fin vj z cofz zzxfmv Xfmz

for the attraction of the fhell. When z =r 90, and fin z — i,

we have the attraction of a quadrant of the fhell == x fin v, and

therefore that of the whole femicircle z= 2 * fin v.

Next, if * be made variable, and confequently v, we have

2 J x fin v for the attraction of the femi-cylinder.

Now the anglev wouldhave a for its fine ifthe radius were i/a
2

-{-x\

and fo fin v = , a ,
; wherefore the above expreffion is

Si a -f- x
r

/2 ax
w , , a = 2 a L (x+va2

-j- x
2

) + C -, and as this muft va-V a -{- x

nifh when x = o
;
2 a L a -j- C = a, and C =— 2 L # , fo that

the



2iB Of the SOLIDS

• X "T~ » ^? ~f~ X
the fluent is 2 a L—! — , which, when x zz r. gives the

a °

attraction of the femi-cylinder = 2flL-
a

This expreflion is very fimple, and very convenient in cal-

culation. It is probably needlefs to remark, that the loga-

rithms meant are the hyperbolic.

XVI.

Let it be required to find the figure of a femi-cylinder gi-

ven in magnitude, which fhall attract a particle fituated in

the centre of its bafe with the greateft force poflible, in the di-

rection of a line bifecting the bafe.

The attraction of the cylinder, as jufl demonflrated, is

r _|_Vr
2+a2

2 a L —

—

j and becaufe the folid is fuppofed to be given
a

in magnitude, we may put a r 2=m*, ora= —r ; fo that the formula

2» 3
T r 4 2 m 3

T r 3 -fVr 6
-f- m 6

above becomes —— JL — s: —-5— 1-. —, .

Now we may fuppofe m = 1, and then the attraction of the

cylinder = — L (> 3 +W + 1).

This
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This formula vanifhes whether r be fuppofed infinitely

great or infinitely fmall, and, therefore, there muft be fome

magnitude of r in which its value will be the greater! pof-

fible.

If r is very fmall in refped of 1, Vi -f- r 6 — 1 -J }
and

r 6

fo n-\- /i + r 6 — i4-/*3 4-— , or limply ~ 1-f-r 3
. But

L(i + r 3
), if r is very fmall in refpecl: of 1, is r 3

; and there-

fore the ultimate value of the formula, when r is infinitely

fmall, is — X r 3 = 2 r, which is alfo infinitely fmall.
r

Again, let r be infinitely great , thenW rf + 1 55 r 3
, and fo

2 2 X 3
the formula is — L . 2 r 3

, or—^ L . 2 r. But the logarithm

of an infinitely great quantity r, is an infinite of an order in-

comparably lefs than ;•, as is known from the nature of

logarithms, (Greg. Fontanel Difquifitiones Phyf. Math.

de Infinito Logarithmico, Theor. 4.) ; fo that — L 2 r is lefs
r

a. r f\

than a
-, or than -. But - is infinitely fmall, r being infinite-

ly great, and therefore, when the radius of the cylinder be-

comes infinitely great, its folid content remaining the fame,

its attraction is lefs even than an infinitefimal of the firft or-

der.

The determination of the maximum, by the ordinary me-

thod, leads to an exponential equation of confiderable difficulty,

if an accurate folution is required. It is, however, eafily found

Vol. VI.—P. II. Ee bv
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by trial, that, when the function ~ L (r 3
-f Vi -f- r 6

) is a

maximum, r is nearly = _. Therefore, becaufe a =. — = li,
5 r

a

36

6 2 c
r is nearlv to a as - to _£, or as 216 to 12.5 ; and this of con-

5 3
fequence, is, nearly, the ratio of the radius of the bafe, to the

altitude of the half-cylinder, when its attraction, eftimated ac-

cording to the hypothefis of the problem, is. the greater!: gof-

fible.

XVII.

To determine the oblate fpheroid of a given folidity which

fhall attract a particle at its pole with the greateft force.

Let there be an oblate fpheroid generated by the revolution

of the ellipfis ADBE (PI. 7. Fig. 10.), about the conjugate

axis AB, and let F be the focus ; then if AF be drawn, and

the arch GG defcribed from the centre A, the force with

which the fpheroid draws a particle at A, in the direction AC,

is
4*-AC.CD*

(

,

CF_CG *) t (Maclaurin's Fluxions, §650).

Let this force := F, AC =z a, CD•= b, the angle CAF = <p ;

then CY ~ a tan <p, and F = ^f^ (tan <p — <p) a =.

4 n b tan <p— (p.

a tan <p
3

Now if m J be the folidity of the fpheroid, fince that folidity

is two-thirds of the cylinder, having CD for the radius of its

bafe,

* The multiplier a t, omitted by Maclaurin, is reftorecT as above.
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bafe, and AB for its altitude; therefore m*=:-X*bz X2a
9

3

= 3 * a £
2

: fo that b = —— = 2
, and - = 2

—

s.

But becaufe AF : AC : : 1 : cof <p, or b:a:: 1 : cof <p, h1 —

——j., and — = —jr-p
cof<p # coi<p

Now fince £
2=—^r-,, and alfo ^ = £—, we have—^-, =

cof <p 4.^ a coi <p

3J^I, and «' = -^ . cof <p

2

, or if l£i = «*, a J = »* . cof>\
4 *# 4 a- 4?r

and # = /zcofp s
.

Hence, as — zz —?— , — zz —
a cofp* a cof<p

£* a__ b
%

__ nco{<p 3 _

0\

cof<p 3

By fubftituting this value of— in the value of F, we have F
a

___ 4sr» tanp— <p r fin <z>
3 ,,= —

—

- • —

r

1
! and becaufe tan <z>

3 — —-i-, F ~
cof>*

t"n * co£> J

2 « » . (tan <p — <p) . cof <p

*

mm 2 <x n (tan <p — <p) cof p
7 __

2 a- n (tan f— ?) . cof 9
3

. fin £ .

Now when the product of any number of factors is a maxi-

mum, if the fluxion of each factor be divided by the factor it-

Ee 2 felf,
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felf, the fum of the quotients is equal to nothing. Therefore

* — i -A --U-. -4

coiV~" , 5 cof<p 3
. cof> 3 fin p. Imp

-r + i

~ == o, or
tan*-?

3 cofV fm«T*

i (i — cof?') 5 <p fin (p 3 <pcof<p

cof <p

2

(tan p — ?) 3 cof <p
fin <p

= °,

and
fin

<P

8

__ 5 fin
<P _ 3Cof<p _ .

cof <p

z

(tan <p— <p) 3 cof <p
~

fin <p
'

fin? _ 5
3 £^, and «»C

cof cp (tan <p— <p) 3 fin <p

2

tan<p— <p

4 -f- 3 cot <p\

3

tt % tan a ,Hence —

^

r— • = tan <p — «, and <p n tan <p —
5 -f- 9 cot <p*

y y

3 tan (p 5 tan <p+ 9 tan <p . cot <p
*— 3 tan<p __

5 -f- 9 . cot <p*
""

5 + 9 cot <p
2

2 tan <p -{- 9 cot <p

5 + 9 cot <p

4

Let tan (pzzt, then 9 zz

2/ + 2
> _ 2 t* + 9 t

5 + 9
?

5 ''+ 9

^
,

—J-; which, therefore, is the value of <p when F is a
9 + 5'

maximum*

The
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The value of <p, now found, is remarkable for being a near

approximation to any arch of which t is the tangent, provided

that arch do not exceed 45 °. The lefs the arch is, the more

near is the approximation ; but the exprefiion can only be con-

fidered as accurate when <p
— o.

This will be made evident by comparing the fraction

^" """"——L with the feries, that gives the arch in terms of the
9+ S*

t % t J t 7

tangent t, viz. <p zz t -f-
— K &c. The fraction

3 5 7

-^-7

—

-jr- — * -f —
r -f, &c. Ihe two firft

9 + 5' 3 2 7 3-9"

terms of thefe feries agree ; and in the third terms, the differ-

ence is inconfiderable, while t is lefs than unity ; but the agree-

ment is never entire, unlefs t zz o, when both feries vanifli.

The attraction, therefore, or the gravitation at the pole of

an oblate fpheroid, is not a maximum, until the eccentricity of

the generating ellipfis vanifh, and the fpheroid pafs into a

fphere.

From the circumftance of the value of <p above found, agree-

ing nearly with an indefinite number of arches, we muit con-

clude, that when a fphere paffes into an oblate fpheroid, its at-

traction varies at firft exceeding flowly, and continues to do fo

till its oblatenefs, or the eccentricity of the generating ellipfis,

become very great. This may be fhewn, by taking the value

of F, and fubftituting in it that of <p, in terms of tan ?.

We have FzzAUL .

tan^—p.
and fince ^ _ tan ^ _

™r~4 tan? 3

col <p
3

tan $



224 Of the SOLIDS

fan **
and

tan? 3
'tang* „ tan? 3 tan? ?

,

-f , &c. tan p— ? = L-f,&c .

3 5 3 5

__ 4?r« /tan 9
3 tan?? tanp 7\ i

~* 7~y tan? 3 "

cof? \ 3 5

iIi^^+^\ When ? = o, F = ±l»
5

cof^t V3 5 7 J 3

and fince « ~ m . i/J-, F =^ !/J- = m i/HZU =v 4^ 3^4* y 27.4t

^ ^—fl, which is the attraction at the furface of a fphere of

the folidity m*, as was already fhewn. This laft is the con-

clulion we had to expect, the fpheroid, when it ceafes to have

any oblatenefs, becoming of neceffity a fphere.

It is evident alfo, that the variations of <p will but little af-

fect the magnitude of F, while <p and tan <p are fmall, as the

leaft power of tan <p that enters into the value of F is the

fquare.

For, inftead of cof . <p
i
, we may, when $ is very fmall, write

i 4- - tan 6~ ; fo that F = 4 « « . (i -j— tan q? ) ( I —
3 \ 3 s \3

+

tan <p*

\ 3 s \3

tan <p*

7
-, &c.

J.

If the oblatenefs of a fpheroid diminifh, while its quantity

of matter remains the fame, its attraction will increafe till the

oblatenefs vanifh, and the fpheroid become a fphere, when
the attraction at its poles, as we have feen, becomes a maxi-

mum. If the polar axis continue to increafe, the fphe-

roid
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roid becomes oblong, and the attraction at the poles again di-

minifhes. This we may fafely conclude from the law of con-

tinuity, though the oblong fpheroid has not been immediately

confidered.

XVIII.

To find the force with which a particle of matter is attracted

by a parallelepiped, in a direction perpendicular to any of its

fides.

First, let EM (Fig. 11.), be a parallelepiped, having the

thicknefs CE indefinitely fmall, A, a particle fituated anywhere

without it, and AB a perpendicular to the plane CDMN. The
attraction in the direction AB is to be determined.

Let the folid EM be divided into columns perpendicular to

the plane NE, having indefinitely fmall rectangular bafes, and

let CG be one of thofe columns.

If the angle CAB, the azimuth of this column relatively to

AB, be called z, CAD, its angle of elevation from A, e, and m\
the area of the little rectangle CF > then, as has been already

fhewn, the attraction of the column CG, in the direction AC, is

_ 7,— . fin e $ and that fame attraction, reduced to the directionAC

AB, is -—. . fin e . cofz. This is the element of the attractionAC
• n?

of the folid, and if we call that attraction/,/= —— . fin e . cof z«
AC

Now, If AB = a
9
becaufe 1 : cofz : : AC : AB, AC-= —£- r

cof z
2m

fo that / ==— . fin e » cof2VJ a

But
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But BC it a . tan z j and therefore KC, the fluxion of BC, is

z- a , *.- if, then, CE = n, m = CE X CK = na . —±_,
cofz col z

and fubftituting this for m ,wegetfrznz. {me.

Next, to exprefs lin e, in terms of z, if we make E rr BAL,

the angle fubtended by the vertical columns, when it is great-

eft, or the inclination of the plane ADM, to the plane ACN,
then we may confider the angle CAD, as meafured by the fide

of a right angled fpherical triangle, of which the other fide is

oo— z, and E the angle, adjacent to that fide, and therefore

tan e — fin (90 — 2;) . tan E — cof z . tan E. But tan E =

tan . BAL = —r- = -, fuppofing BL, or CD = b.
BA a

t

b r m\ e b -

Therefore tan e — — coi z, or —T zz. - . cof z.
a coif a

fin*
2

h
%

r * An/ b
%

/. s .

HeNCE E3? = a*
C°CZ

'

°r r=M? = a> '
C°f* '

and

/ 6)

£n ^ = fL.cofx* — fin/.— cofz 2
; and therefore fin e =

ii
^

- . coi z
a

a/ 1 + —
a
cofcoi z

a'

If this value of fin e be fubflituted for it, we have

b n z cof z
/= nyk • fin * — ^—=

.

_ /* -*3
a */ 1 H—- cof 2"

Let
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Let u zz fin z, then u — z cof z, and cof z
x

zz 1 — »**5 where

-

b n u

fore, again, by fubflitution, /= a \f 1 + !L d — u*}
~~

u
Let a' -f- b\ or ALa

sr t\ then / =

Z> » « £ « ?/

If, therefore, be fuch an arch, that — = fin 0, -^ =<5 // ,. b u

c

bnu

j.coff, and </i-£«' = cof ft then ^ _ ^ ^
=

b?

• r .

" * c°
3 = » ft Thus, /= « 9, and /= n <p + B, B being; a

col <p
°

conflant quantity.

Now, fmce fin <p = — = - fin z, <p is nothing when 2; is

nothing ; and as / may be fuppofed to begin when z begins, we
have likewife B = o ; and, f=zn<p=zn multiplied into an arch,

the fine of which is to the fine of z, in the given ratio of c to

b. Or / is fuch that = fin/= - X 5£ -^ BC
» f AG AL A AC

Vol.VL—P.II. F'f Multiply
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Hence this rule, multiply the fine of the greateft elevation,

into the line of the greateft azimuth of the folid ; the arch of

which this is the line, multiplied into the thicknefs of the fo-

lid, is equal to its attraction in the direction of the perpen-

dicular from the point attracted.

The heighth and the length of the parallelepiped, are, there-

fore, fimilarly involved in the expreflion of the force, as they

ought evidently to be from the nature of the thing.

XIX.

This theorem leads directly to the determination of the at-

traction of a pyramid, having a rectangular bafe, on a particle,

at its vertex. For if we conlider EM (Fig. n.) as a flice of a

pyramid parallel to its bafe, A being the vertex, then the ilice

behind EM fubtending the fame angles that it does, will have its

force of attraction — ri <p, ri being its thicknefs, and fo of all the

reft ; and, therefore, the fum of all thefe attractions, ifp denote

the whole height of the folid, or the perpendicular from A on

its bafe, will be p (p. But as n <p is only the attraction of the

part HB, it muft be doubled to give the attraction of the whole

folid EM, which is, therefore, 2 n <p \ and this muft again be

doubled, to give the attraction of the part which is on the fide

of AB, oppofite to EM ; thus the element of the attraction of

the pyramid is 4 n <p, and the whole attraction correfponding to

the depth p, is 4. p <p.

If the folid is the fructum of a pyramid whofe depth is p', and

vertex A, the angle <p being determined as before, the attraction

on A is 4-p' <p-

If
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If we fuppofe BC and BL to be equal, and therefore the

angle BAL 2: the angle BAC, calling either of them n, then

fin <p =z fin n
2
, by what has been already fhewn ; and from this

equation, as ?? is fuppofed to be given, <p is determined.

This expreflion for the attraction of an ifofceles pyramid,

having a rectangular bafe, may be of ufe in many computations

concerning the attraction of bodies.

If the folidity of the pyramid be given, from the equations

f=z 4 p <p, and fin <p zz fin J, we may determine q, and p, that is,

the form of the pyramid when /is a maximum.

Let the folidity of the pyramid —m*, then p, being the al-

titude of the pyramid, and jj half the angle at the vertex

p tan v\
— half the fide of the bafe, (which is a fquare), and

therefore the area of the bafe = 4 p
1
tan ?j% and the folidity of

the pyramid ^ p
3 tan % 5 fo that ^ p3 tan % — m, J

.

3 3

c %

Now tan y? = —A, and fin <p = fin J, alfo 1 — fin <p —

1 — fin & = cof ^
2

, therefore tan ?j

2 — —1

-^£-— : fo that m3 =
1 — fin <p

* p
3

. _iHL£_, and ^ - 3 m , .
*-W or . =

3
r

1 — fin ^ r
4 fin <p ' ^

z» / 3 U— m <P) . we jj^^ therefore, /, that is 4/><p =

4-mcp U3jA—-—HL£/. This laft is, therefore, a maximum
Y 4 fin <p

Ff 2 by
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by hypothefis; and, confequently, its cube, or 64 m* <p
l X

3 {1
—

-

m_£j or omittiriQ; the conftant multipliers, <p
3 . ^T" ??

4 fin <p
-

° r r
fin <p

mull be a maximum.

If we take the fluxion of each of thefe multipliers, and di-

vide it by the multiplier itfelf, and put the fum equal to no-

• • •

thins;, we fhall have, -3_r — ftco ft — <pco <p = or 3 _.

<p 1 — nn<p fin <p <p

cofp 1 cof<p cof<p . fin<p -f- cofip — cof<p . fin <p

1 — fin<p fin<p fin<p(i — fin<p)

, ,

C° ^ r, and inverting; thefe fractions ? =r
fin <p (1 — fin <py

°
3

fin(p(i— fin rt = tany ( I— flavor » = 3tan» (1— fin f).
cof 9

The folution of this tranfcendental equation may eafily be

obtained, by approximation, from the trigonometric tables, ifwe

confider that 1 — fin 9 is the coverfed fine of 9. Thus taking

the logarithms, we have L 9 ~ L . 3 -j- L . tan 9 -{- L . coverf. 9,

From which, by trial, it will foon be difcovered, that 9 is

nearly equal to an arch of 48 °. To obtain a more exact va-

}ue of 9, let 9 = arc (48 ° -f /3), /3 being a number of mi-

nutes to be determined. Becaufe arc. 48 ° =: .8377580,

and arc(48°+/3) = .8377580 + .0002909/3, therefore log.

arc (4.8? + /3) = 9.9231186 + .0001506 (B.

In



Of GREATEST ATTRACTION. 231

In the fame manner,

L tan (48 ° + /3) = 0.0455626 -f .0002540 /3,

andL.coverf. (48° + /3) ~ 9.4096883 — .0003292 /3

L3 = 0.4771213
Sum r^ 9.9323722 — .0000752 /3

Subtract Log arc (48 °
-f- P) = 9.9231186 + .0001506 (2

Remainder — .0092536 — .0002258 /3 = o„

Whence, (B =^^ = 41' nearly.
2258

A second approximation will give a correction—— 2o//

,

2
fo that <p = arc . 48 °

. 40' - ; and fince lin <p rz fin jj

2

, fin 73
—

V fin <p, fo that ^ — 76 °. 30', and 2 37, or the whole angle of the

pyramid cs 153 °.

An ifofecles pyramid, therefore, with a fquare bafe, will at-

tract a particle at its vertex with greateft force, when the in-

clination of the oppofite planes to one another is an angle of

I53°-

XX.

To return to the attraction of the parallelepiped, it may be

remarked, that the theorem concerning this attraction already

inveftigated, § xviii. though it applies only to the cafe when
the parallelepiped is indefinitely thin, leads, neverthelefs, to fome

very general conclufions. It was fhewn, that the attraction

which the folid EL (Fig. n.) exerts on the particle A, in the di-

rection AB, is n . <p, <p being an arch, fuch that fin <p — fin BAG
X fin BAL = fin z . fin E > and, therefore, if B be the centre of

a
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a rectangle, of which the breadth is 2 BC, and the height 2 BL,

the attraction of that plane, or of the thin folid, having that

plane for its bafe, and n, for its thicknefs, is 4 n . (p. Now, <p,

which is thus proportional to the attraction of the plane, is aL

fo proportional to the fpherical furface, or the angular fpace,

fubtended by the plane at the centre A.

For fuppofe PSQ^(Fig. 12.) and OQ^to be two quadrants of

great circles of a fphere, cutting one another at right angles in

Qj let QS = E, and QR = z. Through S, and O the pole of

PSQ^ draw the great circle OST, and through P and R, the

great circle PTR, interfering OS in T. The fpherical quadri-

lateral SQRT, is that which the re&angle CL (Fig. 11.) would

fubtend, if the fphere had its centre at A, if the point Q^was

in the line AB, and the circle PQ^ in the vertical plane ABL.
Now, in the fpherical triangle PST, right angled at S, cofT

rzcofPS X fin SPT = fin QS x fin QR = fin E X fin z. But

this is alfo the value of fin <p, and therefore <p is the complement

of the angle T, or <p n 00— T.

But the area of the triangle PQR, in which both Q^and R
are right angles, is equal to the rectangle under the arch QR,
which meafures the angle QPR, and the radius of the fphere.

Alfo the area SPT = arc . (S + T + P — 180 ) r ; that is, be-

caufe S is a right angle, — arc . (T + P — 90) X r zm

arc . (T-f-QR—90) X r ; and taking this away from the triangle

PQR, there remains the area QSTR = arc . (QR— T— QR
+ 90 °) X r — (90— T) r — $Xr. The arch <pt therefore, mul-

tiplied into the radius, is equal to the fpherical quadrilateral

QSTR, fubtended by the redangle BD.

This proposition is evidently applicable to all rectangles

whatfoever. For when the point B, where the perpendicular

from A meets the plane of the rectangle, falls anywhere, as in

Fig. 1 5. then it may be fhewn of each of the four rectangles

BD.
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BD, BM, BM', BD', which make up the whole reda-ngle DM',

that its attraction in the direction AB is expounded by the area

of the fpherical quadrilateral fubtended by it, and, therefore,

that the attraction of the whole rectangle MD', is expounded by

the fum of thefe fpherical quadrilaterals, that is, by the whole

quadrilateral fubtended by MD'. In the fame manner, if the

perpendicular from the attracted particle, were to meet the

plane without the rectangle MD', the difference between the

fpherical quadrilaterals fubtended by MG and M'C, would give

the quadrilateral, fubtended by the rectangle MD', for the va-

lue of the attraction of that rectangle.

Therefore, in general, if a particle A, gravitate to a rec-

tangular plane, or to a solid indefinitely thin, contained between

two parallel rectangular planes, its gravitation, in the line per-

pendicular to those planes, will be equal to the thickness of the

solid, multiplied into the area of the spherical quadrilateral sub-

tended by either of those planes at the centre A.

The famermay be extended to all planes, by whatever figure

they be bounded, as they may all be refolved into rectangles of

indefinitely fmall breadth, and having their lengths parallel to

a ftraight line given in pofition.

The gravitation of a point toward any plane, in a line per-

pendicular to it, is, therefore, equal to n, a quantity that ex-

preffes the intenfity of the attraction, multiplied into the area

of the fpherical figure, or, as it may be called, the angular

fpace fubtended by the given plane.

Thus, in the cafe of a triangular plane, where the angles

fubtended at A, by the fides of the triangle, are a, b and c

;

fince Euler has demonftrated * that the area of the fpherical

triangle contained by thefe arches, is equal to the rectangle un-

der

* Nov. A&a Petrop. 1792, p. 47.
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der the radius, and an arch A, fuch that cof - A =
2

i -f" cof<7 ~f- cof b -f- cof c - r a 1 .. A ^ J. A.'——-. —7—

;

n— ; if A be computed, the attraction
4 coi ~ a . coi -

l

£ b . coi %e *

= n . A.

In the cafe of a circular plane, our general proportion agrees

with what SirlsAAC Newton has demonftrated. IfCFD(Fig. 13.)

be a circle, BA a line perpendicular to the plane of it from its

centre B j A, a particle anywhere in that line , the force with

/ AB \
which A is attracted, in the direction AB, is 2 « ( 1 — -r-=-

J
*,

in which the multiplier 2 t is fupplied, being left out in the

inveftigation referred to, where a quantity only proportional

AB
to the attraction is required. Now ^-=- is the cofine of the

AB
angle BAD, and, therefore, 1 £-=- is its verfed fine ; and,AD
therefore, if the arch GEK be defcribed from the centre A,

with the radius 1, and if the fine GH, and the chord EG be

drawn, HE is the verfed fine of BAD, and the attraction

= 2ir EH. But 2 . EH — EG a

, becaufe 2 is the diameter of

the circle GEK ; therefore the attraction 3 «• . EG' zz the area

of the circle of which EG is the radius, or the fpherical furface

included by the' cone, which has A for its vertex, and the

circle CFD for its bafe.

XXI.

* Princip, Lib. i. Prop. 90.
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XXI.

From the general propofition, that the attraction of any

plane figure, whatever its boundary may be, in a line perpen-

dicular to the plane, is at any diftance proportional to the

angular fpace, or to the area of the fpherical figure which the

plane figure fubtends at that diflance, we can eafily deduce a

demonftration of this other propofition, that whatever be the

figure of any body, its attraction will decreafe in a ratio that

approaches continually nearer to the inverfe ratio of the fquares

of the diftances, as the diftances themfelves are greater. In

other words, the inverfe ratio of the fquares of the diftances, is

the limit to which the law by which the attraction decreafes,

continually approaches as the diftances increafe, and with

which it may be faid to coincide when the diftances are infi-

nitely great.

This propofition, which we ufually take for granted, with-

out any other proof, I believe, then, fome indiftinct perception

of what is required by the law of continuity, may be ri-

gorouily demonftrated from the principle juft eftabliflied.

Let B (Fig. 14.) be a body of any figure whatfoever, A a

particle fituated at a diflance from B vaftly greater than any

of the dimenfions of B, fo that B may fubtend a very fmall

angle at A ; from C, a point in the interior of the body, fup-

pofe its centre of gravity, let a ftraight line be drawn to A, and

let A' be another point, more remote from B than A is, Where
a particle of matter is alfo placed.

The directions in which A and A' gravitate to B, as they

muft tend to fome point within B, mult either coincide with

AC, or make a very fmall angle with it, which will be always

the lefs, the greater the diftance.

Vol. VI—P. II. Gg Let
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Let the body B be cut by two planes, at right angles to AC,
and indefinitely near to one another, fo as to contain between

them a flice or thin fection of the body, to which A and A'

may be considered as gravitating, nearly in the direction of the

line AG perpendicular to that fection.

The gravitation of A, therefore, to the aforefaid fection, will

be to that of A' to the fame, as the angular fpace fubtended by

that fection at A, to the angular fpace fubtended by it at A'.

But thefe angular fpaces, when the diftances are great, are in-

verfely as the fquares of thofe diftances, and therefore, alfo, the

gravitation of A toward the fection, will be to that of A', in-

verfely as the fquares of the diftances of A and A' from the

fection. Now thefe diftances may be accounted equal to CA
and CA', from which they can differ very little, wherever the

fection is made.

The gravitations of A and A' toward the faid fection, are,

therefore, as -^-^ to -r-^* And the fame may be proved ofAC AC

the gravitation to all the other fections, or laminae, into which

the body can be divided by planes perpendicular to AC ; there-

fore the fums of all thefe gravitations, that is, the whole gravi-

tations of A to B, and of A' to B, will be in that fame ratio,

that is, as -^-^ to -T-77^, or inverfely as the fquares of the di-AL A d

ftances from C. Q. E. D.

It is evident, that the greater the diftances AC, A'C are, the

nearer is this propofition to the truth, as the quantities rejected

in the demonftration, become lefs in refpect of the reft, in the

fame proportion that AC and A'C increafe.

It is here aflumed, that the angular fpace fubtended by the

fame plane figure, is inverfely as the fquare of the diftance.

This
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This proportion may be proved to be rigoroufly true, if we
confider the inverfe ratio of the fquares of the diftances, as a

limit to which the other ratio conftantly converges.

It is a proportion alfo ufually laid down in optics, where

the visible space fubtended by a furface, is the fame with what

we have here called the angular space fubtended by it, or the

portion of a fpherical fuperficies that would be cut off by a

line palling through the centre of the fphere, and revolving

round the boundary of the figure. The centre of the fphere is

fuppofed to coincide with the eye of the obferver, or with the

place of the particle attracted, and its radius is fuppofed to be

unity.

The propofitions that have been juft now demonflrated con-*

cerning the attraction of a thin plate contained between paral-

lel planes, have an immediate application to fuch inquiries

concerning the attraction of bodies, as were lately made by Mr
Cavendish.

In fome of the experiments inflituted by that ingenious and

profound philofopher, it became neceflary to determine the at-

traction of the fides of a wooden cafe, of the form of a parallel -

epiped, on a body placed anywhere within it. (Philofophical

Tranfactions, 1798, p. 523.). The attraction in the direction

perpendicular to the fide, was what occafioned the greater! dif-

ficulty, and Mr Cavendish had recourfe to two infinite feries,

in order to determine the quantity of that attraction. The de-

termination of it, from the preceding theorems, is eafier and

more accurate.

Let MD' (Fig. 15.) reprefent a thin rectangular plate, A, a

particle attracted by it, AB a perpendicular on the plane MD',

NBC, LBL', two lines drawn through B parallel to the fides of

the rectangle MD'. Let AC, AL, AN, AL', be drawn.

G g 2
,

Then,
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Then, if we find <p fuch that fin <p = |£ x
BC ^^^

tion of the redangle CL is n . <p, n denoting the thicknefs of the

plate.

c \r -c r , BL BN ,So alfo, if fin ?' =— x ^, the attradion of LN is =;

s . <p'.

If fin <p
# = -^- X -^p, the attradion of NL' is =. n . <p\

T>T ' •Dp
Lastly, If fin f'" — —> X -^, the attraction of L'C r:

Thus the whole effect of the plane MD', or / —
n (<p + p' + P" + 9").

We may either fuppofe p, q> &c. defined as above, or by the

following equations, where >?, j?', ?/', &c. denote the angles fub-

tended by the fides of the re&angles that meet in B, beginning

with BC, and going round by L, N and L' to C.

fin 9 — fin n . fin */

fin <p' — fin t)' . fin n
'

fin ** == fin „* . fin ,'"

fin <p"' — fin »/" . fin ^

If the computation is to be made by the natural fines, it will

be better to ufe the following formulae :

fin <p — - cof ( n — n )— - cof (>? + n )

fin<p' =Icof(^ — „') — 3cof(>' + „')
3 * 2

finp*
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fin <f = - cof ( n
"—n") — - cof (

,"+ *'")

2 2

fin <p'" = - cof („'"— , ) — I cof (,'"-1- 1 )•
2 '2

By either of thefe methods, the determination of the attrac-

tion is reduced to a very fimple trigonometrical calculation.

XXII.

The preceding theorems will alfo ferve to determine the at-

traction of a parallelepiped, of any given dimenfions, in the di-

rection perpendicular to its fides.

Let BF (Fig. 16.) be a parallelepiped, and A, a point in BK,

the interferon of two of its fides, where a particle of matter is,

fuppofed to be placed ; it is required to find the attraction in

the direction AB.

Though the placing of A in one of the interfections of the.

planes, feems to limit the inquiry, it has in reality no fuch ef-

fect \ for wherever A be with refpect to the parallelepiped, by

drawing from it a perpendicular to the oppofite plane of the fo-

lid, and making planes to pafs through this perpendicular, the

whole may be divided into four parallelepipeds, each having

AB for an interfection of two of its planes ; and being, there-

fore, related to the given particle, in the fame way that the.

parallelepiped BF is to A.

Let GH be any fection of the folid parallel to EC, and let it

reprefent a plate of indefinitely fmall thicknefs.

Let AB' = x, B'b, the thicknefs of the plate — x. Then <p

being fo determined, that fin <p
— fin B'AH X fin BAG, the at-

traction of the plate GH is <p x
}
which, therefore, is the ele-

ment
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ment of the attraction of the folid. If that attraction = F,

then F =z (<p x. But f<p x — <px— fx p ; and the determi-

nation of F depends, therefore, on the integration of * <p.

Now <p cof <p z=. fin <p, and, therefore, x $ zz ——-,

If B'G = b, and B'H = p, then fm B'AG = -JL. =AG " V^+p'

and fin BAH - JL- = —J ; fo that finp= 5 XAH yp«+ *. Vp+~p

p , T
—i **£*

, and im<z> rz ttt-t—*\ //M ,
*«

7 2 r>z

Hence, cof q>' ~ i — fin <z>* n i
(£

2 + O(02+O

Again, becaufe fin <p zz . . — ^
fin<p

Vz>*+ *
2 Vp* + *

4

(£* + <)

x P
,

£** x—-i

(F +Ot (P
2 + ^)T (^+^2)'

fin <z>

Hence —^ or <p =
coi <p

x —b$xx £j3at* x
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x
(fr + *') 4'(P

>

+ *Tr

... LiL*

£/3x
- , cx being put for b

z

-f- |3\

m b Qx xTherefore a: <p rz —

£ # f

0? + *
8

) ('" + *")"

Now, f
-W** = £Log P + ^' + *' + Ci

(Harmonia Menfurarum, Form, ix.) ; and f
• £ * x _

(3*+*a

)
(**+*")*

pLog ^ -rg-rr+C.
V^+ x

2

Therefore f# p ~

^'^gi+^S + P Log ^^Jt^ +C, and />* =

<px — b Log r
,

_

- — p Log _L___-I_ — C.

If, then, we determine C, fo that the fluent may begin at K,

and end at B j if, alfo, we make n the value of ?, that corre-

fponds to AB or a ; and i{, the value of it that correfponds to
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AK or a\ we have the whole attraction of the folid, or F =

« a— f/a — £ Log— ==—• X
,

— (3 Log — X ,-
p 6

v/^ + ^ *+ •** + *"

If, in this value of F, we invert the ratios, in order to make

the logarithms affirmative, and write like quantities, one under

the other, we have F = jj a — q'a'

The firft two terms of this expreflion deferve particular at-

tention, as n is an arch, fuch that fin n r= fin BAE X fin BAC ;

therefore, by what has been before demonflrated, q is the mea-

fure of the angular fpace fubtended at A by the rectangle BD.

The nrft term in the value of F, therefore, is the product of the

diftance AB, into the angular fpace fubtended by the rec-

tangle BD. In like manner, the fecond term, or jjV, is the

product of the diftance AK, into the angular fpace fubtended by

the rectangle KF.

The relation of the quantities expreffing the ratios, in the

two logarithmic terms, will be belt conceived by fubftitu-

ting for the algebraic quantities the lines that correfpond

to them m the diagram. Becaufe c
1

zz b
z

-f-
|3* zz EB* -f-

BC-
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BG a = EC 1

, therefore c - EC or BD. So alfo, c* -f a =
BD* + BA* =s AD', beeaufe ABD is a right angle, &c. Thus,

F'---.*-.V4-BE L.o~
(AF + FN)AEF-^-^+B^.Log
(AD + DE) (AN +

(AF + FM) AC
B^-^S (AD + DC) AM*

This expreflion for the attraction of a parallelepiped, though

confiderably complex, is fymmetrical in fo remarkable a de-

gree, that it will probably be found much more manageable,

in inveftigation, than might at firft be fuppofed. That it mould

be fomewhat complex, was to be expected, as the want of con-

tinuity in the furface by which a folid is bounded, cannot but

introduce a great variety of relations into the expreflion of its

attractive force. The farther Amplification, however, of this

theorem, and the application of it to other problems, are

fubjects on which the limits of the prefent paper will not

permit us to enter. The determinations of certain maxima de-

pend on it, fimilar to thofe already inveftigated. It points at

the method of finding the figure, which a fluid, whether elaftic

or unelaftic, would afliime, if it furrounded a cubical or prifma-

tic body by which it was attracted. It gives fome hopes of be-

ing able to determine generally the attraction of folids bound-

ed by any planes whatever ', fo that it may, fome time or other,

be of ufe in the Theory of Chryflallization, if, indeed, that

-theory fhall ever be placed on its true bafis, and founded, not

on an hypothefis purely Geometrical, or in fome meafure arbi-

trary, but on the known Principles of Dynamicks.

Vol. VI.—P. II. Hh V.
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V. An Account of a very extraordinary Effect of Refract

tion, observed at Ramsgate, by the Reverend S. Vince,

A. M. F. R. S. Plumian Professor of Astronomy and Ex-

perimental Philosophy at Cambridge. Communicated by

Patrick Wilson, Esq; F. R. S. Edin,

[Read 5th January 1807
•]

THE phenomenon about to be defcribed, was feen on Au*

guft 6. 1806, about feven in the evening; the air being

very ftill, and a little hazy. The tops of the four turrets of

Dover Caftle ufually appear above the hill, lying between

Ramfgate and Dover ', but, at the above-ftated time, not only

the tops were vilible, but the whole of the Caftle, appearing as

if it were fituated on the fide of the hill next to Ramfgate, and

rifing as much above the hill as ufual.

Let AB (Plate VIII. Fig. i.) reprefent the termination of the

hill £ v
y
x, w,y, the tops of the four turrets of the Caftle, as they

ufually appear. But, at the time above mentioned, befides thus

feeing the turrets, the whole Caftle mnr s was vifible, and ap->

peared as if it had been brought over and placed on the Ramfgate

fide of the hill, as reprefented in the figure. This phenomenon

was fo very fingular and unexpected, that, at firft fight, I

thought it to be fome illufion ; but, upon continuing my obfer-

H h 2 vation,
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vation, I was fatisfied that it was a real image of the Caflle.

Upon this I gave the telefcope to a perfon prefent, who, upon
attentive examination, faw alfo a very clear image of the Caflle,

exadlly as I had defcribed it. He continued to obferve it for

about twenty minutes, during which time the appearance re-

mained precifely the fame \ but rain coming on, we were pre-

vented from making any further obfervations. Between us

and the land, from which the hill rifes, there was about fix

miles of fea, and from thence to the top of the hill about the

fame diflance, and we were about feventy feet above the fur-

face of the water.

The hill itfelf did not appear through the image, which, it

might have been expected to do. The image of the Caflle ap-

peared very flrong, and well defined ', and although the rays

from the hill behind it, mufl undoubtedly have come to the

eye, yet fo it was, that the ftrength of the image of the Caflle

fo far obfcured the back-ground, that it made no fenfible im-

preflion upon us. Our attention was of courfe principally di-

rected to the image of the Caflle ', but if the hill behind had

been at all vifible, it could not have efcaped our obfervation, as

we continued to look at it for a considerable time with a good

telefcope.

A phenomenon of this kind I do not remember to have

feen defcribed; and it mufl have been a very extraordinary

flate of the air to have produced it. It is manifefl, that a ray

of light coming from the top of the hill, mufl have come to

the eye in a curve lying between the two curves defcribed by

the rays coming from the top and bottom of the Gafllej in or-

der to produce the efFed.

Let AB (Plate VIII. Fig. 2.) reprefent the Caflle, EC the

Cliff (at Ramfgate), BTD the Hill, DC the Sea, E the place

of the fpeclator, T the top of the hill, Ay v E a ray of

light coming from the top of the Caflle to the fpe&ator,

JUt xwEl
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BxroE a ray coming from the bottom, and Tx^E a ray

coming from the top of the hill, failing upon the eye at

E, in a direction between thofe of the other two rays ; then

it is manifeft, that fuch a difpofition of the rays will produce

the obferved appearance. To erled; this, there muft have been

a very quick variation of the denfity of the air which lay be-

tween the two curves y v E, x w E, fo as to increafe the curva-

ture of the ray TxzE, after it cuts B w E in x, by which

means, the ray TxzE, might fall between the other two rays.

The phenomenon cannot be otherwife accounted for. As there

are not, that I know of, any records of a phenomenon of this

nature, the conflitution of the air muft have been fuch as but

very rarely happens, or fuch an appearance would before have

been taken notice of.

The phenomena which I faw at the fame place, and which

I defcribed in the Philofophical Tranfactions of the Royal So-

ciety for the year 1798, I explained upon the fame principle,

that of a quick variation of denfity j and this was afterwards

confirmed by fome very ingenious experiments made by Dr
Wollaston. Perhaps this phenomenon may afterwards be

fubjeded to an experimental illuftration.

VI.
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VI. Some Account of the Large Snake Alea-azagur, (Boa

Constrictor of Linnjeus), found in the Province of

Tipperah. Communicated hy Mr James Russell. Ex-

traded from the Memorandum Book of John Cor'se

Scott, Esq.

[Read 28th April 1807].

February 1. 1787.

A Large fnake of this fpecies. was brought to Comillah.

It meafured 15 feet 3 inches in length, and 18 inches in

circumference about the middle. This meafurement, however,

varied confiderably by the wreathings and contortions it made,

in order to free itfelf from confinement.

The cefophagus, from the mouth to the pylorus, or bottom

of the ftomach, meafured altogether 9 feet 3 inches, and was fo

wide as to take in a man's head with eafe. The ftomach was

eafily diftinguifhed by the thicknefs of its coats, or the number

of rugae on its internal furface. But there was no contraction

at the cardia or entrance of the ftomaeh. The outlet or pylo-

rus, however, was fo narrow as hardly to admit two fingers.

The. head of the fnake was fmall in proportion to its body.

And I was curious to obferve the meehanifm of the jaw, by

which it can {q eafily take into its mouth any fubftance as large

as the thicker! part of its body. >

The
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The lower jaw confifts of two bones, connected anteriorly by

ilvin and ligaments,- windi admit of considerable difteniion, fo

that the anterior ends can be feparated an inch from each

other. The pofierior extremity, or condyle of each lower jaw-

bone, is likewife connected to the head in fuch a manner, as to

allow of connderable feparation. The two bones which com-

pofe the upper jaw, are capable only of a very fmall degree of

feparation at the fyniphifis or anterior part.

This lingular degree of laxity in the structure of the arti-

culations, permits of a degree of diftenfion which is incompa-

tible with the firmnefs requifite to perform the function of ma-

ftication.

July 7. 1790.

A snake of the allea fpecies was brought in, of a very un-

common thicknefs in proportion to its length, which induced

me to open it. A very large guana was extracted from the

gullet and riomach ; for the animal was gorged to the throat.

The guana, from the nofe to the tip of the tail, meafured 4 feet

3 inches, and in circumference round the belly 1 foot 6 inches;

and yet the make, after the guana was taken out, meafured

only 8 feet 6 inches in length.

The circumference of this make is not given ; but if it bore

the fame proportion to its length that it did in the former

fnake, it would be nearly 10 inches. In this inftance, there-

fore, the fnake had fwallowed an animal of greater magnitude

than itfelf almoft in the proportion of 9 to 5.

On the 16th of the fame month another fnake was brought

In, having nearly the fame appearance as the laft, but Hill

more diftended. It was opened while yet alive, and an entire

fawn of one year old extracted. The fawn meafured 1 foot 8

inches round the belly ; and the extreme length of the fnake

was only 9 feet 3 inches.

April
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April 5. 1791.

A snake of the fame fpecies was brought to Gomillah and

opened, from which a fawn was taken Hill larger than the one

juffc mentioned ; but the fnake was 10 feet 6 inches in length.

It is the general opinion, that makes break the bones of

their prey before they fwallow it, if the animal be of any consi-

derable fize. This, however, I am difpofed to doubt, as in none

of the above inflances had the animal fuffered fuch offifraclion,

if I may be allowed the expreffion. The mechanifm of the

jaws, and the width of the gullet above defcribed, render

fuch violence unnecefTary.

The animal is fwallowed very gradually, being firfr., I fu-

fped, well lubricated with flime, with which this kind of large

fnake appears abundantly provided.

These circumltances may undoubtedly be deemed rather fa-

bulous by thofe who have never feen nor examined large makes

»

But they are fads not to be denied, and are well authenticated

by every one who has had opportunities of feeing and opening

fuch fnakes.

During Mr Leckie's refidence at Gomillah, I have learned

from undoubted authority, that a fnake of the above mentioned

fpecies was found dead, with the horns of a large deer flicking

in his throat, fuppofed to be the caufe of his death. The fnake

and the horns were both brought to Comillah in this fituation j

but in a putrid ftate. The fnake meafured above 17 feet in

length -, and the bones of it were afterwards fent to Me
Charles Collinson of Banleak.

Vol. VI.—P. II. Ii VII.,





VII. Chemical Analysis of a Black Sand, from the River

Dee in Aberdeenshire ; and of a Copper Ore, from Ar-

threy in Stirlingshire. By Thomas Thomson, M. D.

Lecturer on Chemistry, Edinburgh.

[Read ISth May 1807-]

THE fpecimen which formed the fubjecT: of the firft of the

following analyses, was brought from the banks of the river

Dee, about feven years ago, by my friend Mr James Mill, who
at that time refided in Aberdeenfhire. By him I was informed,

that confiderable quantities of it are found in different parts of

the bed of that river,—that it is called by the inhabitants iron-

sand,—and that they ufe it for fanding newly written paper. I

tried fome experiments in the year 1800, in order to afcertain

its nature > but was too little fkilled at that time, both in mi-

neralogy and practical chemiftry, to manage an analyfis of any

confiderable difficulty.

The black powder is mixed with a good many fmall whitifh,

reddifh, and brownifh grains, which, when examined by means

of a glafs, prove to be pieces of quartz, felfpar, and mica. From
this it would appear, that the fand of the river Dee confifts

chiefly of the detritus of granite or gneifs.

When a magnet is pafled over the fand, fome of the black

grains adhere to it, and are by this means eafily obtained fepa-

I i 2 rate.
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rate. But after all that can be attracted by the magnet is re-

moved, the greater part of the black powder ftill remains. This

refidue is indeed attracted by a powerful magnet, but fo very

feebly, that it is not poffible by means of it to feparate it from

the grains of fand with which it is mixed. Thus we learn, that

the black matter confifts of two diftind fubftances ; one of

which is powerfully attracted by the magnet, the other not.

As this fecond fubftance was obvioufly fpecifically heavier than

the grains of fand with which it was mixed, I placed a quanti-

fy of the powder on an inclined plane, and by expofing it cau-

tioufly, and repeatedly, to a jet of water, I fucceeded in warning

away mofl of the grains of fand, and thus obtained it in a flate

of tolerable purity.

The firft of thefe minerals we may call iron-sand, and the

fecond iscrine, as they belong to mineral fpecies which oryc-

tognofts have diftinguifhed by thefe names.

r
I. IRON-SAND.

i

The iron-fand is much fmaller in quantity than the iferine,

and does not exceed one-fourth of the mixture at mofl. Its co-

lour is iron-black. It is in very fmall angular grains, common-

ly pretty fharp-edged, and fometimes having the fhape of im-

perfect; octahedrons. The furface is rough ; the lullre is feebly

glimmering and metallic ; the fracture, from the fmallnefs of

the grains, could not be accurately afcertained, but it feemed to

be conchoidal. Opake, femihard, brittle, eafily reduced to pow-

der. Powder has a greyifh-black colour ; powerfully attrac-

ted by the magnet j fpecific gravity 4.765.

I. As acids were not found to act upon this mineral, 100

grains of it were reduced to a fine powder, mixed with twice

its
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its weight of carbonate of potafh, and expofed for two hours to

a red heat, in a porcelain crucible. The mafs, being foftened

in water, was digefied in muriatic acid. By repeating this

procefs twice, the whole was difTolved in muriatic acid, ex-

cept a brownifh-white matter, which being dried in the open

air, weighed 19j grains.

2. The muriatic acid folution, which had a deep yellowifh-

brown colour, was concentrated almoil to drynefs, and then di-

luted with water. It aflumed a milky appearance ) but nothing

was precipitated. Being boiled for fome time, and then fet

aiide, a curdy-like matter fell. It was of a milk-white colour,

weighed, when dry, 7 grains, and pollened the properties of

oxide of titanium.

3. The refidual liquid being fuperfaturated with ammonia, a

dark reddifh-brown matter precipitated, which being feparated

by the filter, dried, drenched in oil, and heated to rednefs, af-

fumed the appearance of a black matter, ftrongly attracted

by the magnet. It weighed 93.7 grains, and was oxide of

iron.

4. The 19.5 grains of refidual powder, being mixed with

four times its weight of carbonate of foda, and expofed for two
hours to a red heat, in a platinum crucible, and afterwards

heated with muriatic acid, was all difTolved, except about a

grain of blackifh matter, which was fet afide.

5. The muriatic folution being concentrated by evaporation,

a little white matter was feparated. It weighed ^th of a grain,

and pofTeffed the chara&ers of oxide of titanium.

6. When
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6. When evaporated to drynefs, and rediflolved in water, a

white powder remained, which proved to be filica, and which*

after being heated to rednefs, weighed one grain.

7. The watery folution being fuperfaturated with pota£h>

and boiled for a few minutes, was thrown upon a filter, to fe-

parate a reddifh-brown matter, which had been precipitated.

The clear liquid which pafled through The filter, was mixed

with a folution of fal ammoniac. A foft white matter flowly

fubfided. It was alumina, and, after being heated to rednefs^

weighed half a grain.

8. The brown-coloured matter which had been precipitated

by the potafh, when dried upon the fteam-bath, weighed 20.2

grains. It diffolved with erTervefcence in muriatic acid. The
folution had the appearance of the yolk of an egg. When
boiled for fome time, and then diluted with water, it became

white, and let fall a curdy precipitate, which weighed, when
dry, 4.6 grains, and poneued the properties of oxide of tita-

nium.

9. The refidual liquor being mixed with an excefs of ammo-
nia, let fall a brown matter, which, after being dried, drench-

ed in oil, and heated to rednefs, weighed 6 grains. It was

ftrongly attracted by the magnet, but was of too light a colour

to be pure oxide of iron. I therefore difiolved it in muriatic

acid, and placed it on the fand-bath, in a porcelain capfule.

When very much concentrated by evaporation, fmall white

needles began to make their appearance in it. The addition of

hot-water made them difappear ; but they were again form-

ed when the liquor became fufficiently concentrated. Thefe

cryftals, when feparated, weighed 1.3 grains, and proved, on

examination, to be white oxide of arfenic. During the folution

of
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of the 6 grains in muriatic acid, a portion of black matter fepa-

rated. It weighed 0.2 grains, and was totally diflipated before

the blow-pipe in a white fmoke. Hence, it muft have been ar-

fenic Thefe 1.5 gr. are equivalent to rather more than 1

grain of metallic arfenic. Thus, it appears, that the 6 grains

contained 1 grain of arfenic, which explains the whitenefs of

their colour. The reft was iron. It can fcarcely be doubted,

that the proportion of arfenic prefent was originally greater.

Some of it muft have been driven off when the iron oxide was

heated with oil.

10. The infoluble refidue, (No. 4.), was with great difficul-

ty diflblved in fulphuric acid. When the folution was mixed

with ammonia, a white powder fell, which weighed 0.8 grains.

It was accidentally loft, before I examined its properties. But

I have no doubt, from its appearance, that it was oxide of tita-

nium.

11. Thus, from the 100 grains of iron-fand, trie following

conftituents have been extracted by analyfis :

Black oxide of iron, - 98.70

White oxide of titanium, 12.65

Arfenic, - - 1.00

Silica and alumina, - 1.50

Total, 113.85

Here there is an excefs of nearly 14 grains, owing, without

doubt, to the combination of oxygen with the iron and the

titanium during the analyfis.

Had the iron in the ore been in the metallic ftate, the ex-

cefs of weight, inftead of 14, could not have been lefs than 30.

For the black oxide is known to be a compound of 100 metal

and
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and 37 oxygen. Hence, I think, it follows, that the iron in

our ore muft have been in the ftate of an oxide, and that it muft

have contained lefs oxygen than black oxide of iron. A good

many trials, both on iron-fand, and on fome of the other mag-
netic ores of iron, induce me to conclude, that the iron in moft

of them is combined with between 17 and 18 per cent, of oxy-

gen. This compound, hitherto almoft overlooked by che-

raifts, I confider as the real protoxide of iron. Thenard has

lately demonflrated, the exiftence of an oxide intermediate be-

tween the black and the red ; fo that we are now acquainted

with four oxides of this metal. But the protoxide, I prefume,

does riot combine with acids like the others. Analogy leads us

to prefume the exiftence of a fifth oxide, between the green and

the red.

As to the titanium, it is impoffible to know what increafe of

weight it has fuftained, becaufe we are neither acquainted with

it in the metallic ftate, nor know how much oxygen its differ-

ent oxides contain. It is highly improbable, that, in iron-fand,

the titanium is in the metallic ftate, if it be made out that the

iron is in that of an oxide. The experiments of Vauqjjelin

and Hecht, compared with thofe of Klaproth, have taught

us that there are three oxides of titanium, namely, the blue,

the red, and the white. From an experiment of Vauquelin

and Hecht, and from fome of my own, I am difpofed to con-

fider thefe oxides as compofed of the following proportions of

metal and oxygen :

METAL. OXYGEN

I. Blue, IOQ 16

2. Red, 100 33

3. White, 100 49

I find, that when the white oxide of titanium is reduced to the

ftate of red oxide, it lofes one-fourth of its weight; and that

red
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red oxide, when raifed to the ftate of white oxide, increafes ex-

actly one-third of its weight. It was the knowledge of thefe

facts, that led me to the preceding numbers. And I think they

may be ufed, till fome more direct experiment lead us to pre-

cife conclufions.

Red oxide being the only ftate in which this metal has yet

occurred feparate, we may conclude that it combines, in this

ftate, with metallic oxides, and that the titanium in iron-fand,

is moft probably in this ftate. But white oxide, diminifhed by

one-fourth, gives us the equivalent quantity of red oxide. On
that fuppofition, the titanium prefent, before the analyfis, in

the 100 grains of ore, weighed 9.5 grains.

The appearance of the arfenic furprifed me a good deal, as

it was altogether unexpected. I am difpofed to afcribe it to

fome particles of arfenic pyrites which might have been acci-

dentally prefent. This conjecture will appear the more pro-

bable, when we reflect, that arfenic pyrites very frequently ac-

companies iron-fand. Before the microfcope, the iron-fand ap-

pears to contain fome white mining particles, which, probably,

are arfenic pyrites.

The fmall quantity of filica and alumina, I afcribe, without

heiitation, to grains of quartz and felfpar, which had adhered

to the iron-fand, and been analyfed along with it. Some fuch

grains were actually obferved and feparated. But others, pro-

bably, efcaped detection.

12. If thefe fuppofkions be admitted as well founded, the

iron-fand was compofed of

Protoxide of iron, 85.3

Red oxide of titanium, 9.5

Arfenic, *- - 1.0

Silica and alumina, - 1.5

Lofs, - - 2.7

100.0

Vol. VI.—P. II. Kk The
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The lofs will not appear exceffive, if vye confider, that a por-

tion of the arfenic mufl have been fublimed, before the pre-

fence of that metal was fufpected.

Upon the whole, I think we may confider the fpecimen of

iron-fand examined, as compofed of 9 parts protoxide of iron,

and 1 of red oxide of titanium. The prefence of titanium in

this ore had been already detected by Lampadius, though, as

I have not feen his analyfis, I cannot fay in what proportion.-

II. ISERINE.

The colour of this ore is iron-black, with a made of brown.

It confifts of fmall angular grains, rather larger than thofe of

the iron-fand, but very fimilar to them in their appearance.

Their edges are blunt ; they are fmoother, and have a flronger

glimmering luftre than thofe of the iron-fand. Luftre femi-

metallic, inclining to metallic. The fracture could not be di-

ftinctly obferved, but it feemed to be conchoidal ; at leaft no-

thing refembling a foliated fracture could be perceived. Opake,

femihard, brittle, eafily reduced to powder ; colour of the

powder unaltered j fpecific gravity 4.491 *> fcarcely attract-

ed by the magnet.

1. A hundred grains of the powdered ore were mixed with

fix times their weight of carbonate of foda, and expofed for two

hours to a red heat, in a platinum crucible. The mafs obtain-

ed being foftened with water, duTolved completely in muriatic

acid. When the folution was concentrated, it aflumed the ap-

pearance

* If, as the following analyfis would lead us to expedt, the fpecimen exami-

ned was a mixture of four parts iferine, and one part quartz and felfpar, the fpe-

cific gravity of pure iferine fhould be 4.964.
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pearance of the yolk of an egg. It was boiled, diluted with

water, and fet afide for fome time. A white matter gradually

depofited, which, when dried on the fleam-bath, weighed 53
grains, and pofTefled the properties of oxide of titanium.

2. The liquid thus freed from titanium, was evaporated to

drynefs, and the refidue redifTolved in water, acidulated with

muriatic acid. A white powder remained, which, after being

heated to rednefs, weighed 16.8 grains, and pollened the pro-

perties of filica.

3. The folution was precipitated by ammonia, and the brown

matter which had feparated, boiled for fome time in liquid pot-

am. The whole was then thrown on a filter, to feparate the

undiflolved part, and the liquid which came through, was mix-

ed with a folution of fal ammoniac. A white powder fell,

which, after being heated to rednefs, weighed 3.2 grains. It

was alumina.

4. The brown fubftance collected on the filter, was dried,

drenched in oil, and heated to rednefs. It was ftrongly attract-

ed by the magnet, and weighed 52 grains.

5. It was digefted in diluted fulphuric acid ', but not being

rapidly a&ed upon, a quantity of muriatic acid was added, and

the digeflion continued. The whole flowly difTolved, except a

blackifh matter, which became white when expofed to a red

heat, and, as far as I could judge from its properties, was oxide

of titanium, flightly contaminated with iron. It weighed 1.8

grains.

6. The acid folution being concentrated by gentle evaporation,

a number of fmall yellowifh-coloured needles made their ap-

K k 2 pearance
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pearance in it. By repeated evaporations, all the cryftals that

would form were feparated. They weighed 6 grains. I redif-

folved them in water, and added fome ammonia to the folu-

tion. A fine yellow powder fell, which I foon recognifed to

be oxide of uranium. It weighed 4.2 grains.

7. Thus it appears, that the 52 grains (No. 4.), attracted by

the magnet, contained 46 grains of iron, and 6 grains of ura-

nium and titanium.

8. The following are the fubftances feparated from 100

grains of iferine, by the preceding analyfis

:

Oxide of titanium, 54.8

Oxide of iron, - 46.0

Oxide of uranium, 4.2

Silica, - - 16.8

Alumina, - 3.2

Total, 125.0

Here is an excefs of no lefs than 25 grains, to be accounted for

by oxygen, which mull have united to the three metals during

the procefs. As to the iilica and alumina, there can be little

hefitation in afcribing them to grains of fand, which had been

mixed with the ore. The pure iferine, in all probability, was

compofed of iron, titanium, and uranium. If we fuppofe that

each of thefe metals exifted in the ftate of protoxide, we mult

diminifh the titanium by one-fourth, the iron by one-feventh

nearly, and the uranium, according to Bucholz's experiments,

by one-fifth. This would give us,

Titanium,



from the RIVER DEE. 263

Titanium, - 41.

1

Iron, - - 39.4

Uranium, - 3.4

Silica and alumina, 20.0

103.9

Here, then, is Hill an excefs of nearly 4 per cent. But this I

am difpofed to afcribe to the oxides of titanium and uranium,

having been only dried upon the fteam-bath. Upon the whole,

it appears, that, in the fpecimens of iferine analyfed, the pro-

portions of titanium and iron were nearly equal, and that the

uranium did not exceed 4 per cent. The appearance of uranium

furprifed me a good deal. I perceive, however, that it has al-

ready been detected in this ore, from an analyfis publifhed by

Profeflor Jameson, in the fecond volume of his Mineralogy,

which, I underftand, was made by Lampadius. The fpeci-

men examined by Lampadius yielded very nearly 60 parts of

titanium, 30 of iron, and 10 of uranium. Whereas, in mine,

if the foreign matter be removed, there was obtained, very

nearly, - - 48 titanium,

48 iron,

4 uranium,

IOQ

But, there can be no doubt, that the iferine which I analyfed

was ftill contaminated with a good deal of iron-fand ', for it

was impoffible to remove the whole.

i3tb
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Analysis of the Grey Copper Owe, from Airthrey,

The copper mine of Airthrey, near Stirling, confifls of a

thin vein, which runs through the weft corner of the Ochils.

It has been twice wrought, by two different companies. But,

in both cafes, was abandoned, after a few years trial. I went

to it fome years ago, and examined the ore, at the requefl of

one of the proprietors. The fpecimens which were employed

for the fubfequent analyfis, were the purefl that I could felect,

out of a confiderable quantity. I was told, however, that from

the lower level, which was at that time full of water, much
richer ore had been extracted. But, afterwards, when the lower

level was freed from its water, I went down to it myfelf, and

found the ore precifely of the fame kind as in the upper, with

this difference, that it was more mixed with calcareous fpar,

and perhaps, on that account, more eafily fmelted.

The veinftones in the Airthrey mine are fulphate of barytes,

and carbonate of lime, and with thefe the ore is almoft always

more or lefs mixed.

The colour is at tirft light fteel-grey ; but the furface foon

tannines, and becomes of a dark dull leaden-grey, and in fome

places afiiimes a beautiful tempered fteel tarnifh. Maffive and

diJTeminated. In fome fpecimens, it exhibits the appearance of

imperfecl: cryftals. Internal furface mining and metallic ? but,

by expofure, it foon becomes dull. Fracture final 1-grained,

inclining to even. Fragments indeterminate, and rather blunt-

edged. Semihard, the degree being almoft the fame as that of

calcareous fpar ; for thefe two minerals reciprocally fcratch

each
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each other. Streak fimilar, opake, brittle, eafily frangible;

fpecific gravity 4.878.

1. To free the ore as completely as poflible from foreign

matter, it was reduced to a coarfe powder, and carefully pick-

ed. It was then digefted in diluted muriatic acid, which dif-

folved a quantity of carbonate of lime, amounting to 13 per

cent, of the original weight of the ore.

2. Thus purified, it was dried on the fleam-bath, and 100

grains of it were reduced to a fine powder, and digefted in di-

luted nitric acid, till every thing foluble in that menftruum

was taken up. The refidue was digefted in the fame manner,

in muriatic acid; and when that acid ceafed to act, the refidue

was treated with nitro-muriatic acid till no farther folution

could be produced. The infoluble matter was of a white co-

lour ; it weighed 6,g grains, and was almoft entirely fulphate

of barytes. No traces of fulphate of lead, nor of oxide of anti-

mony, could be detected in it by the blow-pipe.

3. The three acid folutions being mixed together, no cloudi-

nefs appeared, nor was any change produced ; a proof that the

ore contained no filver.

4. The folution being evaporated nearly to drynefs, was di-

luted with water, and precipitated by muriate of barytes. By
this means, the fulphuric and arfenic acids, which had been

formed during the long-continued action of the nitric acid on

the ore, and the prefence of which had been indicated by re-

agents, were thrown down; for nitrate of lead, added to the re-

fidual liquid, occafioned no precipitate j a proof that no arfe-

nic acid was prefent.

5- The
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5. The liquid, thus freed from arfenic acid, was mixed with

an excefs of ammonia. It afTumed a deep blue colour, while a

brown matter precipitated. It was feparated by the filter, and

being dried, drenched in oil, and heated to rednefs, it was to-

tally attracted by the magnet. It weighed 45.5 grains, and

was iron.

6. The ammoniacal liquid was neutralifed by fulphuric acid,

and the copper thrown down by means of an iron plate. It

weighed 17.2 grains.

7. To afcertain the quantity of fulphur and arfenic, 100

grains of the purified ore, in the ftate of a fine powder, were

put into the bottom of a coated glafs-tube, and expofed for two

hours to a red heat. When the whole was cold, and the bot-

tom of the tube cut off, the ore was found in a round folid

mafs, having the metallic luftre, a conchoidal fra&ure, and the

colour and appearance of variegated copper-ore. It had loft 16

grains of its weight.

8. The upper part of the tube was coated with a yellow ifli-

brown fubftance, like melted fulphur. It weighed 12.6 grains.

Thus, there was a lofs of 3.4 grains. As the tube was long,

this lofs can fcarcely be afcribed to fulphur driven off. I ra-

ther confider it as water. For towards the beginning of the

procefs, drops of water were very perceptible in the tube.

"\yhether this water was a conftituent of the ore, or derived

from the previous digeflion in muriatic acid, cannot be deter-

mined.

9. When the 12.6 grains of yellowifh brown matter de-

tached from the tube, were digefled in hot potafh-ley, the

whole was difiolved, except a fine blackifti powder, which

weighed
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weighed 1 grain, and was arfenic. The diflblved portion I

confidered as fulphur.

10. The potafh folution, being mixed with nitric acid, 4
grains of fulphur fell. The remaining 7.6 grains mult have

been converted into fulphuric acid, by the aclion of the nitric

acid. Accordingly, muriate of barytes occafioned a copious

precipitate.

11. The 84 grains of roafled ore being reduced to a fine

powder, mixed with half their weight of pounded charcoal, and

roafled a fecond time in a glafs-tube, one grain of fulphur fu-

blimed. But the tube breaking before the roafling had been

continued long enough, the procefs was completed in a cru-

cible. The roafled ore weighed 70 grains.

12. From the preceding analyfis, we learn that the confli

tuents of the Airthrey ore, are as follows :

Iron,

Copper, -

Arfenic, -

45-5
17.2

14.0

Sulphur, - 12.6

Water, - 3.4

Foreign bodies, 6.9

Lofs,

99.6

•4

100.0

If we fuppofe the water and the earthy refidue to be only acci-

dentally prefent, then the only eflential conflituents are the firft

four, and the ore would be a compound of

Iron, 51.0
Copper, 19.2

Arfenic, 15.7

Sulphur, 14.

1

100.0

Vol. VI.—P. II. LI If
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If we compare this analyfis with feveral analyfes of grey cop-

per ore, lately publifhed by Klaproth, we mail find, that the

conftituents are the fame in both ; but the proportions of the

two firft ingredients are very nearly reverfed. Klaproth ob-

tained from 0.4 to 0.5 of copper, and from 0.22 to 0.27 of

iron. This renders it obvious, that the two ores were not in

the fame ftate. I have little doubt, that the difference, how-

ever, is merely apparent, and that it arofe, altogether, from a

quantity of iron pyrites, and perhaps alfo of arfenic pyrites,

which I could not feparate from the grey copper ore which I

examined. Both of thefe minerals could be diftinctly feen in

many of the fpecimens, intimately mixed with the grey cop-

per ; and I have no doubt that the fame mixture exifted, even

in thofe fpecimens which were felected as pureft. The differ-

ence in the proportions of copper and arfenic, obtained by

Klaproth* in his various analyfes, is fo confiderable, as to

lead to a fufpicion, that even his fpecimens, in all probability,

contained a mixture of foreign matter.

* Gehlen's Jour. vol. v. p. 9. 11. 13.

VIII.



VIII. New Seriesfor the Quadrature of the Conic Sec-

tions, and the Computation of Logarithms.

By William Wallace, one of the Professors ofMa-

thematics in the Royal Military College at Great Mar-

low, and F. R. S. Ed in.

[Read 27th June 1808.]

i. rTPHE Quadrature of the Conic Sections, and the Compu-

X tation of Logarithms, are problems of confiderable

importance, not only in the elements of Mathematics, but alfo

in the higher branches of that fcience. On this account, every

fuccefsful attempt to Amplify their refolution, as well as any

new formulae which may be found applicable to that purpofe,

muft always be interefling, and muft in fome meafure contri-

bute to the improvement of mathematical knowledge.

2. The object of this Paper, is to give folutions of thefe

problems, which fhall be at once fimple and elementary, with-

out employing the fluxional or other equivalent calculus ; and

it is prefumed, that thofe which follow, will be found to par-

take fo much of both thefe properties, that they may even ad-

mit of being incorporated with the elements of Geometry and

Analyfis. Befides, the formulas which refult from the invefti-

gations, are, as far as I know, entirely new, while each is appli-

Ll 2 cable
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cable to every poilible cafe of the problem to be refolved. Now
this laft circumftance is the more remarkable, as it generally

happens, that a feries which applies very well to the quadra-

ture of a curve within certain limits, is quite inapplicable be-

yond them.

3. Although, in a general way, this Paper may be faid

to treat of the quadrature of the Conic Sections, yet there is one

of them, namely, the Parabola, which I (hall not at all notice ',

becaufe, although its area may be found in a way analogous to

that which is here employed in the cafe of the other two, yet

the formula which would thence refult, mult, from its nature,

be the fame as would be found by any other mode of proceed-

ing.

As the quadratures of the ellipfe, and any hyperbola may be

deduced from thofe of the circle and equilateral hyperbola, I

fhall, in the following Paper, treat only of the two laft ; and

as the quadrature of a fector of a circle, and the rectification

of its hounding arch, are reducible the one to the other, it is a

matter of indifference which of thefe we conlider. I fhall,

however, confine myfelf to the latter.

4. In treating of logarithms, I might, after the example of

the earlier writers on this fubjecl, deduce the formulae for their

computation from thofe which we fhall find for the quadrature of
the equilateral hyperbola. I prefer, however, treating this fub-

jecT: in a manner purely analytical, without adverting at all to the

hyperbola, being of opinion, that every branch of mathematics

ought, as much as poflible, to be deduced from its own pecu-

liar principles; and therefore, that it would be contrary to

good method, to have recourfe to the properties of geometrical

figure, when treating of a fubject entirely arithmetical.

5- To
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5. To proceed now in the inveftigation of the different fe-

ries, for the rectification of an arch of a circle, let A denote

any arch, the radius being fuppofed unity. Then, from the

arithmetic of lines, we have

— I tan - A.
tan A ~ 2 tan 4- A 2 2

In this formula let each term of the feries of arches

111 1 1

'248 2 »—2 ' 2 «—i '

(which is a geometrical progreffion, having the number of its

terms n> and its common ratio ^,) be fucceffively fubftituted for

A, and let the refults be multiplied by the terms of the corre-

fponding feries of fractions

111 1 1
*> Zi *!»

2 4 8 2"—2 2"—l

then we mall obtain the following feries of equations :

1 1 i*i— - tan 7 a,
tan a 2 tan ±a 2

tan J #,

2

1

2 tan 7 # 4 tan •£ a 4

1 1

4 tan ±a 8 tan | a 8
T

I _ I £
8tan£* 16 tan TV a l6

tan t<t *,.

1 . o
tan

^ ^« t ^. # 2"

—

i 2n—l'

2«—2 tan 2«—x tan
* *

2i—

a

2n~~l

1 1 r , <z— — tan—.
ci a in on2«—

> tan 2» tan — * z
2«—

1

2

Let
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Let the fums of the correfponding fides of thefe equations

be taken, and obferving that the feries

+ +
2 tan | a 4 tan £a 3 tan £ a

• • • ™r*

>«—

1

tan
a

2«—

i

is found in each fum, let it be rejected from both; and the re-

fult will be

2" tan—
2"

taL-^ -gtan^+Itan^ + |tan-^+ ^tan-I«...

+ - tan t\2" 2«/
,

the number of terms of the feries in the parenthefis being »,

and hence we have

I ,!„ I r I\ I ,1, I ,

zz -f— tan - a 4- - tan - a 4- - tan - a 4-
2 24 48 8

2" tan
a

2 n

tan#

—, tan — a .

.

. -f- _ tan —

.

10 10 2" 2"

6. Now, 2tani-^ is the perimeter of a figure formed by

drawing tangents at the ends of the arch a, and producing

them till they meet; and 4tan^# is the perimeter of a figure

formed by bifecting the arch a, and drawing tangents at its ex-

tremities and at the point of bifection, producing each two ad-

joining tangents till they meet ; and in general 2 n tan— is the

perimeter of a figure formed in the fame way, by dividing the

arch
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arch a into 2"-"- 1 equal parts, and drawing tangents at the

points of divifion, and the extremities of the arch. Therefore,

denoting the perimeter of the figure thus conftrufted by P, we

have

L — —L_ "*
- tan - a -f- - tan - a -f-

- tan - a
P tanfl 2 2 44 8 8

-f-
JL tan —> tf • . . -| tan -

;
' l6 10 2" 2?

and this is true,- whatever be the number of terms in the feries

- tan - a -f-
- tan - a .... -j tan — *.

2 2 4 4 2" 2"

7. Now fuppofing n the number of terms in the feries, to in-

creafe, then a"—1
, the number of equal parts into which the

arch is conceived to be divided, will alfo increafe, and may be-

come greater than any affignable number. But it is a principle

admitted in the elements of geometry, that an arch being divi-

ded, and a polygon defcribed about it in the manner fpecified

in article 6., the perimeter of the polygon will continually ap-

proach to the circular arch, and will at laft differ from it by

lefs than any given quantity. Therefore, if we fuppofe n inde-

finitely great, fo that the feries may go on ad infinitun, then, in-

ftead of P in the formula of the laft article, we may fubftitute

its limit, namely, the arch a, and thus we mail have

I III I , I „. I ,
I

..
I .

_ — —-— -f- - tan - a -f- _ tan - a + - tan - a -f-

a tan a 2 2 4 4 8 8

—- tan —- a -\-, &c.
16 16

Thus

* We may here obferve, that this formula may be confidered as the analy-

tic expreffion of a general theorem (which is not meleganlj relating to regular

figures defcribed about any arch of a circle ; and others analogous to it will

occur in the following inveftigations.
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Thus we have the circular arch, or rather its reciprocal (from

which the arch itfelf is eafily found), exprefied by a feries of a

very fimple form ; and this is the firfl formula which I propo-

fed to give for the rectification of the circle.

8. We now proceed to inquire what is the degree of conver-

gency of this feries. In the firft place, it appears, that the nu-

meral co-efficients of the terms are each one-halfof that which

goes before it. Again, A being any arch of a circle, we have

by a theorem in the elements of geometry, fee A : I : : tan A
— tan 4- A : tan ± A ; therefore, I -f- fee A : I : : tan A : tan ± A,

tan A
and hence tan ± A = —j~r—X * "^ut as **ec ^ *s Sreater tnan

i, therefore i -f- fee A mufl be greater than 2, and confequent-

ly —r~r—r ŝ tnan > hence it follows, that tan 4- AJ
i -j- fee A 2

' *

mufl be lefs than £ tan A. Thus it appears, that a being any

arch lefs than a quadrant, the tangent of any one of the feries

of arches i a, £ a, f a, &c. is lefs than half the tangent of the

arch before it. By combining the rate of convergency of the

tangents with that of their numeral co-efficients, it appears,

that each term of the feries, after the fecond, is lefs than one-

fourth of the term before it j and this is one limit to the rate

of convergency of the feries.

9. Again, to find another limit, let us refume the formula

tanfA= t

,

an
r
A

A , from which it follows, that
tan ~%A

2
1 -f- fee A tan A

=—r-
r—r> and fimilarly, that *-r- == —rr—r-r- But

1 + fee A J tan 7 A 1 -f- fee \ A
fince
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fince fee \ A < fee A, and confequently
1 -I- feci A i+iecA'

therefore
C-^44 >^A and tan 7 A >

t"^Li# X tan i A.tan i A tan A 4 ^ tan A 2

In this expreflion, let \ a, ~ a, \ a, &c. be fubftituted for A,

and let the refults be divided by 8, 16, 33, &c. ', then we get

• „ 1
"7 tan -7 <? v. 1 ^ 1

. can "7 **
4 4

&c.

I I
, I . Ifrom which it appears, that in the feries, - r: f- z. tan - #

« tan a 2 2

+ i tan - a + I tan I a + \ tan \ a
-f- &c.44 8 8 10 10 '

each term after the third (that is, after ~ tan \ a), is greater

than a third proportional to the two terms immediately before

it, taken in their order; and this is another limit to the rate of

convergency of the feries.

10. The limits which we have found to the rate of conver-

gency of the feries, enable us alfo to affign limits to the fum
of all the terms after any given term. Let the feries be put

under this form,.

s = dra + -2
tan

I
a +

l
tan

I
a

- • • + Tw + «*+*

Vol. VI.—P. II. Mm where
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where T(m), T(m + o, T(m + 2), &c. denote the terms whofe

places in the feries are exprefTed by the numbers m, m-\-i
t
m-\-2

t

&c. Then, becaufe

T(ff2+2)< - T(ffl+ i),

4

T(*+3)^ - T(w+2 ),

4

T(CT + 4) < - T(w+3),

4

&c.

We have

T(m+3)4-T(m + 3 ) + T(TO+4)4', &c. < - fT(„+ x )

+ T(OT + 2)+ T(m+
3)+, &C.)

That is, putting S for T(m+ 2 ) + T(w+3) + T(m+4)+, &c . or

for the fum of.all the terms after T(m+o,

S<- (t<>-h) + S), and hence ^S < I T(«+I),& S <- T(w + 1 ).

4 T" T* 3

Thus it appears, that the fum of all the terms of the feries fol-

lowing any term after the firft, is lefs than the third part of

that term.

11. Again, from what has been faid in Article 9., we have

T(« + .)> 3fct3 T(«+ x), and therefore i&M >
T(m + l)

,

and fimilarly p^L > 2=!±2> and ^±£) > T(, +3)

and
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and fo on. From which it follows, that

T0»+*) > tv~V T^ + Oi
1 (m)

T1
/ -^ -^ ('" + * ) ""p -v

*(»+3.) > TV >
1 ('" + 2)>

••Cm)

&C

Hence, taking the fum of the quantities on each fide of the

fign > , and putting S for

T( ra + 2) + T( CT + 3 ) + T(m+ 4) "b &c.

we get

Therefore S— %±llS > Sp^i and confequently by re-
J- (?») A (m)

duclion,

1(») I(m+i)

from which it appears, that the fum of all the terms following

any affigned term after the third, is greater than a third pro-

portional to the difference of the two terms immediately be-

fore it and the latter of the two. But fince this limit will not

differ much from the former, which is - T(m'+i), it may be

more conveniently expreffed thus,

3 3(T(«0
— T£* + 0)

Mm 2 which
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which formula, by reduction, will be found to be the very fame

as the other.

12. The remit, then, of the whole inveftigation, may be

briefly ftated as follows : Let a denote any arch of a circle of

which the radius is unity, then fhall

h - tan - a -f- - tan - a -\- - tan- a A—y tan -><*..,.
I =z i

tSLna 2 2 4 4 8 8
n

16 16
a

] + T(W) -f- T(w + I ) -f S;

where T(m ) and T(w +ij) denote any two fucceeding terms

of the feries - tan - a -f - tan - a -f> &c, their places in it2244 r

being expreffed by the numbers m and flz+i > and where S is

put for the fum of all the remaining terms ; and the limits of S

are the two quantities

I To+i) and - T(«+o — (
T("Q— 4Tq+o) T(m + I )

3 3
3 (T W -T c, + )

'*

is, S is lefs than the former, but greater than the latter.

The expreflions tan - a, tan - a, tan - a, &c. are eafily de-240
duced from tan a, and from one another, by a well-known for-

mula in the arithmetic of lines, which may be exprefTed thus,

at

tan
2 tan1 A tan A

13. I now proceed to the inveftigation of a fecond formula

for the rectification of the circle ; and for this purpofe refume

the
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T T T T
the equation — rr —

;
tan - A, which, by ta-^ tan A 2 tan 7 A 2 2 J

king the fquare of each fide, is transformed to

nr = rrr + - tan2 -A .

tan A 4 tan4
7 A 422

In this formula, let each term of the feries of arches

ill a
a, - a, - a, - a . . . . ,

2 4 8 2"—

1

of which the number of terms is », be fubftituted fucceffively

for a, and let the refults be multiplied by the correfponding

terms of the feries of fractions,

ill 1 1 .

4 4 43 4«—2' 4«—

1

thus there will be formed the feries of equations

-r -tan - a — i42 2'

+ -tan** a — _L_
4 4 2.4*

+ 4 tani« —-,43 8 2.4*'

-f- — tan*— a i_,
8

2
tan2 ia i6*tan

a

TV" 44 16 2.43'

tan
1
a

1

2
2
tan

2

1

2 d

4
2 tan2

1

1 a

2' tan
2

1

i'H

4* tan' i*

1

8
2
tan

2

1

i*

+ -L_tan*-^ *

22«-4tan-A_ a»«utf-f- 4"- 1 2—* 2.4—a'

2«—

2

2"—

1

I 1 2 a x+ — tan — *—

.

4» 2« 2 .4«-i

Let

2 2«—2 tan 2 2n tan
2«—

1

2"
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Let the Turn of thefe equations be taken, as in the inveftigation

of the firft formula, and obferving that the feriesi,i ,i
2

2
tan*^rt 4 tan 7^ 8*tan

a
±tf „•«__,* 2 «2 T * 8 2 2»—2 tan

2«—

1

is found on both fides of the refulting equation, let it be reject-

ed from both ; then we obtain

2 a
2 2n tan —

2"

4 2 4 4 4 J 8 ' 4
4 16

.1 * ^ /I 1 , 1 , 1 1 1 \

H tan (- + h 1+ r . . + J.

^ 4* 2" V2 2.4 2.4 2.4^ 2.4"— x '

Now it appears, that one part of this expreffion, viz.

1+ JL+-L,+ -I + -1_,
2 2.4 2.4 2.4J 2.4"—

*

is a geometrical feries, the firft term of which is -, the laft
£

term , and common ratio - ; therefore its fum is
2.4—«'

4

Alfo, fince 2n tan— is the expreffion for the perimeter of a
2

polygon, formed by dividing the arch a into 2n— l equal parts,

by drawing tangents at the points of divifion, and producing

the
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the adjacent tangents until they meet, (Art. 6.) \ therefore

2 2n tan* — will be the fquare of that perimeter. Let the pe-
2"

rimeter itfelf be denoted by P, then, fubftituting P* in the

equation inftead of 2 2n tan tL, and - (1 — -^) inftead of the

feries to which it is equivalent, and bringing ^ to one fide,

we get

—L-+ ?(i-I)
tan 2 a '3 ^ 4»'

= <j — (-
x
tan

4 la+Lt9xi% La+ - tan
2 ! «+ *W -La. ..

v4 2 4* 4 '43 8 44 16

-+- — tan — J.

4» 2n/

15. This is true, whatever be the value of n, the number of

terms of the feries in the parenthefis. Let us now conceive

the feries to be continued indefinitely, then, as upon this hypo-

thefis, n may be considered as indefinitely great, — will become

lefs than any aflignable quantity, and therefore - (1 — L\

will become fimply - ; moreover, P will in this cafe become a,

(Art. 7.), and P* will become a\ Thus, upon the whole, we
mail
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tan a
+=?

a*
( - tan - a + —a

tan2
- «

-f- — tan* - a -f -i tan
2 4= «

v4 2 4 4 43 8 44 16

+, &c),

and this may be confidered as a fecond formula for the rectifi-

cation of any arch of a circle ; for the procefs by which an
arch is found from the fquare of its reciprocal is fo rlmple,

that the latter being known, the former may alfo be regarded

as known.

16. Instead of expreffing the fquare of the reciprocal of

the arch in this manner, by the fquares of the tangents of its

fub-multiples, we may exprefs it otherwife by the fquares of

their fecants. For fince tan
2
- a — fee* - a— 1, and tan2 i a22 4

— fee
2 - a— 1, and fo on, therefore the feries

4

1 „ 2 1 ii 2I ii ii 1 1
- tan2 _ a -f- _ tan2

- a -f - tan
2
- a -f — tan4 ~ a -f , &c.424 4 43 8 44 l6

"r, «^.
1

tan* - a -+-424*
is equivalent to

2 fee* Li
+J

fee* l^a + 1 fee' la+l fee- ^ a +, &e.

But the latter part of this expreflion is evidently an infinite

geometrical
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geometrical feries, of which the firft term is -, and ratio -
j

4 4

therefore its fum will be - ; hence, by fubftitution, and put-
3

ting « for —^— 4- 1, we have5
fin* a tan

2
^

I = _i (Ifec^^ + 1 fed a + 1-fee2 |a + 1
. fee* i a

« fin
1 * V4 24 4 43 8 44 16

+, &c),

which is the feries to be inveftigated.

17. There is, however, another form, under which the fe-

ries brought out in Article 15. may be given, and which I con-

fider as the befl adapted of any to the actual calculation of the

length of an arch. This transformation will be effected,

if, in the well - known formula, tarn A zr —
,

~—r»
1 -f cof 2 A

inftead of A, we fubftitute fucceffively a, -a, -.a, &c. ; we

1 — cof - a
mail then obtain a feries of fractions of the form

n

1 + cof I a

which being fubftituted inftead of their equivalents in t

mula
. ..

r '

I ,2

the for-

+ -

1=^
tan a 3

Vol. VI—P. II. Nn
jt
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i -f cof 2 a . 2

i — cof2^ 3

?=-<
(

I I — coftf , I I — cof^ « . I I cof7 tf

41+ cofa 4
a

1 + cof~ a 43 1 + cof7 a

+ ~ 1 —- cofi a

4* 1 -j- c°f 8 U /

or, putting - a inflead of a, and - a inftead of - a. and fo on,
2 4 2

in order that the formula may contain only the cofines of the

arch and its fub-multiples, and dividing the whole expreflion

By 4>

r
1 1 -f- cof a , 1

4 1 — cofa 6

a =H (
I * — c°f 2 * 1 i_ 1 — cof7 a

, £ 1 — coffa
V 1 + cofi^ r 4^1 + cof^a 44 1 + cofi-tf

r¥h*l cofTK a
+, &c.)

4' 1 -f- cof-^a

and this is the fecond feries which I propofed to inveftigate,

reduced to its moft convenient form.

18. We may determine two limits to the rate of convergen-

cy of the feries juft now found, in the fame manner as we have

found the limits of that of our firft feries ; and, indeed, the rea-

foning employed in the one cafe is immediately applicable to

the other. For if the firft feries, which is

a
-1— + I tan - a -f - tan - a -f

I tan \ a -h, &c.
tan« 224488

be



QUADRATURE of the CONIC SECTIONS, &c. 285

be put under this form

I = sb + T« + T"> + T^ + T«> +• &c -

II T T
where T(i) Is put for - tan - a, and T( 2) for - tan - a, and T(

3)

for - tan-- a, &c, then, as the formula given at the conclufion
<J o

of the laft article, becomes by fubftituting tan* I a for
*""" J a

.

4 i-fcoffa

and tan* \a for ^^j 4
, and fo on,

8 1 -{- col ~ a

f 1 1 + cofa
,

1

T I 4 1 — cofa 6

it may be otherwife exprefled thus,

1 1 -j- cofa , 1

£_ _ J 41 — cof# 6

*'

{- (T
2

( 2) + T'(
3) + T\4) + T-o) +, &c),

where it is to be obferved, that the fymbols T(2), T(3 >,
T(4),

denote the very fame quantities in both feries.

Now, as we have found (Art. 8, and 9.), that each term of

the feries of quantities T( 2> T(3 ), T(4), &c. is lefs than - of the
4

term immediately before, but greater than a third proportional

to the two terms immediately before it, taken in their order, it

Nn 2 is
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manifeft, that each term of the feries in our fecond formula

mull be lefs than —? of the term before it, but greater than a
10

third proportional to the two terms immediately preceding it ^

and thefe are the limits to the rates of convergency of our fe-

cond feries.

19. We may alfo aflign limits to the fum of all terms, after

any propofed term : for putting it under this form

f 1 1 + cofa , 1

i_ __ J 4 1 — cofa 6

L — (T(0 + T
( 2) ... + T

(„) + T (n+ + T(n+2) -f, &c.)»

where T(i), T( 2 ), . . . T(„), &c. now denote merely the terms

of the feries taken in their order, then becaufe

T(«+3)<;
Y6

T(m +a),

T(m + 4)< -g T(OT +3),

&c.

Therefore,

T(«-+a) + T(m+ 3 ) + T(« + 4)+, &C. < jg \T(m+ i)

+ T(w+ 2)+ T(m+3)+, &C.)

That
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That is, putting S for To-f 2 ) + T(m + 3 ) + T(« + 4 ) -f, &c.

S< i [T(m + i) + S], and hence S < — T(« + i>

Thus it appears, that the fum of all the terms following any

term, is lefs than — of that term.
15

20. As to the other limit, it muft be the fame as the like li-

mit of our firft feries, on account of their having the fame li-

mit to their correfponding rates of convergency. That is,

putting S to denote as above, then

S :>
T(W+l) rp

.

L [m) 1 [m+ I)

nr c> I 1* _ T(w )
— 16 T(w+ i) T

15 15 V.l(m) l(« + i)J

21. It yet remains for us to confider how the feries of quan-

tities —^

—

r~, —; tt~ 9 &c ' are to be found. Now this
1 + cofa 1 + col ~ a

may be done, either by computing the colines of the feries of

arches a.- a. - a, - a, &c. one from another by means of the248
formula cof -A= V *

"*" coi
, and thence computing the fe-

2 2

cc jq.« I — cof4-tf i

—

co{±a Q ~
ries or fractions —

; ^-f—, —

;

7*7—, &c. Or we may
1 + cof -i- a 1 + cof~ a J

compute each fra&ion at once from that which precedes it, by

a formula which may be thus inveftigated :

Put
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Put
I-=^ = t, and * 7 c°ff ^= ,, then cofA = j-.',
i-fcofA i + cofi-A i -f *

and l + cofA - _L_ ; alfo cof ± A = *=£-, now cof i A
2 I + / 2 I + r 2

=Vi±i2£A therefore i^r = _^_
2 i -f t

,y /FT?
and hence

*' = Vi + t— i

Vi + t + i

22. Upon the whole, then, the refult of the inveftigation of

the fecond feries may be ffated briefly as follows. Let a de-

note any arch of a circle, its radius being unity, then

i i -{- cofa , i

41— col~a 6

2=1

J

_ J 4 i+coft^ 43l +cofi;^ 441+cofitf" ' i

+ T(m ) + T(m + i) + S

where T<„) and T(«+i) denote any two fucceffive terms of the

feries in the parenthefis, and S denotes the fum of all the fol-

lowing terms ; and here S will always be between the limits

, I _, (T(m ) — l6TCm+i)) T(m + t)

TW,and-

T

{m+ i)— (T (.)
— T

(.+,))
'-LiW,«-

I5

that is, it will be lefs than the former, but greater than the lat-

ter quantity.

The feries of cofines are to be deduced one from another by

means of the formula

„t . ./i-f-cofA
cof - A =V—!—

Or,
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Or, compute the feries of quantities t, f, t", f", &c, one from

another by means of the formulae

_ I — COfa , r </\-\-t— I _ Vl+t'— I o

i + cof^z •i + f + i • I _|_r+i

Then will

f 1 1 + cofa 1

4 1 — cofa
~

f~ 6
J_ J

where T( OT ), T(»j+i), and S denote the fame as before.

I consider this fecond feries for the rectification of the

circle (under either of its forms), as preferable to the other fe-

ries given at Article 12. for two reafons ; firft, becaufe of its

oreater rate of convergency, and, next, becaufe the quantities

coftf, cof- a, cof- a, &c., alfo the quantities t, t\ t\ &c. can
2 4

be deduced more eafily one from another than the feries of

tangents tan a, tan - a, tan - a, tan - a, &c.
2 4 Q

23. That we may inveftigate another- feries, let us

refume the formula r= „ . , A
— - tan 4- A \ the cubes

tan A 2 tan-A 2

of both fides of the equation being now taken, the refult is

-taniAJ- — itan 3 ! A=
tan J A"" 8tan 3 iA SltaniA 2

-* 8 2

To
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To the fides of this equation let the correfponding fides of the

equation

-LW= l l—W-*nlA}tan A 2 C tan^-A 2 J

be added ; then we get

\-r + -L-*=l( rv-r+—Vt)— |(tan* A + tan 3 lA).
3 A tan A 8 vtan 3 ~ A tan^ A' 8

V
2 ^ 2 '

xt 1 t * 1 + tan A fee A , ~ ., .Now -— + r zz—:——r— zz —
-, and fimilarly,

tan 3 A tanA tan 3 A tan 3 A' J '

1 , 1 fec
2
4rA

k + -A-r - ,^ »
al{b tan i A + tan 3 I A =

tan 3 7 A tani-A tan 3 ^-A 2 2

tan - A (1 + tan* - A) = tan - A fee
2
1 A : therefore, by fubfii-

2 v 2 ' 2 2 ^

tuting, we get

fee* 7 A fee
2 |A 1 . 1 A r , 1 a

—

-z—r = 5 f—r- — - tan - A fee 2 - A.
tan 3

i A 8 tan 3 £A 82 2

24. From this formula, by fubftituting a, -a.
x
a . . . _^_

rf

2 4 2«—

'

for A, and multiplying the fucceffive refults by the fractions

11 1

' 8' 8" ' " ' 8"—v we deduce tne following feries of equations,

the number of which is n :

fee
1
a

tan^
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fee* a

tan 3 a

fee
2

f a
4

2 3 tan* ± a

fee* £ a

4 3 tan» ^#

fee z «
rt

2* tan* \a
— - tan - a fee

2

- at82 2

_ „
fec't* _ I

{an
I
a fe..

I
„

4 3 tan :

fee
2

4- a

8 tan^tf

8
5

^rtan la fee* | *,

fee
a a

2 n—

2

fee
z a

2
3fB"" IJ tan 3— 2 J («-ntan5-^-

2*—2 2"—

*

fee
2 4
2«—

1

2 3(«—

O

tan 3
a

2«—

1

fee*—
2"

2 3» £an J —
2"

_-JL_tan-^-fec*-^,
n—

1

2n— * 2"—

*

o

I a r 1 a— - tan — lee —

.

8n 2" 2*

Let the fums of the correfponding fides of thefe equations
be now taken, and reje&ing from both the common feries

fee
2 ~ a

r- + fec
2

-f*
fee 2

a

2 3 tan 3 \a 2 3 tan 3 \a

the refult will be

fee
2 -!
2«

- • +
2«—

1

2 u«— 1 J tan 5
a

fee a
.

tan 3 a "
\

3 »» tan ;

2»

-H
fi tan - a fee* -a -f i- tan 5 a fee4 -
18 2 2 8 2 4 4

L 8» 8 8 8" 2" 2" .

Vot. VI.—P. II. Oo and
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and here the number of terms compofing the feries in the pa-

renthefis is n.

Let us now conceive the feries to go on ad infinitum, fo that

n may be confidered as indefinitely great, then, it is manifeft,

that fee
2— will become equal to rad

2

; now 2« tan— will be-

\

come a, (Art. 6. and 7.) therefore 2 3«tan 3 — will become a* :

f 2 CI

hence, fubftituting -j for §1_ in our equation, and tran-
a

2 3 *tan>*
2 n

fpofing, we get at laft

fee'
1

a
f-

*

r tan I afec* - a+* tan ? a fee
2 - atan 3 a 8 2 2 . 8

2

4

-f- ±- tan \ a fee
2

\ a -f, &c.
o 3 o o

and this is the third feries which I propofed to inveftigate for
the rectification of an arch of a circle.

25. The feries we have jufl now found, is evidently of a
very fimple form; it alfo converges pretty faft, each term be-

ing lefs than the 16th of that which precedes it. As, however
to apply it to actual calculation, it will be neceflary to ex-

trad the cube root of a number, which is an operation of con-
fiderable labour when the root is to be found to feveral figures

perhaps, confidered as a practical rule, this third formula is in-

ferior to the two former. But if, on the other hand, we re-

gard it merely as an elegant analytical theorem, it does not

feem lefs, deferring of notice than either of them.

26.. The
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26. The mode of reafoning by which we have found feries

exprefling the three fir.ft powers of the reciprocal of an arch,

will apply equally to any higher power, but the feries will be-

come more and more complex as we proceed, befides requiring in

their application the extraction of high roots. In the cafe of

the fourth power, however, the feries is fufficiently fimple, and

converges fafter than any we have yet inveftigated, while, at

the fame time, in its application we have only extractions of

the fquare root. On thefe accounts, I fliall here give its invef-

tigation.

I T T T
Resuming the expreffion :r tan - A :* tan A 2 tan 4- A 2 2

let the fourth power, and .alfo the fquare of each fide of the

equation be taken, the refult will be

+ f — -tan2 ^A-f-itan 4 i-A
tan+A "' 16 tan 4

4- A 4tan
2
-i-A 8.4 16

— _ + * tan' ^ A.
tan

2 A 4 tan2 i- A 2 4

Let the firfl of thefe equations be multiplied by 4, and the

fecond by 3, and let the remits be added ; then, reducing the

fractions to a common denominator, we get

Vf-4tan
2A 1 3+ 4tan2 i-A 14 , 1 ( -, . . . A >

Let us, for the fake of brevity, exprefs the complex quanti-
T

O I a t- aril A

ty 4 A
— by the fymbol /A, (which is not to be under-

ftood as the product of two quantities / and A, but as a charac-

ter denoting a particular function of the arch A;) and, fimilar-

ly let 3+ 4tana -iA
be denoted by / ± A, and fo on. Alfo" tan4 A

/
Oo 2 let
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let the other complex expreflion 4 tan
2

^ A + 3 tan4
4- A be de-

noted by FyA; and if there were others like it, that is, which
only differed by having ^ A, | A, &c. inflead of ± A, they would

be denoted by F ^ A, F -i- A, &c. ', then our laft equation will

(land thus,

and fimilarly, putting 1 A, ~ A, i A, &c. fucceflively for A, and

multiplying the refults by the feries of fractions —?, —^, —r^y,

&/ A - igs/i A ~ ip + ^3 F i A,

&c.

By continuing this feries of equations to n terms, and then

taking their fum, and rejecting what is common to each fide of

the refult, exactly as in the inveftigations of the three preced-

ing formulae, we fhall get

+^FtA+ 4aF^A+4,FiA... + -4fJL16 a 16* 4 16? ' 16" 2n

and this equation holds true, n being any whole pofitive num-
ber whatever.

2,7* Let
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27. Let us now, however, fuppofe n indefinitely great, then

. 3 + 4 tan* -
the quantity \ /— , or . _i!, becomes fimply -^, be-

^ ' 2 4 « 2" / » fc
AV A

[ 2 tan— }

\ 2"/

A A A
caufe tan —, and confequently 4 tan*— , vaniflies, and in tan —

becomes A, as we have already had occafion to obferve (Art. 6.

and 7.). Alfo the geometrical feries

re + & + w< +• &c -

having the number of its terms indefinitely great, and their

common ratio —^ will be — . Therefore, by fubftitution and
10 15

tranfpofition we have

or, fubflituting for /A, and F-j A, Seethe quantities which

thefe fymbols exprefs,

A4

3 + 4tan ? A 14

tan+ A "" 15

i

{^ (4 tan
2

i A+3 tan* | A)+ ^(4 tan
2

i A-f-3tan^A)

+ -L (4 tan
1

i A + 3 tan4
f A) +, &c]

and this is one form of the feries which we propofed to inves-

tigate.

28. This
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28. This feries, however, admits of being exprefled under

another form, better adapted to calculation, and to effect this

transformation, let us begin with the term * * A . In
tan4 A

this quantity let ——

—

be fubflituted for tan* A ; it then

becomes, after proper reduction, ZJE—£5L_ co ^
. A-

•

r
1 — 2 cof 2 A +cof 2 A

gain, in this expreflion let —^——^—
' be fubflituted for

cof
2
2 A, we then get

3 + 4 tan' A _ 13 — cof4 A -f T 2 cof 2 A
tan4 A 3 + cof4A— 4cof2A'

The remaining terms of the feries, which are fimilar to one

1 1
another, and of the form 4 tan

2 — A+ 3 tan4— A, admit of a
' 2» 2«

T
i — cof- A

like transformation -, for by fubftituting for

1 -f- cof - A
n

1 + cof-

A

tan
2
-i- A, and again — for cof. A in the remit, we
2« 2 n

[
'_

get

_

13— cof- A— 12 cof-

A

4 tan
4~A + 3 tan4

:
i-A =

f

I

3 + coffA+ 4<eofiA

By
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By fubftituting thefe transformed exprefEons in the feries, it

becomes

3 13 C0fA A + 12 Cof2 A , 14

A + 3+coi4A — 4 col 2 A 15
1

{1 13 — cof2 A — 12 cofA
,

_i_ 13—- cof A — 12 cof7 A
16 3 + cof 2 A + 4 cofA + ¥!

3 + cofA -j- 4 cofi A

4. * 13 — cofjA — i2cofjA , & "I

"•"I63 3 + cofiA + 4cof^A ^' J

-Finally, let ~ a be now fubftituted for A, and -§ a for ~ A,

and fo on, and let the refult be divided by 3X16; then we
have

I 1 13 — cof a +12 cofj a
, 7

a4 ~ 3.16
2

2 + cof a — 4cof-r« 8.8.0.10

-I
ri 13— cof7 a— 12 cof*7a

, 1 13

—

coC^a— i2cofja
3.163 3 -J- cof \a + 4 cof% a 3.16* 3 + cof^^H- 4cof£>

4. * T3~ cofja— 12 cof-V^ . &c
^-i

3.16 5 3 -j- cofj a 4- 4 cof T'y # -

1

'

which is our fourth general feries for the rectification of an
arch j and its rate of convergence is very confiderable, for each

term is lefs than, ^th of the term before it. The feries, how-
ever, approaches continually to a geometrical progrellion, of
which the common ratio is ^.

29. The preceding formulae, as well as innumerable others,

which, may in like manner be deduced from the expreflion

tan A =z —-— - tan \ A, all agree in expreffing a power

of the reciprocal of an arch by an infinite feries, the terms of

which
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which are like functions of a feries of arches, formed from the

arch to be rectified, and from one another, by continual bifec-

tion. We may, however, in the very fame way inveftigate the

formulae which mall exprefs the reciprocal of the arch and its

powers by like functions of arches deduced from one another

by trifedion, or any other fedion whatever. The moft fimple

formula, which cxprefies an arch by functions deduced from
it by trifedion, may be investigated as follows :

2 tan ~ A -— tan^ — A
20. From the known expreflion tan A — * *

s
i—±° r

i — 3 tan
1

^ A *

we readily get

i _ i 8 tan-^A
tan A " 3 tan -j A 33— tan

2

J A*

and hence, by fubftituting a, j a, £ a, &c. fucceflively for A,

and multiplying by the terms of the feries 1, 7, £, &c. we de-

rive the following equations,

I __ I 8 f-Q n ' >7

3

8

3
2

8
~3 3

tan#

1

3 tan f a

1

3— tan
2

T
«'

tan^ a

3 tan y a 7

i

9 tan £ a

1

3— tan
2

^ «'

tan ~a
9 tan ~ a 27tan T

'

7 # 3 __ tan
2

-j'j a

&c.

Now conceive this feries of equations to be continued, till

the number of equations be n, and their fum to be taken, and

the quantities common to each fide of the refult rejeded, as in

the inveftigations of the other formulae ', then we mail have

1

tan/z
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1 1 f 8 tan 1 a j_ 8 tan ~ a

3
Z
3— tan

2 -^

tan - /

,-tan^\

tan ^~
s«tan" L33 — tan

z

f a
6

3
a

, 8 tan TV ^ ,8
~T" 1'

'

'

" • • • • ~r~

3' 3 — tan iT a y
3"

And this is true, n being any number whatever. Now, if we

confider that 3" tan — exprefTes the fum of the fides of a figure

formed by dividing the arch into y equal parts, and drawing

tangents at the points of divifion, whofe orders, reckoned from

one end of the arch, are indicated by even numbers, (that end

itfelf being reckoned one of them), and producing each to meet

thofe adjoining to it, and the laft to meet a radius of the circle

produced through the other end of the arch, it will be obvious,

that n being fuppofed to increafe indefinitely, the expreffion

2» tan —will have for its limit the arch a, and in this cafe the
3
n

feries will go on ad infinitum. Thus we fhall have

1 = 1 _ f 8 tan j- a ,8 tan ~ a ,8 tan -^7 a
f

tan* a "I33—tan2^ 3*3—tan^a 3 3_tan
2

Ty* ' \
and by tranfpofition,

1 ___ 1 _^_ 8 tan-i-^ , 8 tan ± a 8^ tan Ty a
a " tan** 3 3—tan

a

f* 3* 3—tan
2

-^
J" 3

3 3—tanV7«
"*"' &C *

and this is the feries which I propofed to invefligate.

Vol. VI.—P. II. P p 3I . the
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31. The feries we have juft now found, may be prefented

under various forms. Thus, by confidering that

1 _ cofA _ 2 fin A cofA _ fin 2 A
tanA "~

fin A "

2 fin
2 A ~~ 1 — cof 2 A'

and that

fin A
tan A cofA 1 2 fin A cofA 1 fin 2 A

i

3 — tan
2 A "

'

fin
: A ' ' 2 4 cof' A— 1 " " 2 1 + 2 cof 2 A3_

coPA

it will appear that by due fubftitution the feries may be other-

wife exprefied as follows :

1 1 {ma ,2 fin 7 # ,2 fin^^z ,2 fin T
'

7 a j_^r

a~~ 2 1—co{a 3 1 -f- ,2 cof-^ 3* i-f-2cof|-tf 3* i4-2cofj'7 tf

And other forms might be given to it, but they would all con-

verge with the fame quicknefs, and each term would be lefs

than fth of the term before it. The feries, however, under

whatever form it be given, and ail others which like it require

for their application the trifection of an arch, are, when com-

pared with thofe we formerly inveftigated, of little ufe as prac-

tical rules ; becaufe it is well known that to determine the fine,

or other fuch function of an arch from a function of its triple,

is a problem which produces a cubic equation of a form which

does not admit of being refolved otherwife than by trials, or

by infinite feries, both of which procefles are fufficiently labo-

rious, and only to be employed where the object in view can-

not be attained by eafier means.

32. As from the different feries we have found for the recti-

fication of an arch of a circle, the fpirit of our method mull be

fufficiently obvious, I fhall not inveltigate any others at pre-

fent.
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fent. Before leaving this part of our fubject, however, it may
be proper to obferve, that the fecond feries may be deduced

from the firft, arid the third from the fecond, and fo on with

refpedt to innumerable others of the fame kind, by the fluxional

or differential calculus.

For refuming the firft feries

-f - tan - a -J-
- tan - a -f 1 tan I a -f, &c.

a tan a 2 2 4488
if we take the fluxion of each term, confidering a as a variable

quantity, we have

a%
tan a ^4 2 4' 4 4 8

and hence, changing the figns, and rejecting da from each

term, and putting 1 + tan" -a for fee
2
- a. we findr ° n n

[ -U tan
i"+ ?

tan 4* + ^
tan

g
a +' &c-)

In this expreflion, inftead of the numeral feries -
-f- ~-f- L-j- &c

4 4
2

43 ;

)

(which is a geometrical progreffion having its common ratio -

4

fubftitute its value, viz. -, and the refult is

3

which is identical with the formula found at Art. 15.

P p 2 From
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From this feries, by a like mode of proceeding, we may de-
duce our third feries, and thence, again, our fourth, and fo on

:

but this mode of inveftigation, although very fimple, is certain-

ly lefs elementary than that which we have followed. And it

mud be kept in mind, that one principal objed of this paper is

to employ only the firfl principles of geometry and analyfis in
treating of the fubjects announced in its title.

33. By a mode of deduction differing but little from that

employed in the laft article, we may even derive our firfl feries

from a known formula, the invention of which is attributed to-

Euler. It is this,

a zz fin a fee - a fee - a fee - a 4-, &c. *
2 4 8

From this expreflion, by the theory of logarithms, we get

log a = log fin a + log fee - a -f- log fee - a -f log fee \ a -f-, &c .

we have now only to take the fluxions of all the terms, and re-

ject da, which is found in each, and the refult is

- = + - tan - a-\- - tan - a -{- - tan - a -f , &c
a tan# 2 2 4 4 8 8

which is the feries in queflion.

34. I now proceed to the inveftigation of formulae for the

quadrature of the hyperbola, and as the principles from which

they

* This formula, although very elegant as an analytical transformation, does

not feem to admit of being applied with advantage to the rectification of an arch,

on account of the great number of factors of the product which would be requi-

red to give a refult tolerably correft.
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they are to. be deduced are in effect the fame as we have had

occafion to employ when treating of the circle, it will be pro-

per to ufe the fame form of reafoning, and the fame mode of

notation, in the one cafe as in the other.

Therefore, in the equilateral hyperbola ABB', of which C
is the centre, (Plate IX. Fig. 1 .), and CA the femitranfverfe axis

;

let CB be drawn to any point B of the curve, and BD perpen-

dicular to CA ; then, in imitation of the notation commonly
ufed in the arithmetic of fines, which we have followed in the

former part of this paper, we fhall confider the co-ordinates

CD, DB, as functions of the hyperbolic fedor ACB. and put-

ting S to denote its area, we fhall denote the abfcifTa CD by

ab S, and the ordinate BD by ord S.

Draw AE touching the curve at its vertex, and meeting CB

DB
in E ; then, from fimilar triangles, we have AE zr x CA ;CD
therefore fuppofing the femitranfverfe axis AC to be unity,

AE zz . „ . Now this expreflion for the tangent correfpond-

ing to a hyperbolic fedor S, being analogous to —%—, the ex-
cofA

preffion for the tangent of an angle A, we may fimilarly de-

note AE by the abbreviation tan S. In like manner, if CB' be

drawn to a point B' of the curve, bifeding the fedor ACB, and
meeting AE in E', and B'D be drawn perpendicular to C \ y

then, as the fedor ACB' will be -S, it follows, that
2

CD' = ab I S, B'D' = ord - S, and AE' = tan - S : and fo on.
2 ,2 2

35. FROM:
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35. From the nature of the hyperbola, we have

ab S — ab
2
- S -f- ord

2
- S, ord S 3= 2 ab - S ord - S :22 22

therefore, by divifion,

abS abiS , 1 ord i S?

ord S 2 ord ~ S 2 ab * S

'

that is, s 2C -^ -|- - tan - S.
tan S 2 tan fS 2 2

This laft formula exprefles a property of the hyperbola per-

fectly analogous to that of the circle (Art. 5.), from which we
have deduced our firfl four feries for the rectification of an

arch. Therefore fimilarly, putting s, -sf -s, &c. fuccefiively

inftead of S, and multiplying by the feries of numbers 1, -, -,
2 4

&c. we have as in that article

1 1 , 1 i_ — r - tan - s,

tan s 2 tan ^ s

1 1 ,
r 1= p- + - tan - s,

2 tan - s 4 tan \ s 4 4

1 1 , 1 " 1

4 tan £ j- 8 tan \ s ^ 8 8
'

&c.

This feries of equations being fuppofed continued until their

number be n, by proceeding exactly as in Art. 5. when treating

of the circle, we obtain

2n tan —
2*
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— [ - tan - s -+- - tan_ j -J- - tan - s ~\—- tan —? s
\2 24 48 8 16 16tan j- \2 2 4 4

2* tan— , i,nn A2* -r — tan - }.^
I 2" 2 7

36. Let us now fuppofe the hyperbolic fector ACB to be di-

vided into 2" equal parts, by lines drawn from the centre to the

points 1, 2, 3, 4, .... 7 in the curve, and tangents to be drawn

at the extremities of the hyperbolic arch AB, and at the alter-

nate intermediate points of divifion 2, 4, 6, &c. fo as to form

the polygon AFF F" F'" BC. Then, by a known property of

the hyperbola, the triangles ACF, FC 2, 2 CF, F'C 4, . . . F" CB
are all equal, and as their number is 2", the whole polygon

bounded by the tangents, and by the ftraight lines AC, CB will

be equal to the triangle ACF taken 2" times. But the area of

this triangle is - AC X AF = - tan ^ (becaufe AF = tan-^,
2 22 2 /

therefore 2 n tan — exprefles twice the area of the polygon

AFF Y" F" BC. Let Qjlenote this area, then, fubftituting - Q^
2

S
for 2" tan — , and multiplying all the terms of the feries by 2,

we have

*=<

2 / 1 ,i 1 .1 1 ? 1 1
( tan - s -f- - tan - s + - tan - s + - tan ->

ms \ 22 44; 8 8 16

+ -L tan±Y^ 2" 2V

Now
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Now, the rectilineal fpace Q^ is evidently lefs than the hy-

perbolic feclor s ; but n may be conceived fo great that the dif-

ference between Q^and s (hall be lefs than any affignable fpace,

as it is eafy to demonftrate upon principles ftri&ly geometrical

;

therefore, if we fuppofe n indefinitely great, then (^becomes

s j and as, upon this hypothesis, the feries goes on ad infinitum,

we have

- = (tan - s -f- - tan - s -f - tan - s -f - tan —. s -f, &c.)
s tan j ..:>_, 2 24 4 8 8 10

which is our firffc feries for the quadrature of an hyperbolic

fector. And as =? = ns + ~ tan - S, by refolving this
tan S 2 tan ~ S 1 % 7

b

equation in refpect of tan S, we get the formula

tan- S r: —^-— —J—* 1,
2 tan S

v
tan

2

S
'

by which the feries of quantities tan _ j, tan - s, &c. may be
2 < 4

deduced from tan j- =: —-—, and from one another.
ab

37. This expreflion for an hyperbolic feclor is perfectly

fimilar in its form to that given in Art. 7. for an arch of a

circle. It may, however, be transformed into another better

adapted to calculation, by means of a property of the hyperbo-

la to which there is no correfponding property of the circle, or

at leaft none that can be exprelfed without employing the fign

s/— 1. The property alluded to may be deduced from the

known
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known formulae

r I

2 ab - = (ab s -f- ord j)" + (ab j — ord *)*,

2 ord- 3 (ab j -f- ord *)*— (ab j— ord s)",
n

by proceeding as follows. Let each fide of the latter of thefe

equations be divided by the correfponding fide of the former,

the refult is

d
s l

i
n __ (ab s -f- ord x) — (ab s— ord s)

,

n (ab s -f- ord s)" + (ab s— ord s)

which expreflion is equivalent to this other one,

, s /ab s 4- ord s\"
ord - (—

-

1 t-/ —- 1
n vabj— ord s'

,

"TT- i
aD

« /ab j + ordj\
w

*ab j— ord j'
~*~

Let us now put p for the fraction
a s -r ord J

then, re-
abj— ord j

ord-
n s

marking that = tan -, we have
ab- n

n

J*
s p — 1

tan - = c. >

n i

P + 1

Vo.VI.~P.II. Qjj aa
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an equation which exprefles the property we propofed to inves-

tigate. **

38. We have now only to fuppofe n in this formula to have

thefe values, 2, 4, 8, &c. fucceflively, and to fubftitute inftead

of the terms of our feries

1 2 A _ 1 , i . 1 . 1 iio\
- zz —

[ tan - s + _ tan - s + - tan - s +, &c. 1,
s tan s \ 2 2 4 4 8 /'

their values as given by the formula, putting alfo
or

,
inftead

ab s

of tan j, and the feries becomes

1 1 1

1 2ab.f (V — 1 ,l/>4 — i.ip — l_i_c 1

7 = 1^7- y-i
— +2 -— +

4
1— +

>
&clV 2 4 .

'8
,

p + x ^ +' 1 A + »

and this is the new form under which we propofed to exhibit

it.

30. Let us now inquire what are the limits of the rate of

convergency of this feries ; and in doing this, it will be mofl

convenient to refer to the firft of its two forms. Now, from

the formula —~ - - -

1
, c — - tan I S, we get

tan S 2 tan \ S 2 2

tan - S = - tan S (1 -f tan* - S). But 1 + tan2 1 S > 1, and22 2 2

therefore - tan S (1 + tan
1
- S) > -tan S, hence it follows, that

2 22
tan - S > - tan S. Thus it appears, that each term of the fe-

2 2

ries
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T I

ries of quantities tan- s, tan ~ s, &c. is greater than half the40
term before it ; and as thefe, multiplied by the fractions -, -,

2 4

&c. refpe&ively conflitute the terms of the feries, each term of

the feries, under either of its forms, is greater than one-fourth

of the term before it.

40. Again, from the formula tan- Sr: -tanS (1 -J-tan
2
- S)

2 2 2t

~ , 2 tan tS , 2I0 jr-ii 2 tan 7 S
we find

' = 1 + tan - S, and fimilarly, ^-=
tan S 2 tan ± b

1 -+• tan
1

-- S. But from the nature of the hyperbola
4

,i_ , zi c , r 2 tan IS 2 tan ~ S ,

1 + tan
2 - S < 1 + tan - S ; therefore r%- <—-

—

2—-, and
4 tan t S tan S

hence tan I S <
tan *

. Therefore, putting— s inftead of S,

4 tan b a

»

and multiplying by — , we have

— tan — s
T I„2« 4« 1 1,— tan -5- s < 1— x — tan— s,

An 8 « t 1 , 2« A.n* - tan— s T
» 2

»

from which it appears, that each term of the feries, following

the fecond, is lefs than a third proportional to the two terms

immediately before it. So that, upon the whole, it appears, that

the limits of the rate of convergency of our firfl feries for an

hyperbolic fector, are the fame as thofe of our firft for an arch

Qjl 2 of
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of a circle, (fee Art. 8. and 9.), only the greater limit in the

one cafe correfponds to the lefTer limit in the other, and vice

versa,

41. We might now, from thefe limits to the rate of conver-

gency, determine two limits to the fum of all the terms of the

feries following any given term, by the mode of inveftigation

employed at Art. 10. and Art. 11. in the cafe of the circle;

but the refult in both cafes would be found to be the fame, with

the difference of the fign < for > , and > for < ; that is, we
would find the fum of all the terms following any term of the

feries, to be greater than one-third of that term, but lefs than

a third proportional to the difference between the two terms

immediately before it and the latter of the two.

42. Upon the whole, then, our firft formula, for the quadra-

ture of an hyperbolic lector, may be exprefled as follows.

Let s denote the area of the fector, and put p for -.—— —.r r ab s— ord s

Then,

1

1 2 abs s

2 4 Q 16

P —I p — I P —1 p — I

s
~~ ord s \

L ^ 1 L
T

4 1
T

8 1
iy + i / + i p* + i p

i6 +i

+ TW -fT(,„ + .) + Ri

where T(m) and T(m +i) denote any two fucceeding terms of the

feries, and R the fum of all the following terms *. And
here

* The fame feries may alfo be put under another form, which it maj not be

improper to notice briefly, on account of the facility with which the terms may
be
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here

R > - T m +i)
3

but R < _ T(w + 1) X T(» + .

T(m)— T(« + i)

As thefe limits to R differ but little when the terms T(m
)y

T(m +t ) are confiderably advanced in the feries, the latter may

be exprefled more conveniently for calculation thus

I (4TO+O T(m))T(«+i)
R < - T(«+I ) + —rFFT—t-"^ *

43. Let us next inveftigate a feries for the quadrature of the

hyperbola, which may be analogous to our fecond leries for the

rectification of the circle. For this purpofe, proceeding as at

Art. 1 3. we refume the formula ? zr -4- - tan ~ S,J tan S 2 tan ~ S 2

and taking the fquare of each fide of the equation, get

_ I + I tan
2
-
1
S + I.

tan
2
S

"

" 4 tan
2 i S 4 2 2'

Inftead

be deduced one from another by the help of the common trigonometrical tables.

It is this,

7 = TSS7 ~ <W + 1
fiD *"+

-4
W" +

I
fi»«"- + TW + T„+ 1) + R).

The arches a,', a", a'", «,v, &c. are to be deduced one from another as follows.

Take a fuch that fin a— —-— , then, fina'~ tan - a, fin a"— tan I a' fin a'"
~~"

ab j 2 2
"~"

tani a", fin aiv =r tan -*'", See. The fymbols T(»), T(»+ j) and R, denote,

the fame things as in the other form of the feries.
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Inftead of S, we now fubftitute in this expreffion s, - j, - s, -- s,248
&c. fuccefiively, and multiply the remits by the terms of the

feries 1,* -, -g, —p &c. fo as to form the following feries of
4 4 4

equations, the number of which is n.

1

tan s

1

2
2
tan

2
i- s

1

4
2

tan
2

^j

a ',, +-1
tan

2 i ^ + £
2

2
tan 7/ 4 22

,.
T

a
,
+ -

a tan
2 1 s -f —

4 tan £ j 4* 4 ^ 2.4

77* r-7— + — tan
2 — j -4- —

8
2
tan

2

i* 43 8 ^ 2.4"

8' tan
2

i s
~ i6

2
tan

2

TV J
+

4
^
tan2

l6"
f + £#>

&c.

From thefe, by proceeding in all refpedts as in the article

above quoted, that is, by adding, and rejecting what is common
to each fide of the fum, we get

1 __

i S
,2« tan —
' 2n

tan ~ s
<! +^tan2^ + -itan2 ls+ i, tan* *

.r . .
.

-f .1 tan
2 1 j

4 2 4* 4 4^ 8 4a 2n

1* ~* ~r* 1" 2 • • • » ~f— .

2 2.4 2.4 2.4"—

1

Now,
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Now, as we have found (Art. 36.) that 2 n tan — exprefles
2» •*

twice the area of the polygon AFF'F'F" (Plate IX.), the

numerical value of which we have there denoted by Qj it

follows, that 2** tan2 — — — Q\ Moreover, the geometrical fe-

ries - ^ 1 .... 4 is equivalent to - (1 — — V
2 2.4 2.4* ' 2.4

n~ £ ^ 3 ^ 4"/'

therefore, by fubftitution and tranfpofition, we get

_i 2 / £
tan

2
j 3 ^ 4")

h- (* tan i s + —tan1 -
1

s + 1 tan* -S +1 tan 2lv
\± 2 4 4 4 J 8 ^ 2'V

I

4Q:
i

^4 2 4 4 4
J « 4»

44. Let us now conceive n to be indefinitely great, then, as

upon this hypothefis, Q_ becomes s, and - (1— —\ becomes

fimply -, and the feries whofe terms were n in number, now

goes on ad infinitum , we have at laft, after multiplying the

whole expreflion by 4,

4 8

1

o:

tan s 3

— (tan
2
1 s + I tan 2 I j + -I tan

2^ + -
3
tan

4 JLJ+
, &C .).

2 4 4 4 8 43 16 y

And this is one form of the feries to be inveftigated.

45- The



314 NEW SERIES for tbe

45. The fame feries, however, may be given under another

form, better adapted to calculation. For fince, by the nature

of the hyperbola

ab* S + ord* S — ab 2 S, and ab
2

S — ord* S zz 1,

therefore, taking the fum and difference of the correfponding

fides of thefe equations, we get

2 ab
2
S — ab 2 S -f *> 2 ord* S = ab 2 S— 1 5

and hence, by dividing the latter of thefe equations by the

1 o

former, and putting tan S inflead of , , we find

tan S —

abS

ab 2 S— 1

ab 2 S -j- 1

From this formula, by fubftituting s, -jj, ^ x, &c. inflead of

S, we obtain expreffions for tan
2
j, tan

2

7 s, tan2

J j, &c. Thefe

being fubflituted in the feries, and afterwards s put inflead of

2 s, 4- s inflead of j, ^ s inflead of -i- s, &c. (fo as to produce a

refult involving only the abfciflae correfponding to the. fector s
t

and its fub-multiples) ; and, finally, the whole being divided by

4, we fhall get

[ ab s + 1 2

1
J

abj— 1 3

*
Z
1 aD i J— 1 1 1 ab ^ j— 1 , 1 abi-x— 1

f
« .

and this expreffion is analogous to our fecond feries for an arch

of a circle, as given at Art. 17.

46. We may now invefligate what are the limits to the rate

of convergency of this feries, as alfo the limits to the fum of all

its terms following any afligned term. With refpedl to the firfl

of
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of thefe inquiries, it appears, that the terms of the feries, un-

der its firft form. (Art. -3) are exactly the fquares of the cor-

refponding terms of the former feries. under its firft form

(Art 36.), lb that the one being written thus,

I = P— (T (I) + T (2 )
. . . . + T (B) + T(M + I ) -f- T (w + 2) +, &c.)

the other will be

-
a
=F— (T\ I)+T 2

(2)...+T 2

(
w ) + T> + I )-fr (« + 2)+,&c.),

s

and here P and P' are put for the parts of the two expreflions

which do not follow the law of the remaining terms, but Tu),

T(i), &c. denote the fame quantities in both. Now, as each

term in the former feries has been proved to be greater than

one-fourth of the term immediately before it (Art. 39 ) each

term of the latter muft be greater than one-fixteenth of the

term immediately before it ; and this is one limit to the rate of

convergency.

Again, as it has been proved (Art. 40.), that in the

firft feries T(„-j- 2) < —^—-, therefore, fquaring, we have

T 2

(n + 2) < >p" • Now this quantity is a third proportional

to T 2

(«) and T 2

(„ + o ', hence it follows, that the greater limit of

the rate of convergency in the two feries is the very fame;

that is, each term is lefs than a third proportional to the two

terms immediately before it.

As thefe limits to the rate of convergency differ from

thofe of our fecond feries for an arch of a circle (Art. 18.),

only by the leller limit in the one cafe correfponding to the

greater in the other, and the contrary, it is fufficiently evident,

Vol. VI—P. II. Rr that
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that by proceeding, as in the cafe of the circle, to determine

limits to the fum of all the terms following any afligned term,

we would obtain an analogous refult, namely, that the fum of

all the terms following any afligned term is greater than T
'

T th of

that term, but lefs than a third proportional to the difference

of the two terms immediately before it, and the latter of the

two.

47. It now only remains to be confidered, how the numeri-

cal values of the terms of the feries are to be found. Now, this

may evidently be done by computing the values of the quanti-

ties ab 4- s, ab~ j, ab
J-

s, &c. from the abfcilfa correfponding

to the whole fector, and from one another by the known for-

mula

and thence the values of the quanties T ~~ -
,

4 s
-, &c.

ab 4- s 4" 1 ab ~ s + 1

Or we may deduce each of thefe from that which precedes

it, by a formula analogous to that found at Art. 21. in the cafe

of the circle, and which may be inveftigated as follows. Let

- — t, and
a
^-|~-^- — t\ then we have ab S = ii-

,

abS
ab S + 1

~
' abfS+i

and ~±— — ; we have alfo ab-i-Szr-?—t— ; and
2 1 — t 1 — t

lince by the nature of the hyperbola abjS~v r-—

$

therefore
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therefore - — i-ii, and henceVi— t 1 — t"

, _ 1—y/l—

?

* —
,

1 -f- v/i — *

which is the formula required.

48. The refult of the whole inveftigation of this fecond fe-

ries. for the area of an hyperbolic fecltor, may now be collected

into one point of view, as follows.

Putting s for the area of the fe&or, let its correfponding

abfcifla be denoted by the abbreviated expreflion ab s ; alfo let

the abfciflae correfponding to the other fectors which are its

fub-multiples be denoted fimilarly.

Compute the feries of quantities abfj, ab \ s, abf s, &c.

from ab s, and one another, by the formula

abiS=VabS+I2
2

Then fhall

ab s -f- 1 2

ab j-— 1 3

7 =
- f 1 ab 7 j — 1 . 1 ah \ s— 1, 1 ab -£ j— 1

] 4abij+ 1 4
2 ab^j+i 4 ab 84+i

I L • • • • + TM + T(« + ,) + R J

where R denotes the fum of all the terms following the term

T(m + 0, and this fum is always contained between the limits

-Lt(w, + , and
TW0

15 T(„)— TCm + .i)'

R r 2 i being
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being greater than the former, but lefs than the latter. This

laft limit may alfo be otherwife exprefTed thus,

I rp - (l6Tfw +i) T m) Tfm+l)

15
'

15 (r
(«)— 1(„+,0

Or compute the feries of quantities t, t\ t\ &c. one from

another by thefe formulae

- abj — r / - r "~ V '
~~ t

t
f> - I ~" /l —t7

l '^ ab-j+i' -i + Vi-f/ ~ 1 + s/F+7'

Then fhall

j ab j- — 1 3 v4 4 A-

the fymbols T( ra ), T(w+1 ), and R, being put to denote the

fame as before.

49. We might now inveftigate other feries for the quadra-

ture of an hyperbolic feclor, fimilar to the third and fourth fe-

ries we have found for the rectification of an arch of a circle

;

but this inquiry would extend the Paper to too great a length.

For this reafon, and alfo becaufe the manner of proceeding in

the one cafe is exactly the fame as has been followed in the

other, it feems unneceffary, in the cafe of the hyperbola, to ex-

tend our inquiries farther. I fhall therefore now proceed to

the third and laft object propofed in this Paper, namely! the in-

veftigation of formulae for the calculation of logarithms, be-

ginning with a few remarks that may ferve to conned: thefe

formulae with the common theory.

50. It is ufually fhewn by writers on this fubjec~t, that all

aumbers whatever are confidered as equal, or nearly equal, to

one
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one or other of the terms of a geometrical feries whofe firft

term is unity and common ratio, a number very nearly equal

to unity, but a little greater; and any quantities proportional

to the exponents of the terms of the feries, are the logarithms

of the numbers to which the terms are equal.

Logarithms, then, being not abfolute but relative quanti-

ties, we may affume any number whatever as that whofe loga-

rithm is unity ; but a particular number being once chofen, the

logarithms of all other numbers are thereby fixed.

Hence it follows, that there may be different fyflems, ac-

cording as unity is made the logarithm of one or another num-

ber; the logarithms of two given numbers, however, will al-

ways have the fame ratio to each other in every fyftem what-

ever ; thefe properties which are commonly known, are men-

tioned here only for the fake of what is to follow, as we have

already premifed.

51. Taking this view of the theory of logarithms as the

foundation of our inveftigations,

Let us put r for the common ratio of the geometrical feries,

x for any number or term of the feries,

b for the number whofe logarithm is unity,

y for the exponent of that power of r which is

equal to x,

m for the exponent of the power of r which is

equal to b.

Then we have x zz ry, and b zz rm, and becaufe by the nature of

logarithms log x : log b\ : y : m, therefore log x = 2L x log b -,

m

but by hypothefis log bzzi
f
therefore log * =: —

.

52. Lit
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52. Let v denote any number greater than unity, and p and

n any two whole pofitive numbers ; then, by a known formula

vp— I = V M v -f- v
z + v 3

-f v* . . . + vp >,

vn— 1 — V *
\ v + v

%

-f- <i>

3

-f V* . . . + v*
J-

j

therefore, dividing each fide of the firft of thefe equations by

the correfponding fide of the fecond, we get

vp— 1 _ v + v
1
-j- v* -f- V

4
. . . -f- vp

vn — 1
~~ v -f v -f- v* + i>

+
. . . + vn *

Now, v being by hypothefis greater than unity, the fraction

on the right hand fide of this equation is lefs than this other

fraction

vp -\- vp + vp + vp
. . . + vp (to p terms) _ p vp

i-{-i-f-i + i...+ i(to/z terms) ' '

~'

becaufe it has manifeftly a lefs numerator, and at the fame time

a greater denominator. The fame fraction is, however, greater

than this fraction

1 -f- T + 1 + 1 •»•+ 1 (to p terms) __ p
vn

_f_ v
» _}- V» -\- vn

. . . + i)
n
(to n terms)

~"~
n vn '

becaufe it has a greater numerator, and a lefs denominator.

Therefore,

qjP J p VP VP I p
v"— 1

<
n ' V1— 1

>
„ v**

and hence, dividing the firft of thefe expreffions by vp, and mul-

tiplying the fecond by v",

> aJfaSI TV Z <
„,* __ X * W'n i^(ws— i)' n vn—

1

53. Putting
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53. Putting v and/> to denote, as in laft article, it is mani-

feft that the feries

~ - 2 /—

t

I -j- 1> + ^ + V ... + ^

is greater than this other feries

3 + i-f-i+i...-fi(to/> terms) = pf

but lefs than this feries

v + v -\-v -f- v . . . -\-v (to p terms) zz p v

;

but by a known formula, the fum of the firft of thefe three ie-

ries is

v— 1

-, therefore,

p
v —

1

v I V

->p, - <pv,
p
V 1 V

and hence it follows, that

Vp <i-f-?L=JL, p(j—.j) <»— 1,<v

vF > 1 + v— 1

p v
, pQ-i)>i~\.

V (ft-

54. Let us now recur to the fymbols r, x, b,y and m, whofe

values are afligned in Art. 51. and let us afliime y == />, and

r=:vn
; then, from the two expreffions (a) in Art. 52, we have
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y y

n t r— in r— i
'

n
r

and hence, multiplying by n, and dividing by m t

y_ y_

L > JL .

n
(
r
*—

*) L < r .
* (r* ~ *\

m I 'm (r— i)' m m (r — i)'

But ry — x, and rm — b, (Art. 51.)) from which it follows, that

n n y _r zz x , and r — b ', moreover, ~ == log x$ therefore, fubftitu-

ting, we get

n {x
n— 1) 1

n
i.
x" — 1)

log x > -L .

j
, log x < b

m
.

F ,

x m(b — 1) m [b — 1)

and in thefe expreffions n denotes any whole
v
pofitive number

whatever.

55. By fubtracting the lefTer of thefe limits to the logarithm

of x from the greater, we find their difference to be

1

n

,m n

n(x — 1)

4-
1

X (b x —1).
n

f
.m -

x m{b — 1)

Now
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Now we have found, that one factor of this expreffion, viz.

1

n (x — 1)
•r—

3

cannot exceed the logarithm of x j with re-

n . in -

x m{b — 1)

1 1

,i n

fpect to the other factor b x — 1, fince it appears from the

b— 1
firft of the four formulae (/3), (Art. 53.), that b < 1 -f- m >

1 1 r

and x
n
< 1 -f-

—~—- $ therefore, multiplying b
m

x" < (H J

(1 -J ^— ), and hence
\ m J

f 7-'i < £=ii + izzi + (^-1) (^-i)
t

m n m n

Now as we may conceive m and /; to be as great as we pleafe,

it is evident that this quantity, which exceeds the factor

1 1

b x — 1, may be fmaller than any affignable quantity ', there-

fore the product: of the two factors, or the difference between

the limits to the value of log x, may, by taking m and n fuffi-

ciently great, be lefs than any affignable quantity.

Upon the whole, then, it appears, that the logarithm of x is

a limit to which the two quantities

1 r

n [x — 1 ) t
n (x -— 1

)

1 ,'«_ bit' 1

x m(b — 1) m {b" — 1

)

Vol VI.—P. II. S s continually
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continually approach when m and n are conceived to increafe

indefinitely, and to which each at laft comes nearer than by

any aflignable difference, juft as a circle is the limit to all the

polygons which can be infcribed in it, or defcribed about it.

56. The two expreflions n (x" — 1), m (b
m— 1), which en-

ter into thefe limits to the logarithm of x, and which are evi-

dently functions of the fame kind, have each a finite magni-

tude even when m or n is confidered as greater than any aflign-

able number ; for fince when v is greater than unity, and p any

whole pofitive number, we have

1 1

p (y
P — 1) < v — 1, p (v

p — 1) > 1 (Art. 53.)

Therefore, fuppofing x and b both greater than 1, (which may

always be done in the theory of logarithms), the expreffion
1

n {x — 1) is neceflarily contained between the limits x— 1

1

and 1 — - ; and in like manner, m (b"'— 1) is between b— 1
x

and 1 — -.

57. As the expreffion m {b — 1) depends entirely upon the

value of b, the number whofe logarithm is afiumed iz 1, (and

which is fometimes called the basis of the fyftem), the li-

mit to which it approaches when m increafes indefinitely will

be a conftant quantity in a given fyftem ; but the limit to

which
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which n (x — 1) approaches, when n is conceived to be inde-

finitely increafed, will be variable, as it depends upon the par-

ticular value of the number x.

T

Let us therefore denote the limit of m (b — 1), or that of

1

m (b'
n— 1)

, (for they are evidently the fame), by B, and then

in the fyflem whofe bafis is b, the logarithm of x will be the li-

mit of either of thefe two expreffions

1

1 n (x — 1) n (x — 1)

n
X

B B

when n is conceived to increafe indefinitely, or to fpeak brief-

1

n ( x - T 1

ly> logx =—-—?j -> when n is indefinitely great.
B

The conftant multiplier - is what writers on the fubjecl of

logarithms have denominated the modulus of the fyilem. As in

Napier's fyftem it is unity, we have, n being indefinitely great,

1

Nap. log x — n (x* — 1), and fince in any fyftem whatever

1 i_

B zz m (b™— 1), or B = n {b
n
—* 1), for we may pat m or »

S s 2 indifcriminately :
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indifcriminately ; therefore B =z Nap. log b, and confequently

log x (to bafis b) = Nap.logx
6 v J

Nap. log b'

as is commonly known.

58. Since, therefore, the logarithms of any propofed fyftem

may be deduced from thofe of Napier's fyftem, I ihall

throughout the reft of this Paper attend only to the formula

Nap. log x — n (x — 1), n being indefinitely great.

Let us then, agreeably to the mode of proceeding employ-

ed in the former part of this paper, afTume the identical equa-

tion

Xa + 1 _ X+i , 1 X—i
X 2— I ~ 2(X— l)

"*"
2 X+I*

_£,
'

i • 1 1

In this expreffion let x 2
, x+, x*, x ,z

, &c. be fubftituted fuc-

ceffively for X, and let the refults be multiplied by the corre-

11 /*
fpondinff terms of the feries, 1, -, -, &c. Thus there will be24
formed a feries of equations, which, putting n for their num-

ber, and m for 2
n
, may ftand as follows

:

x+ 1

x— 1
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1

x + 1 x — 1

X + I __ 1 1

T^Ti - ~ "

2 1

2 (tf
*

I

)

X
2

-f- I

I

1
1 4 1 4X-f 1 X+I X I

+ *

i L ' 4 £

2 (#* i) 4 (#
4

i) X
4 + I

1

4 1
8

1
8

ff-f 1 X -f* I X I

= + I
L L 8 I

4(x
4 +i) 8 (* —1) x +1iti

8 16, 16

X I X -f- 1 X I

--+3
8 (a + 1) 16 (x —

1

x -}- 1

I

2 (x -f- i) X + I * — I

= + 1
1 1

'
ryjl f '

m(x — 1) m (x — 1) x +1

Let the fum of thefe equations be now taken, and the

quantities found on both fides of the refult reje&ed, then, af-

ter
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ter tranfpofing, we get

x-\- 1

x -f- I

m(x — i)

x

X X —

I

X X
16

<l- + l.-T
4 4

+ 1

< X +• I * +1
8 1

8 .

* + I

+ A
16 -.

i<5

X -f- I

+

I

X l\

/» /

This equation, which is identical, holds true whatever be

the value of n. Let us now, however, fuppofe, that n is inde-

finitely great, then the feries will go on ad infinitum, and

m zz 2 !l will become indefinitely great \ but this being the cafe,

»+ i> which is always lefs than 2 -f- :, (Art. 53«)> will
X TJl

become limply 2 ; and m (x
'— i) will become Nap. log x,

(Art. 57.) ; therefore fubftituting thefe limits, and dividing by

2, we have

r
ix-f-i

2 # ~i

log X

a:
8— 1

+ ^-^+l
x iZ—

1

&c.)

16
XY -f-I

O* v 1 i

-f,

ff
,7 +I

and
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and this is the firft feries which I propofe to inveftigate for the

calculation of logarithms.

59. The feries juft now found agreeing exactly in its form

with our firft feries for an hyperbolic fector, (Art. 40.), as it

ought to do, will of courfe have the fame limits to the rate of

its convergency, and to the fum of all its terms, following any

propofed term. As the latter of thefe have been deduced from

the former, in the cafe of the hyperbola, by a procefs purely

analytical, and the fame as we have followed in treating of the

rectification of the circle, it is not neceflary to repeat their in-

veftigation in this place. The limits to the rate of convergen-

cy, however, having been made to depend partly upon the na-

ture of the curve, it may be proper, in the prefent inquiry, to

deduce them entirely from the analytical formula which has

been made the balls of the inveftigation.

Let any three fucceflive terms of the feries of quantities

j_ ±_

x 2 — 1 x* — 1

—
;

,
—

, &c. be denoted by t, t' and t" ; then it is

x* -f- 1 # 4
-f- 1

evident from the formula, (Art. 58.), that the relation of

thefe quantities to one another will be expreffed by the equa-

tions

6 — i 4- t'
2 1 , :« 1 „/,

t

From the firft of thefe we get 2 t' zz t (1 -j- t'
z
), now each of

the quantities t, t', &c. being evidently lefs than unity, it fol-

lows, that 1 + f'
2 < 2, but > 1, and therefore that 2 t' < 2 t,

and /' <tj alfo that 2t'> t, and t' > -t. Hence it appears,

in
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in the firft place, that each term of our feries, taking its co-ef-

ficient into account, js greater than one-fourth of the term be-

fore it.

t' i t° iAgain, becaufe -=- (i-\-t
n
); and, fimilarly, 7=-(i-f t'

n
),

t 2 I 2

and it having been proved that *' < t, Co that fimilarly, t" < t\

therefore - (i + 1^) < I (i -f ***}_, and confequently -r < -„ and

t
n

t" < —-. Thus it appears, that each of the quantities ^, &c. is

lefs than a third proportional to the two immediately before it,

and the fame muft alfo be true of the terms of the feries.

6o. Upon the whole, then, our firft feries for the calculation

of logarithms may be expreffed as follows :

JL JL JL

I _I*+I (I
,

I I
I— \t

—
; r o

—
* tz

—
log*"' 2*- 1 4^t +i *

xi +I l6 ** + I

+ T(m ) -f- T(«+i) + R);

and here, as in the former feries, T( OT )
and T(m+i) denote any

two fucceeding terms, and R is a quantity greater than _T(m + i),

but lefs than a third proportional to T(»— T(m+ 1) and Tm + ijj

or it is lefs than

i
T(-+ ')+ 3(T(.)-T(,:,)

T(*+,>

6i. That
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61. That we may inveftigate a fecond feries, we muft take

the fquare of the formula, (Art. 58.), which will be

f
*' + iV - (x+i)'

, 1 f
x - 1y , 1

From this exprefiion, proceeding exactly as in Art. 58. we form

the following feries of equations,

+ i)
2 (*t + 1)

(# — i)
2

4 (V
+ \ (

~
) + "'

(*
T +iy (*« + i)

a

(xT— i)
2 4*0*— i)

2 ^ VX 4 + I
/ 2.4.

= . j- I f \ _j_ j_
y

i.

2 (^— i)
2

43 (*$-!» 1)
9 4

3 \* + I
/ 2.4?

4 (* + 0* O 4- 1)

2

2 / '"

I / X I
\ 2 1

+ ? VI—v + 2 -4"_I

2 / '" _\2 2 / '" \2 f/l ,

tfZ (X 1) W2 (X i) X -J- I

Here « denotes the number of equations, and m is put for 2*.

Let the fum of the correfponding fides of thefe equations be ta-

ken, and the quantities common to each rejected, as ufual, and
Vol. VI.—P. II. Tie the
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the refult, after tranfpofition, will be

' IX+ Ty

(x
m + i)'

m (x — I

)

= S

V* 1/ v 2 2.4 2.4 2.43 2.4"-l/

1 I £
f ? 4 s

\ t /* "~ *V T
,x — I X — I

x f 1
4 ,

x -f i x° -f 1

+
1x 4-

1

This equation holds true when n is any whole pofitive number
whatever. But if we fuppofe it indefinitely great, then the two
feries will go on ad infinitum, and the limit of the numerical fe-

ries will be 2, alfo the limit of (*'"+ i)* will be 4, and the li-

T

mit of wp- (x
m— i)* will be log**, (Art. 57.) ; therefore, fub-

llituting thefe limits, and alfo putting 4* _j_ i
fQr

(x ~* J
)

2

3

VJb^i)
— |»

and dividing the whole expreffion by 4, we

get

log'*
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x + ±
(x l)

2
12

log*#

and thus we have obtained a fecond feries for the logarithm of

a number, which, by putting t, t', &c. inftead of the fractions

x* — 1 x 4 — 1

-, &c. and remarking that the relation which

x 2
-\- 1 x* + 1

the quantities t, f, &.c. have to one another is identical with

that of the quantities tan/, tan 4- J", &c. (Art. 35'), it will ap-

pear to be the fame as our fecond feries for the area of an hy-

perbolic fe&or, (Art. 43.)* Of courfe it will have the fame li-

mits to the rate of its convergency, and to the fum of all its

terms following any given term. Now thefe have been found

without any reference to the geometrical properties of the

curve, therefore it is not neceflary to repeat their inveftiga-

tion.

62. We mull now transform our feries upon principles pure-

ly analytical, fo as to fuit it to calculation. And, in the firft

(X I a X 11 2tf-j-I l(ff-fi) I

J
— —

x 4- 1' x -\- 2 X -{- I

Tt 2

x(*+y+i*
if

we
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we put
I (*+ = x> !t follows' that0T0=trv

In like manner, putting I ( xT + —7 J = X', and I ( x~* )

- # 2
x 4

v-+v~ x
;

+i '= X", we have ( 1, 1 1 = *£l2, and | -1_!
j =|£=?,

&c. Again, becaufe X'= I ( x *+—,), therefore 2X'

=

2 >• xT '

- f * + -) + i, but -^x + i^=X, therefore 2
X'a = X-fi

and X'=v—— • In like manner, it will appear, that

X" = n/
X + I

,
&c.

2

63. From the preceding inveftigation it appears, upon the

whole, that our fecond feries for the calculation of a logarithm

may be exprefled as follows.

Putting x for any number, let a feries of quantities X, X',

X", X'", &c. be found fuch that

x = t {»+ H , x<=^*±J,r^ &c.

Then will

1

log
2
#
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f X

log
2
X
= ^

+ -i
(x—iy ^ 12

1 X'—-i , 1 X"—

1

i±% X'

I X"'—

T

4
2 X'+i +

4
3 X'+i +

4
4 X'"+i * '

*

+ T {m ) + T (wj + i) + R} 5

and here T(m), T(m + i), are put for any two fucceffive terms of

the feries, and R for the fum of all the following terms : And

in every cafe R is greater than — T\w + i), but lefs than

I rp
,

l6T(m+i) Ttni) rp,

64. From the analogy of the two formulae from which we
have deduced the feries for the rectification of an arch of .a

circle, and for the calculation of logarithms, it is eafy to infer

that there will be correfponding feries for the refolution of

each of thefe problems. And as the two preceding feries for

a logarithm have been inveftigated in the very fame way as the

firft two feries for an arch of a circle, fo, by proceeding exact-

ly as in the inveftigation of the third and fourth feries for the

circle, we may obtain a third and fourth feries for a logarithm.

The mode of deduction, then, being the fame in both cafes,

and alfo fufficiently evident, I fhall fimply ftate the refult of

the inveftigation of a feries for logarithms which is analogous

to our fourth feries for an arch of a circle, (Art. 28.).

Let x be any number, and X, X', X', X"', &c. a feries of

quantities formed from x, and one another, as fpecified in the

beginning of the laft article. Then

log 4 *
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6 {x— i)
4 8.9.10

1 _ / _, _J_ X+I2X' — 13 I X'+ I2X'~ 13
log

4 * ^ 3-i6
2 X + 4 X'+ 3

"*" 3.16 3 X' + 4 X^F3~

j_ X-+12X-+13
L ^ 3.16 4

X// + 4 X'" + 3 ^'

The terms of this feries approach continually to thofe of a

geometrical feries, of which the common ratio is j- : and

hence it follows, that the fum of all the terms after any align-

ed term, approaches the nearer to ^- of that term, according

as it is more advanced in the feries.

6$. Besides the foregoing, our method furnifhes yet another

kind of expreilion for the logarithm of a number, namely, a

product confuting of an infinite number of factors, which ap-

proach continually to unity. Such an expreflion may be invef-

tigated as follows. From the identical equation

X— i = {X*— 1) (X* + i).

Let there be formed the feries of equations

X I — 2 (X 2 i) >

2{X- i) — 4 (x 4 i)
^ I

>

A J- vT±T
f- V

2

™ (x™ -
2

K

1
1 —

"1 1 —
v f m >. X -f- I- 1) z= m {x — 1) !—

,

2

here
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here m is put for any integer power of 2. Let the product of

the correiponding fides of thefe equations be now taken, and

the common factors rejected, and the remit will be

, ™ v x 2
-f- 1 x A 4- 1 x 8 4- I x

m+ I
x— i—m(x — 1) — :— . . . — 1

and hence

1 2

m (x
m — 1) = (x — 1)

' X -f* I

This equation holds true, m being any power of 2 whatever.

Let us, however, conceive it indefinitely great. Then the

1

number of factors will become infinite, and m (x
m— 1) will

become Nap. log * (Art. 57.). Therefore,2222
Nap.log#-(>— 1) -j- -7

j ^ , &c.
x 3

- -f 1 x A + 1 x* -f- 1 x xZ -\-\

ad infinitum.

The product of any finite number of thefe factors being al-

ways a function of this form m (x'
a—1) will of courfe be great-

1 1
cr than log x, (Art. 54.). However, the function ~ m {x'— 1)

m
X

or m I 1 — — V being in like manner expanded into an infi-rm 1 — — 1, being in li

x
n

)
nite
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nite product, we get from it

log*=(*-!) _ 2

- + 1 — + I ~r+ I — + I

A 4
,T

8 ^ ,3"

<?*/ infinitum.

and the produd of any finite number of factors of this expref-

fion will always be lefs than log.r.

These formulae, which are analogous to that given by Eu-

ler for an arch of a circle, (fee Art. $$.), are not inelegant,

confidered as analytical transformations. It does not feem,

however, that without fome analytical artifice, they can be ap-

plied with advantage to the actual calculation of logarithms,

by reafon of the great labour which would be necefTary to ob-

tain a refult tolerably accurate.

66. I shall now conclude this Paper, with fome examples

of the application of the formulae to the computation of the

length of one-fourth the circumference of a circle whofe radius

is unity, (which is the extreme and the moll unfavourable

cafe), and to the computation of a logarithm ', as alfo of the

modulus of the common fyftem of logarithms, which is the re-

ciprocal of Napier's logarithm of io.

Example
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Example I. The length of an arch of gc°, computed to 12

places of decimals, by means of the firft feries, (Art. 12.).

Here azz. 90 .

tan 7
'

T a zz 0.0245486221089±: cot a zr o
tan a

tan ~ azz 1

tan \ a = 0.4142135623731

tan j a — 0.1989123673796

tan TV a = 0.0984914033571

tan T
'

T a — 0.0491 268497694

tan t4t a •=. 0.012272462379.

tan TjT a — 0.006136000157.

tan T 4-T a — 0.003067971201.

tan T-V* a — 0.00153398194.

.

tan -jo'tt a = 0.00076699054.

.

S < .0000001248357-1

S > .0000001 248356 j

.

~ tan ~ a rr .500 000 000 000 o

^ tan^ = .103 553 390 593 3

i tan i a — .024 864 045 922 5

T
*

r tan TV a = .006 155 712 709 S

T
'

T tan^ = .001535 214 055 3

V4 tan <rV a = -000 3 8 3 57 2 220 5

T^T tan r4-F # = .000 095 878 612 3

jIs- tan T|r ^ z= .000 023 968 750 6

ttt tan 7tt * = '°°o 005 992 131 3

ToV? tan to'tt a = *000 001 498 029 3

•2-V4-8- tan TT'4 ¥ # = .000 000 374 507 1

Hence S =: .000 000 124 835 7

- -.6366197723677

Arch of 90 , or a = 1.570 796 326 795

.

Vol. VI. P. II. Uu Example
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Example II. The length of an arch of 90°, computed by

the fecond feries, (Art. 22.).

cofa 3= o eof-rV^ = 0.99518472667.

.

cof7 a hz 0.70710678 1 1 865 cof T
'

T tf — 0.99879545621..

cof-^d =. 0.9238795325113 . cof 7
'

? <?r 0.9996988187 ...

cofi a — 0.980785280403

.

Amount of pofitive 1 1 + cofa
, 1 __ _5

terms, 4 1— cofa 8
" ' 1212

1 1 — cof\ a

4* 1 + cof7 a

I t — cof7 a

4* 1 + cof7 a

x 1 — cof^a

4
4 1 -+" cof\ a

I 1— cof-V a

4? 1 -j- cof-V «

JL
1— cofT

'

7 a

4
6

1 -f-cofT
'

T tf

II — cofF
*

7 a

z: .416 666 666 666 7

=- .0107233047034

— .000 618 220 7796

r= .000 037 892 799 o

= .000002 356 882 2

= .000 000 147 127 6

- =: .000 000 000 192 7
47 i + cof T

'

T « y * '

S < .000 000 000 612 87 j _ ^/ Hence S = .000 000 000 612 7
S> .000 000 000 612 6j

Amount of negative terms, .011 381 932 097 2

Difference between the pofitive ? Qr j. _ .4053847345695
and negative terms,

1

a
1.6366197723677

Arch of 90 , or a ss 1.57 796 326 795 •

Example
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Example III. The length of an arch of 90 , calculated

from the fourth feries, (Art. 28.).

cofa zz o cof7 a — 0.980 785 280. . ,

.

cof-jtf — 0.707 106 781 186 5 cofTV^ — 0.995 184 7

cof^=: 0.923 879 532 51. . cofT
'

T rf 3 0.998 80

1 12— cofa+ 1 2 cof7 a , rt—
Z* -^-i c

—
r »

= - l6 3 °53 902 0I ° 8
3-io 3 + coftf— 4cofi^ j jo >

q-q- = - 001 2I 5 277 777 8
8.8.9.10 J " ///

Amount of pofitive terms, .164 269 179 788 6

1 13— cof7 a— 12 cof7 a

J^S 3 +cof7tf-f- 4 cof7 * = -000 OI 3 26r 796 5

T 13 Cof7 tf 12 Cof7 tf

F? ~:£—l 77 ; r 1
— 'O00 °°0 T08 7Q4 2

3.16+ 3 -}- cof7 a -f- 4 cof -j « ~ * /y^*

1 13 — cof7 a— i2cofTV^
/- -il—

;

f7 ; r = •00° °°° °°3 074 4-
3.163 3 + COf7 * + 4 C°fT» « ' *

I 13— cof-V a — 12 coft't a
2f6 , r i r ,

= «ooo 000 000 047 8
3. 16

6
3 + cof TV a -f- 4 cof T

'

T a *'

Each of the remaining terms, being near-]

ly 7
'

?th of the term before it, their fum > .ood 000 000 000 8
will be nearly y T of the laft term, or J

Amount of negative terms, .000 013 463 713 7
Difference between the pofitive? _i_ __ —

and negative terms, or 3 JJ — * l64 255 716 074 9

1- = .405 284 734 569 3

- = .636619772 3676
a

Arch of 90 , or a = 1.570 796 326 795

.

Uu 2 Example
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Example IV. The reciprocal of Napier's logarithm of

10, (which is the modulus of the common fyftem), calculated by

the fecond feries for logarithms. (See Art. 63.).

x = 19, and hence X = 5.05 X IV
=3 1.010 373 154 20. .

X' = T.739 252 713 092 7 Xv = 1.002 589 934 6. . .

X' = 1.170 310 367 614 6 XTI
zz 1. 000 647 274 .. . .

X'"= 1.041 707 820748. XVI = 1.000 161 805 ... .

\x—iy ~ *123 4s6 79° I23 5

tt = -083 333 333 333 3

Sum of pofitive terms, .206 790 123456 8

1 X'—

1

4
4 X'+i

1 X"—

1

zz .016 867 116475 8

= .001 226 137 760 6
4

' X# + 1

.000 079 796 518 oI X"—! _
V X" + 1

JL X' v — 1 = >000 005 038 882 6
45 xiv +

1

1 Xv —

1

4°"X V + 1

— .000 000 315 745 2

4? 1^+1 = ,0°° °°° °19 74<5 9

T Y VI1
I_ _ : zz: .000 000 001 2 34 4.

48xTII 4-i **•*

R > .0000000000822,97 Tj ««««~,-n™««Q-.'•< ^ > R ==: .000 000 000 082 3R <.0000000000823, 1

J

Sum of negative terms, .018 178 426 445 8

Difference of the pofitive -> i = . l88 6lI 697 01I
and negative terms, j log 10

—1-- =.434294481903.

Example
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Example V. Napier's logarithm of 10, calculated by the

third feries for logarithms. (See Art. 64.).

x = 10, X — 5.05 X /y" = 1.0417078207. . .

X' =1.739252713093. X IV = 1.01037315... . .

X"= 1.17031036761. . X y = 1.0025899

^ (6'

(trJ
l) --°35B I77Io 7r4 8

1 X+I2X'— 13
Z", v , vT-; = .OOI 121 003 A2I 43.16' X + 4X+3 «« .*

1 X+12X* — 13
&iP X + 4X-+ 3

=
•
000024°4i 122 9

1 X"+i2X"— 13

3Ti6^ y + 4X*+3
=

•
000000 4°9 2394

I X"-f-I2X IV— 12 ,
TaI y^j.,y.v.. = -°°° 00° oo6 535 73.163 X^+ 4X IV + 3

I XIV +I2X V-I2
Z? Yiv I , W 1

= -000 °°° °00 I02 73.10^ X lv + 4X v+3 '

.'T of laft term = fum of the re-1 ,y
. . . J- .000 000 000 001

6

maining terms nearly, J

From fum of pofitive terms, = .036 963 261 138 5

• Subtrad —-— = .001 388 888 888 o
8.9.10

*

There remains ,4 jq
= .0355743722496

-_!— = .188 611 697 on 2
log

4 10 yt °

=-1— =.434294481903 .

log 10

Example
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Example VI. To ftiew that the feries investigated in this

Paper are applicable in every cafe, whether the number whofe

logarithm is required be large or fmall, let it be required to

calculate the common logarithm of the large prime number

1243 to feven decimal places, by the fecond feries, (Art. 63.).

x — 1243 X" — I «42356i48

X = 621.50040225 X IV = 1.10080913

X'= 17.64228446 X v = 1.0248925

.

x*= 3-°53°5457 X VI = 1.006204. .

=: .000 805 801

XT = -083 333 333.

Sum of pofitive terms, .084 139 134

= - 55 794 8i3

= .007 914766

== .000682688

tz .000 046 861

=2 .000 003 001

= .000 000 189

4
2 X'+ 1

1 *— I

4
5 X" +

1

1 xff/— I

4
4 x//; + 1

1 X IV— I

4 s XIV + 1

1 X v— I

4
6 x v + 1

1 XVI— I

,ooo 000013

47 XVI +
R > .000000012,6

R < .000000012

Sum of negative terms, .064 442 331

= .019696 803

:3*=

Nap. log
2
x

1

Nap. log x
= .140 345 300

Common log of 1243 = ^^345300 = 3^4 47"-

No. IX.
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IX. Remarks on a Mineral/tow Greenland, supposed

to be Crystallised Gadolinite. By Thomas

Allan, Esq. F. R. S. Ed.

[Read 21st November 1808].

AMONG a parcel of minerals which I procured lafl fpring,

there are fpecimens of two very rare foflils ; one of them,

the Cryolite, the other I believe a variety of the Gadolinite.

The former, is accurately defcribed in the different mineralo-

gical works, and I have little to add to the information con-

tained in them. But the Gadolinite appears to be very imper-

fectly known, and has never yet been defcribed as a crystallifed

foffil.

The minerals in queftion were found on board a Danifh

prize, captured on her paffage from Iceland to Copenhagen, and

were fold with the reft of her cargo at Leith. On examination,

I was furprifed to find they correfponded fo little with the fof-

lils which are ufually brought from that ifland, and confe-

quently endeavoured to trace from the ihip's papers, any parti-

culars that might lead to the knowledge of their geographic

origin. All I could learn was, that they were fent from Davis*

Straits by a Miflionary;

I consider this limited information, however, fufncient to

fix on the coaft of Greenland as the place from whence they

had
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had been brought ; the only Cryolite known in Europe having

been fent by a Miflionary from Greenland to Copenhagen.

The Gadolinite, from its extreme fcarcity, is a mineral

to be found in very few cabinets ; and when this collection

fell into my hands, was one of thofe I knew only by de-

fcription. I was led to fufpect that fome of the minerals

in this parcel belonged to that fpecies, by obferving, im-

bedded in a piece of granite, fome fmall fhapelefs mafles,

whofe external characters appeared to correfpond entirely with

thofe affigned to the gadolinite ; but on reference to the mi-

neralogical works which treat of this ftone, I found more diffi-

culty than could have been fuppofed in afcertaining whether

they did fo or not. The investigation, however, furnifhed a

ftrong proof of the fuperiority of chemical teft over external

character ', for although the fhape, luftre, fracture, and geogno-

ftic relations, left me fcarcely any room to doubt, yet on apply-

ing the blow-pipe and acids, it was quite evident, that the ftone

I firft tried could not be gadolinite. I examined with great care

the reft of the parcel, and picked out feveral, which, though very

different, refembled in various refpects the one that originally at-

tracted attention ; and with a view to fatisfy myfelf, I fent

duplicates to a friend in London, from whom I learnt, that

one of thofe which I fuppofed to be gadolinite was certain-

ly that mineral. Notwithftanding the very refpectable autho-

rity I had obtained, to which I was inclined to pay the ntmofl

deference, it was not till after minute and repeated inveftiga-

tions that I found myfelf difpofed to fubmit to it; the phyfical

characters of the fpecimen in queftion differed fo very widely

from thofe I was taught to expect.

It is more than twenty years fince the gadolinite was firft

obferved by M. Arrhenius, in an old quarry at Roflagie, near

Ytterby in Sweden. It was defcribed by Mr Geyer, and by

him conftdered as a black zeolite.

In
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In 1794, M. Gadolin analyfed it, and found that it con-

tained 38 per cent, of an unknown earth, whofe properties

approached to alumine in fome refpects, and to calcare-

ous earth in others ; but that it eflentially differed from both,

as well as from every other known earth.

In 1797 M. Ekeberg repeated the analyfis of M. Gado-

lin, and obtained 47 ± per cent, of the new earth. This in-

creafe of quantity he attributed to the greater purity of the

fpecimens he fubmitted to experiment, and in confequence of

having confirmed the difcovery of Gadolin, he called the

ftone after him, and gave the name of Yttria to the earth.

Analyses by Vauqueln and Klaproth have fince ap-

peared. The quantity of yttria obferved by the former

amounted only to 35 per cent, j but the latter ftates 59^ per

cent.

The fmall portions of this mineral, which, from its rarity,

it is natural to conclude were at the difpofal of thefe celebrated

chemifts, may in fome meafure account for the diverfity of

their refults ; but it is likewife by no means impollible, that the

mineral itfelf may have varied in the proportions of its chemi-

cal ingredients.

The difference which we find in the mineralogical defcrip-

tions of this foffil." hitherto only found in one fpot, is much
more difficult to account for. If the information I have other-

wife obtained be correct, of which I have not the flighted

doubt, we cannot help attributing a certain degree of carelefE-

nefs to fome of the authors, particularly the French writers,

who have fuch opportunities at command *, of inveftigating

every point relative to natural hiftory. The great veneration

Vol. VI. P.
#
II. X x they

* Lucas notes the Gadolinite as one of the minerals in the collection at -the

jfardin dc Pluntes,
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they entertain for the talents and accuracy of the celebrated

Hauy, may induce them to think his obfervations require no

concurring teftimony j and, on the other hand, the pupils of

the German School, confider no mineral deferring a place in

their fyftem, till it has been examined and clafied by their illu-

ftrious mafter, whofe authority will be handed down by them

with equal refpect to poflerity.

It is unnecefTary to occupy the time of the Society, in gi-

ving a comparative view of the different defcriptions of the

Gadolinite. I fhall only notice a few prominent features.

It is defcribed by every one of the authors, as poflefling a

fpecific gravity of upwards of 4, and as acting powerfully upon

the magnet. This laft character is noticed by Profeffor Jame-
son, in the nrft account he gives of the gadolinite ; but in the

fecond it is omitted, along with fome others. Klaproth takes

no notice of its magnetic power, but ftates the fpecific gravity

at 4.237.

The French writers defcribe the colour as black and reddifh

black. The German as raven or greeniih black. Theie varia-

tions, with feveral others which may be obferved on referring

to the different authors, fhew that fome incorrectnefs muffc ex-

ift. Bat the molt remarkable of all is, that the gadolinite, if

'ever magnetic, is not always fo ; for the fpecimens in the poflef-

fionof the Count de Bourn on are not, nor, as he informs me,

are any that he has ever Teen. It is therefore reafonable to

conclude, that magnet ifm in the gadolinite may depend on

accidental caufes.

The following is the defcription of the fojfil, which I fup-

pofe to be that iubftance in a cryftallifed ftate; %although no-

thing fhort of analyfis can afford indifputable teftimony of the

identity of any mineral fo little known.

Specific
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Specific Gravity, 3.4802. The fpecimen weighed 1136.39

grains. Its furface is a little decompofed, and it has alfo

fome minute particles of telfpar intermixed with it ; both

of which would afFecl the refult in fome degree ; but nei-

ther were of fuch amount as to do fo in any confiderable

degree.

Hardness: fufficient to refifl fleel, and fcratch glafs, but

not quartz.

Lustre : fhining, approaching to refinous.

Fracture : uneven, verging to flat conchoidal.

Colour : pitch black which I confider velvet black with a

made of brown ; when pounded, of a greeniih grey co-

lour.

Figuri- : it occurs cryflallifed. The fimpleft figure, and

perhaps the primitive form, is a rhomboidal prifm, whofe

planes meet under angles of 120 and 6o°. In fome

of the fpecimens, the acute angle is replaced by one

face, in others by two, thereby forming fix and eight

fided prifms. All the fpecimens I poflels are only frag-

ments of cryftals, none of which retain any part of a ter-

mination. They occur imbedded in felfpar, probably gra-

nite.

Chemical Characters : before the blow-pipe froths up,

and melts but only partially, leaving a brown fcoria ; with

borax it melts into a black glafs. When pounded, and

heated in diluted nitric acid, it tinges the liquid of a ftraw

colour ; and, fome time after cooling, gelatinates.

The principal diftinguilhing character of the gadolinite, is

its forming a jelly with acid, a chara&er belonging to few

other minerals. The Mezotype Lazulite, Apophilite, ./Edelite,

and Oxide of Zinc, lb far as I know, alone polTels the fame qua-

lity j aad it cannot eafily be miftaken for any of them.

X x 2 It
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It has not the fmalleft attraction for the magnet ; it does

not decrepitate and difperfe when expofed to the blow-pipe ; it

is not in any fhape tranfparent.

The Swedifh foffil occurs in roundim amorphous manes, im-

bedded and diiTeminated in a granitic rock, having the external

furfaces covered with a flight whitifh coating, perhaps from
the attachment of micaceous particles. There is no fuch ap-

pearance on the furface of the cryftallifed gadolinite.

The fituation which this mineral fhouid hold in the fyftem

has been a matter of difficulty among mineralagifts. Hauy has

placed it in the clafs of Earthy Folllls, immediately after his

Anatafe and Dioptafe,—rather an unfortunate fituation, both

thefe having been recognifed as ores of known metals, titanium

and copper, fince the publication of his admirable treatile.

Werner, on account of its weight, has clafTed it among
the metals ; and from its natural alliances, and chemical com-

pofition, has given it a place among the irons *. If weight en-

titled it to be clafTed among the metals, feveral other minerals

have an equal claim to the fame fituation. Of its natural alli-

ances we know very little, farther than that the Swedifh di-

ftrict where it is found abounds in iron ; and as to its chemi-

cal compofition, if 17- per cent, of iron be fufficient to counter-

balance 59|ths of a new earth, it would be right to arrange it

accordingly. The analyfes of fo many chemifts of known ce-

lebrity, are certainly fufficient to juflify the conftitution of a

new fpecies for its reception. Werner, however, may feel

himfelf licenfed in this arrangement, as he does not confider it

neceflary that a mineral compound fhall preferve the charac-

ters of its components j but that any of the components may
give to the compofition characters fufficiently marked, to de-

termine its relations. It is upon this diftinction that he founds

the difference between the predominant and characteriftic prin-

ciples f. §

The
* Jameson, vol. ii. p. 613.

f Broghant, vol. i. p. 44.
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The arrangement of Brongniart appears much more ju-

dicious ; he has placed it at the commencement of the Earthy

Minerals, and afligns as a reafon, that it is unique in its com-

pofition ; and if placed in any other fituation, it would interrupt

the feries, either in refpect to its compofition or external cha-

racters.

Of the Cryolite I have very little to obferve, in addition to the

defcriptions given in the different mineralogical works. The
fpecific gravity I found to be 2.961 ; Hauy ftates it at 2.949.

Among the various mafles I examined, there was no trace of

cryftallization, farther than the cleavage, which is threefold,

and nearly at right angles. The mafles broke in two direc-

tions, (which may be fuppofed the fides of the prifm), with

great facility, leaving a very fmooth furface ', but the tranfverfe

cleavage was more difficult, andby no means fo fmooth. Se-

veral of the fpecimens being mixed with galena, pyrites, and

cryflals of fparry iron-ore, it would appear that the cryolite is

a vein-ftone \ but I was not fo fortunate as to find any of it at-

tached to a rock fpecimen, fo as to throw light on its geo-

gnofiic relations.









X. On the Progress of Heat when communicated to Spheri-

cal Bodies from their Centres. By John Playfatb,

F. R. S. Lond. Sec. R. S. Edin. and Professor of

Natural Philosophy in the University of Edinburgh.

[Read March 6. 1809-]

I. AN argument againfl the hypothefis of central heat has

jlJl been ftated by an ingenious author as carrying with

it the evidence of demonflration.

" The eflential and characteriflic property of the power
" producing heat, is its tendency to exilt every where in a flate

" of equilibrium, and it cannot hence be preferved without lofs

" or without diffuhon, in an accumulated flate. In the theory

" of Hutton, the exiftence of an intenfe local heat, acting for

" a long period of time, is afTumed. But it is impoflible to pro-

" cure caloric in an infulated Hate. Waving every objection

" to its production, and fuppofing it to be generated to any ex-

tent, it cannot be continued, but mull be propagated to the

contiguous matter. If a heat, therefore, exifted in the cen-

tral region of the earth, it mull be difTufed over the whole

mafs ; nor can any arrangement effectually counteract this

" diffufion. It may take place flowly, but it mufl always con-

" tinue progreflive, and mull be utterly fubverlive of that fy-

" Hem of indefinitely renewed operations which is repre-

Vol.VI. P. II. Yy " fented

a

a
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""fented as the grand excellence of the Huttonian Theory *."

" Again, he obferves, in giving what he fays appears to him a

demonftration of the fallacy of the firfl principles of the Hut-

tonian Syftem, " it will not be difputed, that the tendency of

" caloric is to dimife itfelf over matter, till a common tempe-
" rature is eftablifhed. Nor will it probably be denied, that a
u power conftantly difTufing itfelf from the centre of any mafs
" of matter, cannot remain for an indefinite time locally accu-

" mulated in that mafs, but mull at length become equal or

" nearly fo over the whole f
.'*

2. 1 mufl confefs, notwithstanding the refpect I entertain for

the acutenefs and accuracy of the author of this reafoning, that

it does not appear to me to pofTefs the force which he afcribes to

it ', nor to be confiftent with many facts that fall every day un-

der our obfervation. A fire foon heats a room to a certain de-

gree, and though kept up ever fo long, if its intenfity, and all

other circumftances remain the fame, the heat continues very

unequally diftributed through the room ; but the temperature

of every part continues invariable. If a bar of iron has one

end of it thruft into the fire, the other end will not in any

length' of time become red-hot ; but the whole bar will quick-

ly come into fuch a ftate, that every point will have a fixed

temperature, lower as it is farther from the fire, but remain-

ing invariable while the condition of the fire, and of the

medium that furrounds the bar, continues the fame. The
reafon indeed is plain : the equilibrium of heat is not fo much
a primary law in the diftribution of that fluid, as the limitation

of another law which is general and ultimate, confifling in the

tendency of heat to pafs with a greater or a lefs velocity,

according to circumftances, from bodies where the temperature

is

* Murray's Syjlem of Chtrni.tfry, vol. iii. Appendix, p. 49.

t Page 51.
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is higher, to thofe where it is lower, or from thofe which con

tain more heat, according to the indication of the thermome-

ter, to thofe which contain lers. It is of this genera! tendency,

that the equilibrium or uniform diflribution of heat is a confe-

quence,—but a confequence only contingent, requiring the pre-

fence of another condition, which may be wanting, and actually

is wanting, in many instances. This condition is no other, than

that the quantity of heat in the fyfcem mould be given, and

mould not admit of continual increafe from one quarter, nor

diminution from another. When fuch increafe and diminution

take place, what is ufually called " the equilibrium of heat"

no longer exifls. Thus, if we expofe a thermometer to the

fun's rays, it immediately rifes, and continues to Hand above

the temperature of the furrounding air. The way in which

this happens is perfectly underftood : the mercury in the

thermometer receives more heat from the folar rays than

the air does | it begins therefore to rife as foon as thofe

rays fall on it ; at the fame time, it gives out a portion of

its heat to the air, and always the more, the higher it rifes.

It continues to rife, therefore, till the heat which it gives out

every inftant to the air, be equal to that which it receives eve-

ry inflant from the folar rays. When this happens, its tempe-

rature becomes ftationary ; the momentary increment and de-

crement of the heat are the fame, and the total, of courfe, con-

tinues conflant. The thermometer, therefore, in fuch circum-

ftances, never acquires the temperature of the furrounding air >

and the only equilibrium of the heat, is that which fub-

fifls between the increments and the decrements juft mention-

ed : thefe indeed are, ftrictly fpeaking, in equilibrio, as they ac-

curately balance one another. This fpecies of equilibrium,

however, is quite different from what is implied in the uni-

form diffufion of heat.

Yy 2 3. In
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3. In order to ftate the argument more generally, let

A, B, C, D, &x. be a feries of contiguous bodies ; or let them be

parts of the fame body ; and let us fuppofe that A receives,

from fome caufe, into the nature of which we are not here to

inquire, a conftant and uniform fupply of heat. It is plain,

that heat will flow continually from A to B, from B to C, &c.

;

and in order that this may take place, A mull be hotter than B,

B than C, and fo on ; fo that no uniform diftribution of heat

can ever take place. The ftate, however, to which the fyftem

will tend, and at which, after a certain time, it muft arrive, is

one in which the momentary increafe of the heat of each body

is juft equal to its momentary decreafe ; fo that the temperature

of each individual body becomes fixed, all thefe temperatures

together forming a feries decreafing from A downwards. To
be convinced that this is the ftate which the fyftem muft a£

fume, fuppofe any body D, by fome means or other, to get

more heat than that which is required to make the portion of

heat which it receives every moment from C, juft equal to that

which it gives out every moment toE; as its excefs of tempe-

rature above E is increafed, it will give out more heat to E,

and as the excefs of the temperature of C above that of D is

diminifhed, D will receive lefs heat from C ; therefore, for

both reafons, D muft become colder, and there will be no

ftop to the reduction of its temperature, till the increments

and decrements become equal as before.

4. If, therefore, heat be communicated to a folid mafs,

like the earth, from fome fource or refervoir in its interior, it

muft go off from the centre on all fides, toward the circumfer-

ence. On arriving at the circumference, if it were hindered

from proceeding farther, and if fpace or vacuity prefented to

heat an impenetrable barrier, then an accumulation of it

at the furface, and at laft a uniform diftribution of it through

the whole mafs, would inevitably be the confequence. But if

heat
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heat may be loft and diffipated in the boundlefs fields of va-

cuity, or of ether, which farround the earth, no fuch equili-

brium can be eftablifhed. The temperature of the earth will

then continue to augment only, till the heat which ifTues from

it every moment into the furrounding medium, become equal

to the increafe which it receives every moment from the fup-

pofed central refervoir. When this happens, the temperature at

the fuperficies can undergo no farther change, and a fimilar

effect muft take place with refpedt to every one of the fphe-

rical and concentric ftrata into which we may conceive the

folid mafs of the globe to be divided. Each of thefe mult in

time come to a temperature, at which it will give out as much
heat to the contiguous ftratum on the outfide, as it receives

from the contiguous ftratum on the infide \, and, when this hap-

pens, its temperature will remain invariable.

5. That we may trace this progrefs with more accuracy,

let us fuppofe a fpherical body to be heated from a fource of

heat at its centre ; and let h, h', b", be the temperatures at the

furfaces of two contiguous and concentric ftrata, the diftances

from the centre being x, x', x" ; and let it alfo be fuppofed, that

the thicknefs of each of the ftrata, to wit, x'—x, and x"—x', is

very fmall.

Then fuppofing the body to be homogeneous, the quantity

of heat that flows from the inner ftratum into the outward, in

a given time, will be proportional to the excefs of its tempera-

ture above that of the outward ftratum multiplied into its quan-

tity of matter, that is, to (h— ti) (V 3— x 5
).

6. In
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6. In the fame manner, the heat which goes off from the

fecond ftratum in the fame time, is proportional to (h'— //')

(x"i— x'^) ; and thefe two quantities, when the temperature of

the fecond ftratum becomes conftarit, muft be equal to one

another, or {h— ti) (Y 3—

*

3

)
— (//— b") (x"3— x'

2
).

But becaufe h— b', and x'— x are indefinitely fmall,

b— h' — b, and x'3— x 3
zz 3 x2 x y therefore b X 3 x* x =z a

given quantity ; which quantity, fince * is given, we may re-

2 .*
a x

prefent by a x \ fo that b zz —?—. :n —*. or, becaufe b isr J
3 x x $x

negative in refpect of*, being a deccrement, while the latter is an

* *
2—a, and therefore h zzC4-—

.

3 x 3 X
increment, b zz 5, and therefore h zz C +

7. To determine the conflant quantity C, let us fuppofe

that the temperature at the furface of the internal nucleus of

ignited matter is = H, and r — radius of that nucleus. Then,

in the particular cafe, when xzzr and b zz H, the preceding

2 2

equation gives H = C -J % fo that C zr H— -—, and confe-

iiucntly hzz H -\ : or <& :=: H -f— ( - Y
1 J

3 r 3 x p
3 \# r J

8. It is evident, from this formula, that for every value of

* there is a determinate value of b, or that for every diftance

from the centre there is a fixed temperature, which, after a

certain time, muft be acquired, and will remain invariable as

long
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long as the intenfity and magnitude of the central fire conti-

nue the fame.

9. It remains for us to determine the value of a, which,

though conftant, is not yet given, or known from obferva-

tion.

At the furface of the globe we may fuppofe the mean tem-

perature to be known : let T be that temperature, and let R —
the radius of the globe. Then, when xzR, h — T, and by

fubftituting in the general formula, we have T — H-j (~ )»

and a- = 3(T-H) = 3 Rr(H-T)
>

I i R— r

R~~"r

Rr(H-T) /i 1
Thus h — H

\x r JR— r

= H _RKH-T) /i_iY
K— r \r xj

Hence alfo by reduction

h - RT— ^ H
,
R r (H— T)

"~ R— r + ~T^T^rY>

From this equation, it is evident, that h — r H
rR— r *

the excefs of the temperature at any diflance x from the
centre, above a certain given temperature, is inverfely as x.

But the conftrudion of the hyperbola which is the locus of the

preceding
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preceding equation, will exhibit the relation between the tem-

perature and the diftance, in the way of all others leaft fubject

to mifapprehenfion.

Let the circle (Plate X. fig. 3.) defcribed with the radius

AB, reprefent the globe of the earth ; and the circle defcribed

with the radius AH an ignited mafs at the centre. Let H K,

perpendicular to A B, be the temperature at H, the furface of

the ignited mafs ', and let F D be the temperature at any point

whatever, in the interior of the earth, B M reprefenting that at

the furface. Then A B being z= R in the preceding equation,

AH-r, HK = H, BM = T; AF = *, and FD = /;, thefe

two laft being variable quantities , fince

(u RT — rH\ Rr(H-T) u ,
;_'.

\ R_ r -J
x = k=7— we have, (takinS A

E

nr —p — , and drawing E L parallel to A B, meeting H K

in N, and F D in O,) ODxOEz BA.AH(HK-BMX

which is a given quantity.

Therefore D is in a rectangular hyperbola, ofwhich the centre

is E, the allymptotes E G and E L, and the redangle of the co-

ordinates, equal to BA.AH X ^-^ , or, which amounts
B H

to the fame, to K N . N E.

It is evident from this, that if the fphere were indefinitely

extended, the temperature at the point B and all other things

remaining the fame, the temperature at its fuperfices would not

"D •y it

be lefs than A E, or than the quantity -—
.K— r

The
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The quantity AE, or
RT— rH
R— r

, is fuppofed here to

be fubtracted ; if R T be lefs than r H, it will change its fign,

and mult be taken on the other fide of the centre A.

10. The refults of thefe deductions may be ealily reprefent-

ed numerically, and reduced into tables, for any particular

values that may be affigned to the conflant quantities. Thus,

if the radius of the globe, or R zz 100, that of the ignited nu-

cleus or r zz 1 j the temperature of the nucleus, or H r= 1000,

and T the temperature at the furface = 60, the formula be-

comes h — 50.505 -j-
949-494

x

Values of X Values of h

10

20
i45°-454

98 .423

3°
40
5°
60

70
80

82 .599
74.686
69.938
66 .330

6^ .926
62 .361

-

90
100

61 .055
60 .

Vol. VI. P. II. Z z 11. Other
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ii. Other things remaining as before, if we now make

r = io, then hzz— 44.444 -f-
-

<M-*'m- ^ *

X A

20 477°-556
3° 303 -556

40 226.556
5°

'

164.556
60 145 -556
70 104.556
80 85 .056

90 64 -556
100 60 .000

12. If R = 10, r = 1, H = 10000, and T = 60,

7 , 11044.44
h = — 1044.44 + t^

Values of x

1

2

3

4
5
6

7
8

9
10

Values of b

I0000°.00

4477 -7°

2637 .04

1716.67
1164.44
796.30
533-33
346.16
182 .72

60 .00

13. Thi;
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13. 1. The general conclufions which refult from all this

are, that when we fuppofe an ignited nucleus of a given mag-

nitude, and a given intenfity of heat, there is in the fphere to

which it communicates heat a fixed temperature for each par-

ticular flratum, or for each fpherical fhell, at a given diflance

from the centre ; and that a great intenfity of heat in the inte-

rior, is compatible with a very moderate temperature at the

furface.

2. However great the fphere may be, the heat at its furface

cannot be lefs than a given quantity ; R, r, H and T remain-

ing the fame. It muft be obferved, that though R is put for

the radius of the globe ; it fignifies in fad: nothing, but the dif-

tance at which the temperature is T, as r does the diflance at

which the temperature is H.

Therefore were the fphere indefinitely extended, the tem-

perature at its fuperficies would not be lefs than the quantity

R T* — — r T-T—^
, that is, not lefs than 50.5 in the firfl of the pre^

ceding examples, than — 44*4 in the fecond, or — 1044.4 in

the third.

14. In all this the fphere is fuppofed homogeneous ; but if it

be otherwife, and vary in denfity, in the capacity of the parts

for heat, or in their power to conduct heat, providing it do fo

as any function of the diflance from the centre, fhe calculus

may be inflituted as above. For example, let the denfi-

ty be fuppofed to vary as
, , then we have as before

(b— h') (x' 3— x3

) - for the momentary increment of

heat in a flratum placed at the diflance x from the centre,

Zz 2 or
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b
or h X 3 x* x X , . = to a given quantity, or to a » , and

j. r- ; a (b -\- x) x a1 x a* x '
,therefore h zz i

—

. / 2= 5 =—. Hence h zz
3 b x $x ox

C -f-
• 7- Log x, Suppofe that when x zz r, the radius3x0

of the heated nucleus, b zzH; then H =

C -f — — % Log r, and C sa

3 r b

K — — + — Log r 5 therefore h =
3 r Z>

2 1 1

H — — -4 ^ T Log -.

In this expreflion <3
2
will be determined, if the temperature at

any other diflance R from the centre is known. Let this be

T > then by fubflitution we have

m. tt a7
-

t
a . a , r

T = H-- + p[ + 7 Log
R'

T—

H

1 . 1 T r

J-r
+ Z

L°g R

T—

H

1 , 1 T „.
r

I X
3 R 3 r ' b

G R

C- i + - + 7 Log 0-

)

15. This
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15. This is given merely as an example of the method of

conducting the calculus when the variation of the denfity is

taken into account, and not becaufe there is reafon to believe

that the law which that variation actually follows, is the fame

that has now been hypothetically alTumed.

16. The principle on which we have proceeded, applies not

only to folids, fuch as we fuppofe the interior of the earth, but

it applies alfo to fluids like the atmofphere, provided they are

fuppofed to have reached a fleady temperature. The propaga-

tion of heat through fluids is indeed carried on by a law very

different from that which takes place with refpect to folids j it

is not by the motion of heat, but by the motion of the parts of

the fluid itfelf. Yet, when we are feeking only the mean re-

mit, we may fuppofe the heat to be fo difFufed, that it does not

accumulate in any particular ftratum, but is limited by the

equality of the momentary increments arid decrements of tem-

perature which that ftratum receives. This is conformable to

experience > for we know that a conflancy, not of temperature,

but of difference between the temperature of each point in the

atmofphere and on the furface, actually takes place. Thus,

near the furface, an elevation of 280 feet produces, in this

country, a diminution of one degree. The ftrata of our atmo-

fphere, however, differ in their capacity of heat, or in the

quantity of heat contained in a given fpace, at a given tempe-

rature. Concerning the law which the change of capacity

follows, we have no certain information to guide us ; and we
have no refource, therefore, but to afliime a hypothetical law,

agreeing with fuch fads as are known, and, after deducing the

reiults of this law, to compare them with the obfervations made
on the temperature of the air, at different heights above the

furface of the earth.

17, Let



$66 On the PROGRESS of HEAt

17. Let us then fuppofe, that the ftrata of the atmofphere

have a capacity for heat, which increafes as the air becomes

rarer, fo as to be proportional to m b * , x denoting, as be-

fore, the diftance from the centre of the earth, r the radius

of the earth, m and b determinate, but unknown quan-

tities, fuch that m b or —, exprefles the capacity of air for

heat, when of its ordinary denfity, at the furface of the earth.

The formula thus aflumed, agrees with the extreme cafes ;

tn

for, when x =r r, the capacity of heat 2= r» a finite

r
quantity 3 when x increafes, - diminifhes, and fo alfo does

r

b* , if b is greater than unity, and therefore -*» increafes conti-

b*

nually. It does not, however, increafe beyond a certain limit,

for when x is infinite — becomes —, or m.

0*

18. Hence,
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18. Hence, by reafoning as in § 6. the momentary incre-

ment of the temperature, or fenfible heat, of any flratum, is as

a x
—j dire&ly, and its capacity for heat, or mb x

inverfely,

a x v h* a* b* x
that is, h = — -^zi X b^ __

m3* — smx

Let
I
=y, then - t* =,, & that__, = .__, and

therefore b = -y^* Hence 3 = C +
3Jhogb b* =

c+—f-i
i*'-

19. To determine C, if T be the temperature of the air at

a b

the furface, when x = r, T = C -f 3OTrLog^ and C =

a* &
T — ^mrhogb

r

a% b a b
Hence = T — nm T ^ » -r

*

T —

^mrLogb ' 3 mr Log b

a* (J,
— b

L
*)

3 m r Log Z>

This formula, when x =z r gives b zz T, and when # is in-

finite, it gives ^ = T— *
rLogfl*

ln a11 intermediat€

cafes j
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r

cafes, as x is greater than r, b~ is lefs than b, (b being a

r

number greater than i) and therefore b— b* is pofitive, (6

that h is lefs than T, as it ought to be.

20. We may obtain an approximate value of this formula,

without exponential quantities, that will apply to all the cafes

in which x and r differ but little in refpect of r, that is, in all

the cafes to which our obfervations on the atmofphere can pof-

ubly extend.

r

If, in the term b * we write r -f- z for x, z being the

height of any ftratum of air above the furface of the earth,

we have b * = b r + %-

21. But, from the nature of exponentials, we know b* zz

^L r'(Log»)- ^IXLog^
&c> =1 ~ X 6 2 X '

2.3 # J
'

I + -4-Log^+
r
\
(L

?
S ?,' +. &* '1 ^ r + z 6 2 (r+ z) 1

vrow — ! — —j—- — &c. And if we leave
r -\- z r r

out the higher powers of z, we have nearly

r

r -f %
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r = 1 —
rr -{- z

r
%

r: 1 — 2Z
r(r+ zy

r 3

= 1 MM> 3* &c.

Therefore, by fubftitution, we have £
r+ * =

2 T , z /r , N , z (Log 3)— - Log* —
;
(Log3)'~ - K * J

,
&c.

J

Now, from the nature of exponentials,

And5Log* + 2(Log iy +?^-
3

) &c

r

-£Log£> therefore when % is very fmall, b
r+ *

VoL.VI.P.11. 3 A
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b—— Log b, and therefore (i 19.), a
% ~—-r =

r \x ? ;j 3m r Logo

(b-b + bzU>S b\
-» V r J a*bz
a

3 mr Log b = Jm? >
henCC When Z 1S Ver?

fmall, h = T 3m r

22. Therefore when z, or the height above the furface is

fmall, h diminifhes in the fame proportion that the height in-

creafes, which is conformable to experience.

In our climate, when 2 = 280 feet,
a h X

x

28° = i°; fo

that the co-efficient 3 = ——, and therefore
2,mr 280

b = T |n,280

When the conflant quantities are thus determined, the for-
mula agrees nearly with obfervation. In the rule for barome-
trical meafurements, it is implied, that the heat of the atmo-
fphere decraafes uniformly ; but the rate for each particular

cafe is determined by actual obfervation, or by thermometers
obferved at the top and bottom of the height to be meafured.

XI.
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XI. Experiments on Allanite, a new Mineral from Green-

land. By Thomas Thomson, M. D. F. R. S. E. Fellow

of the Imperial Chirurgo-Medical Acidemy of Peters-

burgh.

[Read Nov. 5. 1810.]

ABOUT three years ago, a Danifh veilel * was brought into

Leith as a prize. Among other articles, me contained a

fmall collection of minerals, which were purchafed by Thomas
Allan, Efq; and Colonel Imrie, both members of this Society.

The country from which thefe minerals had been brought was

not known for certain ; but as the collection abounded in Cry-

olite, it was conjectured, with very coniiderable probability,

that they had been collected in Greenland.

Among the remarkable minerals in this collection, there was

one, which, from its correfpondence with Gadolinite, as defcri-

bed in the different mineralogical works, particularly attracted

the attention of Mr Allan. Confirmed in the idea of its being

a variety of that mineral, by the opinion of Count Bournon,
added to fome experiments made by DrWoLLASTON, he was in-

duced to give the defcription which has fince been publifhed in

a preceding part of the prefent volume*

About a year ago, Mr Allan, who has greatly diftinguifhed

himfelf by his ardent zeal for the progrefs of mineralogy in all

A 2 its

* Der Fruhling, Captain Jacob Ketelson, captured, on her passage

From Iceland to Copenhagen.
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its branches, favoured me with fome fpecimens of this curious

mineral, and requefted me to examine its compofition,—a re-

queft which I agreed to with pleafure, becaufe I expected to

obtain from it a quantity of yttria, an earth which I had been

long anxious to examine, but had not been able to procure a

fufficient quantity of the Swedifh Gadolinite for my purpole.

The object of this paper, is to communicate the refult of my
experiments to the Royal Society,—experiments which cannot

appear with fuch propriety any where as in their Tranfac-

tions, as they already contain a paper by Mr Allan on the mi-

neral in queltion.

I. Description.

I am fortunately enabled to give a fuller and more accurate

defcription of this mineral than that which formerly appeared,

Mr Allan having, fince th,at time, difcovered an additional

quantity of it, among which, he not only found freftier and

better chara&erifed fragments, but alfo fome entire cryflals. In

its compofition, it approaches molt nearly to Cerite, but it dif-

fers from it fo much in its external characters, that it mufl be

confidered as a diftinct fpecies. I have therefore taken the li-

berty to give it the name of Allanite, in honour of Mr Allan,
to whom we are in reality indebted for the difcovery of its pe-

culiar nature.

Allanite occurs maffive and difTeminated, in irregular

mafTes, mixed with black mica and felfpar; alfo cryftallifed

;

the varieties obferved are,

i. A four-flded oblique piifm, meafuring 117 and 63 .

2. A fix-fided prifm, acuminated with pyramids of four fides,

fet on the two adjoining oppofite planes. Thefe laft are

fo minute as to be incapable of meafurement. But, as

nearly as the eye can determine, the form refembles

Fig. 1. ; the prifm of which has two right angles,, and

four meafuring 135 .

3- A
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3. A flat prifm, with the acute angle of 63 replaced by

one plane, and terminated by an acumination, having

three principal facettes fet on the larger lateral planes,with

which the centre one meafures 125° and 55 . Of this

fpecimen, an engraving is given in the annexed Plate,

Fig. 2.

Specific gravity, according to my experiments, 3.533. The

fpecimen appears to be nearly, though not abfolutely, pure.

This fubflance, however, is fo very much mixed with mica,

that no reliance can be placed on any of the trials which have

been made. Count Bournon, furprifed at the low fpecific gra-

vity noted by Mr Allan, which was 3.48o,broke down one of

the fpecimens which had been fent him, in order to procure

the fubflance in the pureft ftate pofflble, and the refult of four

experiments was as follows, 4.001

3-797

3-654-

3-H9
In a fubfequent experiment of Mr Allan's, he found it 3.665.

From thefe it appears, that the fubflance is not in a pure ftate.

Its colour is fo entirely the fame with the mica, with which it

is accompanied, that it is only by mechanical attrition that

they can be feparated.

Colour, brownifh-black.

External luftre, dull 3 internal, ftiining and refinous, flight-

ly inclining to metallic.

Fracture, fmall conchoidal.

Fragments, indeterminate, fharp-edged.

Opake.

Semi-hard in a high degree. Does not fcratch quartz nor

felfpar, but fcratches hornblende and crown-glafs.

Brittle.

Easily
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Easily frangible.

Powder, dark greenifh-grey.

Before the blow-pipe it froths, and melts imperfectly into

a brown fcoria.

Gelatinises in nitric acid. In a ftrong red heat it lofes

3.98 per cent, of its weight.

II. Experiments to ascertain its composition.

My firfl experiments were made, on the fuppofition that the

mineral was a variety of gadolinite, and were pretty much in

the flyle of thofe previoully made on that fubftance by Eke-

berg, Klaproth, and Vauquelin.

1. 100 grains of the mineral, previoufly reduced to a fine

powder in an agate mortar, were digefled repeatedly on a fand

bath in muriatic acid, till the liquid ceafed to have any action

on it. The undiflblved refidue was filica, mixed with fome frag-

ments of mica. When heated to rednefs, it weighed 33.4

grains.

2. The muriatic acid folution was evaporated almofl to dry-

nefs, to get rid of the excefs of acid, diflblved in a large quan-

tity of water, mixed with a confiderable excefs of carbonate of

ammonia, and boiled for a few minutes. By this treatment,

the whole contents of the mineral were precipitated in the

flate of a yellowifh powder, which was feparated by the nitre,

and boiled, while ftill moift, in potafh-ley. A fmall portion of

it only was diffolved. The potafh-ley was feparated from the

undifTolved portion by the nitre, and mixed with a folution of

fal ammoniac, by means of which a white powder precipitated

from it. This white matter being heated to rednefs, weighed

7.9 grains. It was digefled in fulphuric acid, but 3.76 grains

refufed to difTolve. This portion pofTefTed the properties of fi-

lica. The diflblved portion being mixed with a few drops of

fulphate
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fulphate of potafh, mot into cryftals of alum. It was therefore

alumina, and amounted to 4.14 grains.

3. The yellow matter which refufed to diffolve in the pot-

afh-ley, was mixed with nitric acid. An effervefcence took

place, but the liquid remained muddy, till it was expofed to

heat, when a clear reddifh-brown folution was effected. This

folution was evaporated to drynefs, and kept for a few minutes

in the temperature of about 400 , to peroxidize the iron, and

render it infoluble. A fufficient quantity of water was then

poured on it, and digefted on it for half-an-hour, on the fand-

bath. The whole was then thrown upon a filtre. The dark

red matter which remained on the filtre, was drenched in oil,

and heated to rednefs, in a covered crucible. It was then

black, and attracted by the magnet ; but had not exactly the

appearance of oxide of iron. It weighed 42.4 grains.

4. The liquid which pafled through the filtre, had not the

fweet tafte which I expected, but a flightly bitter one, fimilar

to a weak folution of nitrate of lime. Hence it was clear, that

no yttria was prefent, as there ought to have been, had

the mineral contained that earth. This liquid being mixed

with carbonate of ammonia, a white powder precipitated,

which, after being dried in a red heat, weighed 17 grains. It

diffolved in acids with effervefcence ; the folution was precipi-

tated white by oxalate of ammonia, but not by pure ammonia.

When diflblved in fulgmuric acid, and evaporated to drynefs, a

light white matter remained, taftelefs, and hardly foluble in

water. Thefe properties indicate carbonate of lime. Now, 17

grains of carbonate of lime are equivalent to about 9.23 grains

of lime..

r*
. From
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5. From the preceding analyfis, fuppofing it accurate, it fol-

lowed, that the mineral was compofed of

Silica, - - - 37* 10
"

Lime, - - - 9t2 3

Alumina, - - - 4. 14
Oxide of iron, - 42.40

Volatile matter, - - 3,98

96.91

Lofs, -"-..- 3*09

100.00

But the appearance of the fuppofed oxide of iron, induced me
to fufpecT:, that it did not confift wholly of that metal. I

thought it even conceivable, that the yttria which the mineral

contained, might have been rendered infoluble by the applica-

tion of too much heat, and might have been concealed by the

iron with which it was mixed. A number of experiments,

which it is needlefs to fpecify, foon convinced me, that, befides

iron, there was likewife another fubftance prefent, which pof-

ferled properties different from any that I had been in the ha-

bit of examining. It poflefled one property at leaft in com-

mon with yttria ; its folution in acids had a fweet tafte ; but few

of its other properties had any refemblance to thofe whica the

chemifts to whom we are indebted for our knowledge of yttria,

have particularifed. But as I had never myfelf made any ex-

periments on yttria, I was rather at a lofs what conclufion to

dra^v. From this uncertainty, I was relieved by Mr Allan,

who had the goodnefs to give me a fmall fragment of gadoli-

nite, which had been received directly from Mr Ekeberg.

From this I extracted about 1 o grains of yttria 5 and upon com-

paring its properties with thofe of the fubftance in queftion, I

found



MINERAL from GREENLAND. 377

found them quite different. Convinced by thefe experiments,

that the mineral contained no yttria, but that one of its confti-

tuents was a fubftance with which I was ftill unacquainted, I

had recourfe to the following mode of analyfis, in order to ob-

tain this fubftance in a pure ftate.

III. Analysis of allanite.

i. 100 grains of the mineral, previoufly reduced to a fine

powder, were digefted in hot nitric acid till nothing more

could be difTolved. The undiffolved refidue, which was filica,

mixed with fome fcales of mica, weighed, after being heated to

rednefs, 35.4 grains.

2* The nitric acid folution was tranfparent, and of a light-

brown colour. When flrongly concentrated by evaporation,

to get rid of the excefs of acid, and fet afide in an open capfule,

it concreted into a whitifh folid matter, confining chiefly of

foft cryflals, nearly colourlefs, having only a flight tinge of

yellow. Thefe cryflals being left expofed to the air, became

gradually moifl, but did not fpeedily deliquefce. The whole

was therefore difTolved in water, and the excefs of acid, which

was ftill prefent, carefully neutralifed with ammonia. By this

treatment, the folution acquired a much deeper brown colour ;

but ftill continued tranfparent. Succinate of ammonia was

then dropped in with caution. A copious reddifh-brown pre-

cipitate fell, which being warned, dried, and heated to rednefs

in a covered crucible, weighed 25.4 grains. It poffefTed all

the characters of black oxide of iron. For it was attracted by

the magnet, completely foluble in muriatic acid, and the folu-

tion was not precipitated by oxalate of ammonia.

3. The liquid being ftill of a brown colour, I conceived it

not to be completely free from iron. On this account, an ad-

Vol. VI. P. II. 3 B ditional
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ditional quantity of faccinate of ammonia was adde. And we
precipitate fell \, but inftead of the dark reddifh-brown colour,

which characterizes fuccinate of iron, it had a beautiful flefh-

red colour, which it retained after being dried in the open air.

When heated to rednefs in a covered crucible, it became black,

and had fome refemblance to gunpowder. It weighed 7.2

grains.

4. This mbftance attracted my peculiar attention, in confe-

quence of its appearance. I found it to poffefs the following

characters

:

a. It was taftelefs, and not in the leaft attracted by the mag-

net, except a few atoms, which were eafily feparated from the

reft.

b. It was infoluble in water, and not fenfibly acted on when
boiled in fulphuric, nitric, muriatic, or nitro-muriatic acid.

c. Before the blow-pipe it melted with borax and microcof-

mic fait, and formed with both a colourlefs bead. With car-

bonate of foda it formed a dark-red opake bead.

d. When heated to rednefs with potafh, and digefted in wa-

ter, fnufF-coloured flocks remained undiffolved, which gradual-

ly fubfided to the bottom. The liquid being feparated, and exa-

mined, was found to contain nothing but potafh. When mu-
riatic acid was poured upon the fnufF-coloured flocks, a flight

effervefcence took place, and when heat was applied, the whole

diflblved. The folution was tranfparent, and of a yellow co-

lour, with a flight tint of green. When evaporated to drynefs,

to get rid of the excefs of acid, a beautiful yellow matter gra-

dually feparated. Water boiled upon this matter diflblved the

whole. The tafte of the folution was aftringent, with a flight

metallic flavour, by no means unpleafant, and no fweetnefs was

perceptible.

e. A
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c. A portion of the black powder being expofed to a red

heat for an hour, in an open crucible, became reddifti-brown,

and loft fomewhat of its weight. In this altered ftate, it was

foluble by means of heat, though with difficulty, both in nitric

and fulphuric acids. The folutions had a reddifh-brown co-

lour, a flight metallic aftringent tafte, but no fweetnefs.

f. The folution of this matter in nitric and muriatic acid,

when examined by re-agents, exhibited the following pheno-

mena :

(1.) With prufliate of potafh, it threw down a white precipi-

tate in flocks. It foon fubfided ; readily diflblved in

nitric acid ; the folution was green.

(2.) PrulITate of mercury. A light yellow precipitate, fo-

luble in nitric acid.

(3.) Infufion of nut galls. No change.

(4.) Gallic acid. No change.

(5.) Oxalate of ammonia. No change.

(6.) Tartrate of potafh. No change.

(7.) Phofphate of foda. No change.

(8.) Hydro-fulphuret of ammonia. Copious black flocks.

Liquor remains tranfparent.

(9.) Arfeniate of potafh. A white precipitate.

(10.) Potafh. - - - 1 Copious yellow-coloured

(11.) Carbonate of foda. •- > flocks; readily diflblved in

(12.) Carbonate of ammonia. J nitric acid.

(13.) Succinate of ammonia. A white precipitate.

(14.) Benzoate of potafh. A white precipitate.

(15.) A plate of zinc being put into the folution in muriatic

acid, became black, and threw down a black powder,

which was infoluble in fulphuric, nitric, muriatic, ni-

tro-muriatic, acetic, and phofphoric acids, in every

3 B 2 temperature,
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temperature, whether thefe acids were concentrated

or diluted.

(16.) A plate of tin put into the nitric folution, occafioned no

change.

(17.) A portion being inclofed in a charcoal crucible, and ex-

poied for an hour to the heat of a forge, was not re-

duced to a metallic button, nor could any trace of it

be detected when the crucible was examined.

These properties were all that the fmall quantity of the

matter in my pofTeffion enabled me to afcertain. They une-

quivocally point out a metallic oxide. Upon comparing them

with the properties of all the metallic oxides known, none

will be found with which this matter exactly agrees. Cerium

is trie metal, the oxides of which approach the neareft. The
colour is nearly the fame, and both are precipitated white by

pruffiate of potafh, fuccinate of ammonia, and benzoate of

potafh. But, in other refpects, the two fubftances differ entire-

ly. Oxide of cerium is precipitated white by oxalate of am-

monia and tartrate of potafh 3 our oxide is not precipitated at

all : Oxide of cerium is precipitated white by hydro-fulphuret

of ammonia; while our oxide is precipitated black : Oxide of ce-

rium is not precipitated by zinc, while our oxide is thrown

down black. There are other differences between the two,

but thofe which I have jufh mentioned are the mofl ftriking.

These properties induced me to confider the fubftance

which I had obtained from the Greenland mineral as the oxide

of a metal hitherto unknown j and I propofed to diftinguifh. it

by the name of Junonium.

In the experiments above detailed, I had expended almoft all

the oxide ofJunonium which I had in my pofleflion, taking it for

granted that I could eafily procure more of it from the Green-

land
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land mineral. But, foon after, I was informed by Dr Wolla-
ston, to whom I had fent a fpecimen of the mineral, that he

had not been able to obtain any of my fuppofed Junonium in

his trials. This induced me to repeat the analylis no lefs than

three times, and in neither cafe was I able to procure any more

of the fubftance which I have defcribed above. Thus, it has

been out of my power, to verify the preceding details, and to

put the exiflence of a new metal in the mineral beyond doubt.

At the fame time, I may be allowed to fay, that the above ex-

periments were made with every poflible attention on my part,

and mofl of them were repeated, at lean: a dozen times. I

have no doubt myfelf of their accuracy ; but think that the exig-

ence of a new metal can hardly be admitted, without flronger

proofs than the folitary analyfis which I have performed.

5. The liquid, thus freed from iron and junonium, was fuper-

faturated with pure ammonia. A greyifh-white gelatinous mat-

ter precipitated. It was feparated by the filtre, and became

gradually darker coloured when drying. This matter, after

being expofed to a red heat, weighed about 38 grains. When
boiled in potafh-ley, 4.1 grains were diflblved, of a fubftance

which, feparated in the ufual way, exhibited the properties of

alumina.

6. The remaining 33.9 grains were again diflblved in mu-

riatic acid, and precipitated by pure ammonia. The precipi-

tate was feparated by the filtre, and allowed to dry fpontane-

oufly in the open air. It aflumed an appearance very much
refembling gum-arabic, being femi-tranfparent, and of a brown

colour. When dried upon the fand-bath, it became very dark-

brown, broke with a vitreous fracture, and ftill retained a fmall

degree of tranfparency. It was taftelefs, felt gritty between

the teeth, and was eafily reduced to powder. It efTervefced in

fulphuric, nitric, muriatic, and acetic, acids, and a folution of it

was
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was cffe&ed in each by means of heat, though not without con-

siderable difficulty. The folutions had an auftere, and flightly

fweetiih tafle. When examined by re-agents, they exhibited

the following properties

:

(1.) Pruffiate of potafh. A white precipitate.

(2.) Oxalate of ammonia. A wmite precipitate.

(3.) Tartrate of potafh. A white precipitate.

(4..) Hydrofulphuret of potafh. A white precipitate.

(5.) Phofphate of f da. A white precipitate.

(6.) Arfeniate of potafh. A white precipitate.

(7.) Potafh and its carbonate. A white precipitate.

(8.) Carbonate of ammonia. A white precipitate.

(9.) Ammonia. A white gelatinous precipitate.

(10.) A plate of zinc. No change.

These properties indicated Oxide of Cerium. I was there-

fore difpofed to conlider the fubflance which I had obtained as

">xide of cerium. But on peruhng the accounts of that fub-

flance, given by the celebrated chemifls to whofe labours we

are indebted for our knowledge of it, there were feveral cir-

cumftances of ambiguity which occurred. My powder was

dhTolved in acids with much greater difficulty than appeared

to be the cafe with oxide of cerium. The colour of my oxide,

when obtained from oxalate, by expofing it to a red heat, was

much lighter, and more inclined to yellow, than the oxide of

cerium.

In this uncertainty, Dr Wollaston, to whom I communi-

cated my difficulties, offered to fend me down a fpecimen of

the mineral called cerite, that I might extract from it real oxide

of cerium, and compare my oxide with it. This offer I thank-

fully
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fully accepted *
; and upon comparing the properties of my

oxide with thofe of oxide of cerium extracted from cerite, I

was fully fatisiied that they were identical. The more difficult

folubility of mine, was owing to the method I had employed to

procure it, and to the flrong heat to which I had fubjected it

;

whereas the oxide of cerium from cerite had been examined in

the flate of carbonate.

7. In the many experiments made upon this powder, and

upon oxide of cerium from cerite, I repeated every thing that

had been eftabliihed by Berzelius and Hisinger, Klaproth
and Vauquelin, and had an opportunity of obferving many
particulars which they have not noticed. It may be worth

while, therefore, without repeating the details of thefe chemifts,

to mention a few circumftances, which will be found ufeful

in examining this hitherto fcarce oxide.

a. The precipitate occafioned by oxalate of ammonia is at

firft in white flocks, not unlike that of muriate of filver, but it

foon aflumes a pulverulent form. It diflolves readily in nitric

acid, without the afliflance of heat. The fame remark applies

to the precipitate thrown down by tartrate of potafli. But

tartrate of cerium is much more foluble in acids than the oxa-

late.

b. The

* The fpecimen of cerite which I analifed, was fo much mixed with a&ino-

lite, that the itatement of the refults which' I obtained cannot be of much im-

portance. The fpecific gravity of the fpecimen was 4.149. I found it compo-

fed as follows :

A white powder, left by muriatic acid, and prefumed to be filica, 47.3

Red oxide of cerium, - 44.

Iron, ' - - - - 4.

Volatile matter, - » - - 3.

Lofs, - - 1.7

100,0
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h. The foliation of cerium in acetic acid is precipitated grey

by infufion of nut-galls. Cerium is precipitated likewife by

the fame re-agent from other acids, provided the folution con-

tain no excefs of acid. This fact was firft obfeVved by £)r

Wollaston, who communicated it to me lafl fummer. I im-

mediately repeated his experiments with fuccefs.

c. Cerium is not precipitated from its folution in acids by

a plate of zinc. In fome cafes, indeed, I have obtained a yel-

lowifh-red powder, which was thrown down very ilowly. But

it proved, on examination, to conftft almoft entirely of red

oxide of iron, and of courfe only appeared when the folution of

cerium was contaminated with iron.

d. The folutions of cerium in acids have an aftringent tafte,

with a perceptible fweetnefs, which, however, is different from

the fweetnefs which fome of the folutions of iron in acids pof-

fefs.

e. The muriate and fulphate of cerium readily cryftallife ;

but I could not fucceed in obtaining cryftals of nitrate of ce-

rium.

/. The beft way of obtaining pure oxide of cerium, is to

precipitate the folution by oxalate of ammonia, wafh the preci-

pitate well, and expofe it to a red heat. The powder obtained

by this procefs is always red 5 but it varies very much in its

made, and its beauty, according to circumftances. This pow-

der always contains carbonic acid.

g. I consider the following as the eftential characters of ce-

rium. The folution has a fweet aftringent tafte : It is precipi-

tated white by prufliate of potafh, oxalate of ammonia, tartrate

of potafh, carbonate of potafh, carbonate of ammonia, fuccinate

of ammonia, benzoate of potafh, and hydrofulphuret of ammo-
nia : The precipitates are re-diflblved by nitric or muriatic

acids

:



MINERAL^from GREENLAND. 385

acids : Ammonia throws it down in gelatinous flocks : Zinc

does not precipitate it at all.

h. The white oxide of cerium, mentioned by Hisinger and

Berzelius, and defcribed by Vauojjelin, did not prefent itfelf

to me in any of my experiments ; unlefs the white flocks preci-

pitated by ammonia from the original folution be confidered as

white oxide. They became brown on drying, and when heat-

ed to rednefs, were certainly converted into red oxide.

As cerium, as well as iron, is precipitated by fuccinate of

ammonia, the preceding method of feparating the two from

each other was not unexceptionable. Accordingly, in fome

fubfequent; analyfes, I feparated the cerium by means of oxalate

of ammonia, before I precipitated the iron. I found that the

proportions obtained by the analyfis above defcribed, were fb

near accuracy that no material alteration is neceflary.

8. The liquid, thus freed from iron, alumina, and cerium,

was mixed with carbonate of foda. It precipitated a quantity

of carbonate of lime, which amounted, as before, to about 17
grains, indicating 9.2 grains of lime.

From the preceding analyfis, which was repeated no lefs

than three times, a different method being employed in each,

the conftituents of allanite are as follows :

Silica, - - - 35.4

Lime, - - 9.2

Alumina, - - 4.1

Oxide of iron, <- - 25.4

Oxide of cerium, - - 33.9

Volatile matter, - 4.

112.0

Vol. VI. P. II. 3C
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I omit the 7 grains of junonium, becaufe I only detected it in

one fpecimen of allanite. The excefs of weight in the preceding

numbers, is to be afcribed chiefly to the carbonic acid combi-

ned with the oxide of cerium, from which it was not complete-

ly freed by a red heat. I have reafon to believe, too, that the

proportion of iron is not quite fo much as 25.5 grains. For,

in another analyfis, I obtained only 18 grains, and in a third

20 grains. Some of the cerium was perhaps precipitated along

with it in the preceding analyfis, and thus its weight was appa-

rently increafed.



XII. A Chemical Analysis of Sodalite, a new Mineral from
Greenland. By Thomas Thomson, M. D. F.R.S. E.

Felloiv of the Imperial Chirurgo-Medical Academy of Pe-

tersburgh.

[Read Nov. 5. 1310.]

THE mineral to which I have given the name of Sodalite
f

was alfo put into my hands by Mr Allan. In the

Greenland collection which he purchafed, there were feveral

fpecimens of a rock, obviouily primitive. In the compofition

of thefe, the fubftance of which I am about to treat, formed a

conflituent, and, at firft appearance, was taken for felfpar, to

which it bears a very linking refemblance.

This rock is compofed of no lefs than five different foflils,

namely, garnet, hornblende, augite, and two others, which form

the pafte of the mafs. Thefe are evidently different minerals ;

but in fome fpecimens, are fo intimately blended, that it requi-

red the fkill of Count Bourn on to make the difcrimination,

and afcertain their real nature. Even this diftinguifhed mine-

ralogift was at firft deceived by the external afpecl, and confi-

dered the pafte as common lamellated felfpar, of a greenifh co-

lour. But a peculiarity which prefented itfelf to Mr Allan,
in one of the minerals, induced him to call the attention of

Count Bournon more particularly to its conftruction.

On a clofer examination of the mineral, M. de Bournon
found that fome fmall fragments, which he had detached, pre-

3 C 2 fented

/
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fented rectangular prifms, terminated by planes, meafuring,

with the fides of the prifm, no and 70
8 or nearly fo,—

a

form which belongs to a rare mineral, known by the name of

Sahlite, from Sweden. He further obferved, intermixed along

with this, another material 5 and after fome trouble, fucceeded

in detaching a mafs, prefenting a regular rhomboidal dodecahe-

dron. It was to this form that Mr Allan had previoufly re-

quefted his attention.

Some time before this invefligation, M. de Bournon had

examined a mineral from Sweden, of a lamellated flruc"lure,

and a greenifh colour, which, he found, indicated the fame

form. From this circumftance, together with fome external

refemblance, which flruck him, he was induced to conclude,

that our mineral was a variety of that fubflance.

To that fubflance the name of Swedifh natrolite had been gi-

ven, in confequence of the invefligation of Dr Wollaston,
who found that it contained a large proportion of foda.

There are few minerals, however, that are fo totally diflinct

in their external characters as the natrolite of Klaproth, and

the fubflance we are now treating of. The mineral examined by

Klaproth occurs at Roegan*, on the Lake of Conflance, in

porphyry-flate, coating the fides of veins and cavities in a ma-

mellated form, the texture of which is compact, fibrous, and ra-

diated \, the colour pale yellow, in fome places paflmg into

white, and marked with brown zones. Hitherto it had never

been found in a flate fumciently perfect to afford any indi-

cations of form. Lately, however, M. de Bournon was fb

fortunate as to procure fome of it, prefenting very delicate

needleform cryflals, which, by means of a flrong magnifier,

he was able to afcertain, prefented flat rectangular prifms, ter-

minated by planes, which, he thought, might form angles of

6o°

* It has been obferved alfo by Profeflbr Jamison, in the flcetz-trap rocks-

behind Burntifland.
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6oB and 120 with the fides of the prifm. With this, neither

our mineral nor the Swedifh can have any connection, farther

than fome analogy which may exift in their compofition.

Concerning the Swedifh mineral, I have not been able to

obtain much fatisfactory information. There is a fpecimen of

k in Mr Allan's cabinet, which he received directly from

Sweden, fent by a gentleman who had juft before been in Lon-

don, and was well acquainted with the collections of that city,

from which it is inferred, that the fpecimen in queftion is the

fame as that examined by Count Bourn on and Dr Wolla-
ston.

Werner has lately admitted into his fyftem a new mineral

fpecies, which he diftinguifhes by the name of Fettstein. Of
this I have feen two defcriptions ; one by Hauy, in his Tableau

Comparatif, publifhed lafl year ; and another by Count Dun in

Borkowski, publifhed in the 69th volume of the Journal de

Physique, and translated in Nicholson's Journal, (vol. 26. p. 384). -

The fpecimen., called Swedish Natrolite, in Mr Allan's pof-

feflion, agrees with thefe defcriptions in every particular, ex-

cepting that its fpecific gravity is a little higher. Bor-
kowski ftates the fpecific gravity of fettstein at 2.563 ; Hauy
at 2.6138 j while I found the fpecific gravity of Mr Allan's
fpecimen to be 2.779, an(^? when in fmall fragments, to be as

high as 2.790. This very near agreement in the properties of

the Swedifh natrolite, with the characters of the fettftein, leads

me to fuppofe it the fubftance to which Werner has given

that name. This opinion is Strengthened, by a fact mentioned

by Hauy, that fettftein had been at firft confidered as a varie-

ty of Wernerite. For the fpecimen fent to Mr Allan, under

the name of Compact Wernerite, is obvioufly the very fame with

the fuppofed natrolite of Sweden. Now, if this identity be ad-

mitted, it will follow, that our mineral conftitutes a fpecies

apart. It bears, indeed, a considerable refemblance to it j but

neither the cryftalline form, nor the conflituents of fettftein,

as
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as Hated by Hauy, are fimilar to thofeof the mineral to which

I have given the name of Sodalite. The constituents of fetts-

fiein, as afcertained by Vauquelin, are as follows

:

Silica, - 44.00

Alumina, - - 34«oo

Oxide of iron, - - 4.00

Lime, - - - 0.12

Potafh and foda, - - 16.50

Lofs, - - - 1.38

100.00

II. Description of sodalite.

Sodalite, as has been already mentioned, occurs in a pri-

mitive rock, mixed with fahlite, augite *, hornblende, and gar-

net f*

It occurs mafllve ; and cryftallifed, in rhomboidal dodecahe-

drons, which, in fome cafes, are lengthened, forming fix-fided

prifms, terminated by trihedral pyramids.

Its colour is intermediate between celandine and mountain

green, varying in intenfity in different fpecimens. In fome

cafes it feems intimately mixed with particles of fahlite, which

doubtlefs modify the colour.

External luftre glimmering, internal mining, in one direc-

tion vitreous, in another refmous.

Fracture foliated, with at leafl a double cleavage 5 crofs

fracrare conchoidal.

Fragments indeterminate ; ufually fharp-edged.

Translucent.

*~This iltuation of the augite deferves attention. Hitherto it has been,

with a few exceptions, found only in flretz. trap rocks.

f The particular colour and appearance of this garnet, /hews that the rock

came from Greenland : For fimilar garnet has never been obferved, except in

fpecimens from Greenland.
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Translucent.
Hardness equal to that of felfpar. Iron fcratches it with

difficulty.

Brittle.

Easily frangible.

Specific gravity, at the temperature of 6o°, 2.378. The

fpecimen was not abfolutely free from fahlite.

When heated to rednefs, does not decrepitate, nor fall to

powder, but becomes dark-grey, and aflumes very nearly the

appearance of the Swedifh natrolite of Mr Allan, which I

confider as fettftein. If any particles of fahlite be mixed with

it, they become very confpicuous, by acquiring a white colour,

and the opacity and appearance of chalk. The lofs of weight

was 2.1 per cent. I was not able to melt it before the blow-

pipe.

II. Chemical analysis.

1. A hundred grains of the mineral, reduced to a fine pow-

der, were mixed with 200 grains of pure foda, and expofed for

an hour to a ftrong red heat, in a platinum crucible. The mix-

ture melted, and afTumed, when cold, a beautiful grafs-green

colour. When foftened with water, the portion adhering to

the fides of the crucible acquired a fine brownifh-yellow. Ni-

tric acid being poured upon it, a complete folution was ob-

tained.

2. Suspecting, from the appearance which the fufed mafs

afTumed, that it might contain chromium, I neutral ifed the fo-

lution, as nearly as poflible, with ammonia, and then poured

into it a recently prepared nitrate of mercury. A white preci-

pitate fell, which being dried, and expofed to a heat rather un-

der rednefs, was all diflipated, except a fmall portion of grey

matter,
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matter, not weighing quite o.i grain. This matter was info-

luble in acids; but became white. With potafh it fufed into a

colourlefs glafs. Hence I confider it as iilica. This experi-

ment fhews that no chromium was prefent. I was at a lofs to

account for the precipitate thrown down by the nitrate of mer-

cury. But Mr Allan having mown me a letter from Eke-
berg, in which he mentions, that he had detected muriatic

acid in fodalite, it was eafy to fee that the whole precipitate

was calomel. The white powder weighed 26 grains, indicating,

according to the analyfis of Chenevix, about 3 grains of mu-
riatic acid.

3. The folution, thus freed from muriatic acid, being con-

centrated by evaporation, gelatinifed. It was evaporated near-

ly to drynefs ; the dry mafs, digefted in hot water acidulated

with nitric acid, and poured upon the filter. The powder re-

tained upon the filter was warned, dried, and heated to rednefs.

It weighed 37.2 grains, and was iilica.

4. The liquor which had pafled through the filter, was fu-

perfaturated with carbonate of potafh, and the copious white

precipitate which fell, collected by the filter, and boiled while

yet moift in potafh-ley. The bulk diminifhed greatly, and the

undiflblved portion aflumed a black colour, owing to fome

oxide of mercury with which it was contaminated.

5. The potafh-ley being pafied through the filter, to free it

from the undiflblved matter, was mixed with a fufHcient quan-

tity of fal-ammoniac. A copious white precipitate fell, which

being collected, waflied, dried, and heated to rednefs, weighed

27.7 grains. This powder being digefted in fulphuric acid,

diflolved, except 0.22 grain of Iilica. Sulphate of potafh being

added, and the folution fet afide, it yielded alum cryftals to the

very laft drop. Hence the 27.48 grains of diflolved powder

were" alumina.

6. The
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6. The black refidue which the potafh-ley had not taken up,

was diflblved in diluted fulphuric acid. The folution being-

evaporated to drynefs, and the refidue digefted in hot water, a

white foft powder regained, which, heated to rednefs, weighed

3.6 grains, and was fulphate of lime, equivalent to about 2

grains of lime.

7. The liquid from which the fulphate of lime was fepa-

rated, being exactly neutralifed by ammonia, fuccinate of am-

monia was dropped in; a brownifh-red precipitate fell, which,

being heated to rednefs in a covered crucible, weighed 1 grain,

and was black oxide of iron.

8. The refidual liquor being now examined by different re-

agents, nothing farther could be precipitated from it.

9. The liquid (No. 4.) from which the alumina, lime, and

iron had been feparated by carbonate of potafh, being boiled

for fome time, let fall a fmall quantity of yellow-coloured mat-

ter. This matter being digefled in diluted fulphuric acid, part-

ly diflblved with effervefcence ', but a portion remained undif-

folved, weighing 1 grain. It was infoluble in acids, and with

potafh melted into a colourlefs glafs. It was therefore filica.

The fulphuric acid folution being evaporated to drynefs, left a

refidue, which poflefTed the properties of fulphate of lime, and

which weighed 1.2 grains, equivalent to about 0.7 grains of

lime.

10. The conftituents obtained by the preceding analyfis be-

ing obvioufly defective, it remained to examine whether the

mineral, according to the conjecture of Bournon, contained

an alkali. For this purpofe, 100 grains of it, reduced to a fine

powder, and mixed with 500 grains of nitrate of barytes, were
expofed for an hour to a red heat, in a porcelain crucible. The
fufed mafs was foftened with water, and treated with muriatic

acid. The whole diflblved, except 25 grains of a white pow-
Vol.VI. P. II. 3D der,
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der, which proved on examination to be filica. The muriatic

acid folution was mixed with fulphuric acid, evaporated to dry-

nefs ; the refidue, digefted in hot water, and filtered, to fepa-

rate the fulphate of barytes. The liquid was now mixed with

an excefs of carbonate of ammonia, boiled for an inflant or

two, and then filtered, to feparate the earth and iron precipita-

ted by the ammonia. The liquid was evaporated to drynefs,

and the dry mafs obtained expofed to a red heat in a filver cru

cible. The refidue was difTolved in water, and expofed in the

open air to fpontaneous evaporation. The whole gradually

fhot into regular cryftals of fulphate of foda. This fait being

expofed to a ftrong red heat, weighed 50 grains, indicating, ac-

cording to Berthollet's late analyfis, 23.5 grains of pure fo-

da. It deferves to be mentioned, that during this procefs, the

filver crucible was adted on, and a fmall portion of it was af-

terwards found among the fulphate of foda. This portion was

feparated before the fulphate of foda was weighed.

The preceding analyfis gives us the conflituents of fodalite

as follows :

Silica, - 38.52

Alumina, - - 27.48

Lime, -
; 2.70

Oxide of iron, - - 1.00

Soda, - - - 23'5°

Muriatic acid, - - 3.00

Volatile matter, - - 2.10

Lofs, - 1.70

100.00

Mr
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Mr Allan fent a fpecimen of this mineral to Mr Eke-

berg, who analifed it in the courfe of laft fummer. The con-

ftituents which he obtained, as he ftates them in a letter to Mr
Allan, are as follows :

Silica, - 36.

Alumina, - - - 32.

Soda, - 25.

Muriatic acid, - - 6.75

Oxide of iron, - - 0.25

100.00

This refult does not differ much from mine. The quantity

of muriatic acid is much greater than mine. The lime and the

volatile matter which I obtained, efcaped his notice altogether.

If we were to add them to the alumina, it would make the two

analyfes almoft the fame. No mineral has hitherto been found

containing nearly fo much soda as this. Hence the reafon of

the name by which I have diftinguifhed it.

3 d 2 xm-.





XIII. Demonstration of the Fundamental Property of the Lever.

By David Brewster, LL. D. F. R. S. Edin.

[Read December 3. 1810.]

IT is a lingular fact in the hiftory of fcience, that, after all

the attempts of the moft eminent modern mathematicians,

to obtain a fimple and fatisfa&ory demonftration of the funda-

mental property of the lever, the folution of this problem gi-

ven by Archimedes, mould Hill be confidered as the moft legi-

timate and elementary. Galileo, Huygens, De la Hire, .

Sir Isaac Newton, Maclaurin, Landen, and Hamilton,

have directed their attention to this important part of mecha-

nics ', but their demonftrations are in general either tedious and

abftrufe, or founded on aflumptions too arbitrary to be recog-

nifed as a proper bafis for mathematical reafoning. Even the

dernonftration given by Archimedes is not free from objec-

tions, and is applicable only to the lever, confidered as a phy-

fical body. Galileo, though his demonftration is fuperior in

point of fimplicity to that of Archimedes, reforts to the ine-

legant contrivance, of fufpending a folid prifm from a mathe-

matical lever, and of dividing the prifm into two unequal parts,

which acT: as the power and the weight. The demonftration

given by Huygens, aflumes as an axiom, that a given weight

removed
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removed from the fulcrum, has a greater tendency to turn the

lever round its centre of motion,and is, befides, applicable on-

ly to a commenfurable proportion of the arms. The founda-

tion of Sir Isaac Newton's demonftration is ft ill more inad-

miflible. He afTumes, that if a given power act in any direc-

tion upon a lever, and if lines be drawn from the fulcrum t©

the line of direction, the mechanical effort of the power will be

the fame when it is applied to the extremity of any of thefe

lines ; but it is obvious, that this axiom is as difficult to be pro-

ved as the property of the lever itfelf. M. De la Hire has

given a demonftration which is remarkable for its want of ele-

gance. He employs the reduclio ad ahsurdum, and thus deduces

the proportion from the cafe where the arms are commenfu-

rable. The demonftration given by Maclaurin has been

highly praifed ', but if it does not involve a petilio principii, it

has at leafl the radical defect, of extending only to a commen-

furable proportion of the arms. The folutions of Landen and

Hamilton are peculiarly long and complicated, and refemble

more the demonftration of fome of the abftrufeft points of

mechanics, than of one of its fimpleft and moft elementary

truths.

In attempting to give a new demonftration of the fundamen-

tal property of the lever, which fhall be at the fame time fimple

and legitimate, we fhall aflume only one principle, which has

been univerfally admitted as axiomatic, namely, that equal and

opposite forces, acling at the extremities of the equal arms of a lever,

and at equal angles to these arms, will be in equilibrio. With the

aid of this axiom, the fundamental property of the lever may
be eftablifhed bj the three following propofitions.

In Prop. I. the property is deduced in a very fimple manner,

when the arms of the lever are commenfurable.

In
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In Prop. IL, which is totally independent of the firft, the de-

monftration is general, and extends to any proportion between

the arms.

In Prop. III. the property is eftablifhed, when the forces act

in an oblique direction, and when the lever is either rectilineal,

angular, or curvilineal. In the demonftrations which have ge-

nerally been given of this laft propofition, the oblique force has

been refolved into two, one of which is directed to the fulcrum,

while the other is perpendicular to that direction. It is then

aflumed, that the force direbled to the fulcrum has no tendency to di-

sturb the equilibrium, even though it acts at the extremity of a bent

arm j and hence it is eafy to demonftrate, that the remaining

force is proportional to the perpendicular drawn from the ful-

crum to the line of direction in which the original force was

applied. As the principle thus aflumed, however, is totally in-

admiflible as an intuitive truth, we have attempted to demon-

ftrate the propofition without its affiftance.

Prop. I.

—

If one arm of a straight lever is any multiple ofthe other,

a force atling at the extremity of the one will be in equilibria with

a force atling at the extremity of the other, when these forces are

reciprocally proportioned to the length of the arms to which they

are applied.

Let AB (Plate XI. fig. 1.) be a lever fupported on the two

fulcra Y,f, fo that AfzzfF zz FB. Then, if two equal weights

C, D, of 1 pound each, be fufpended from the extremities A, B,

they will be in equilibrio, fince they act at the end of equal arms

A/, BF ; and each of the fulcra/, F, will fupport an equal part of

the whole weight, or 1 pound. Let the fulcrum / be now remo-

ved, and let a weight E, of 1 pound, act upwards at the point

fy the equilibrium will Hill continue ; but the weight E, of 1

pound, acting upwards at /, is equivalent to a weight G of 1

pound, acting downwards at B. Remove, therefore, the weight
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E, and fufpend the weight G from B ; then, fince the equili-

brium is flill preferved after thefe two fubftitutions, we have a

weight C, of one pound, acting at the extremity of the arm AF,
in equilibrio with the weights D and G, which together make
two pounds, acting at the extremity of the arm FB. But FA is

to FB as 2 is to i \ therefore an equilibrium takes place, when
the weights are reciprocally proportional to the arms, in the

particular cafe when the arms are as 2 to 1. By making F'f
fucceifively double, triple, &c. of FB, it may in like manner be

fhewn, that, in thefe cafes, the proportion holds true.

Lemma.

If any weight BCcb, (fig. 2. No. J.J, ofuniform shape and density,

is placed on a lever A <p, whose fulcrum is <p, it has the same ten-

dency to turn the lever round <p, as if it were suspendedfrom a

point G, so taken that b G — G c.

If a weight W, of the fame magnitude with BC, acts upwards

at the point G, it' will be in equilibrium with the weight BC,

and will therefore deftroy the tendency of that weight to turn

the lever round <p. But the weight W, acting upwards at the

point G, has the fame power to turn the lever round <p, as an

equal weight w, acting downwards at G. Confequently the

tendency of the weight BC to turn the lever round <p, is the

feme as the tendency of an equal weight w, acting downwards

atG.

Prop. II.

If two forces applied to a lever, and acling at right angles to it,

have the same tendency to turn the lever round its centre of mo-

tion, they are reciprocally proportional to the distances of the points

at which they are appliedfrom the centre of motion.

Let A<pd, (fig. 2. No. 2.) be a lever whofe fulcrum is <p, and

let it be loaded with a weight BD d b of uniform fhape and den-

fity.
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fity. Then by the lemma, this weight has the fame tendency

to turn the lever round, as if it were fufpended from the point

n, fo taken that b n — dn. Make <pc — <p d, and let the weight

BD d b be divided at the points C and F, by the lines Cc, F <p.

The weights CF <p c, D F <p d, being in equilibrio, by the axiom,

have no tendency to turn the lever round <p, confequently the

remaining weight BC c d, has the fame tendency to turn the le-

ver round <p as the whole weight BD d b. Hence if b m — c m,

the weight B G c b acting at the point m, will have the fame

tendency to turn the lever round <p, as the weight BD db acting

at n. Now BD d b : BC c b — b d : b c zzn d : mc\ and fince

b c ~b d— c d, we have m c — ^b d— -5- c d~nd— ± c d— n <pf

and n d — n <p-\- ~ c d zz m c -{- ± c d— ?n <p. Confequently,

BD d b : BC c b zzm <p : n <p.

Lemma.

'two equal forces ailing at the same point of the arm of a lever, and

in directions which form equal angles with a perpendicular drawn

through that point of the arm, will have equal tendencies to turn

the lever round its centre of motion.

Let AB (fig. 3.) be a lever with equal arms AF, FB. Through

the points A, B, draw AD, BE, perpendicular to AB, and AP,

Ap, BW, B w, forming equal angles with the lines AD, BE.

Produce PA to M. Then, equal forces acting in the directions

AP, B w, will be in equilibrio. But a force M equal to P, and

acting in the direction AM, will counteract the force P, acting

in the direction AB, or will have the fame tendency to turn

the lever round F; and the force W, acting in the direction

BW, will have the fame tendency to turn the lever round F as.

the
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the force M : Confequently the force W will have the fame ten-

dency to turn the lever round F as the force w; and this will

hold true, whether the arms AF, FB, are ftraight or curvili-

neal, provided that they are both of the fame form.

Prop. III.

—

If a force acts in different directions at the same point

in the arm ofa lever, its tendency to turn the lever round its centre

of motion, will be proportional to the perpendiculars let fallfrom

that centre on the lines of direction in which the force is applied*

Let AB, (fig. 4.) be the lever, and let the two equal forces

BMj B m, act upon it at the point B, in the direction of the lines

BM, B m. Draw BN, B n, refpe&ively equal to BM, B m, and

forming the fame angles with the line PB a perpendicular to AB.
To BM, B m, BN, B n, produced, draw the perpendiculars AY, Ay,
AX, A x. Now, the fide AX — x\Y, and Ax~ Ay, on account

of the equality of the triangles ABX, ABY ; and ifM /, M x,

be drawn perpendicular to B a, the triangles ABY, BM /, will

be fimilar, and alfo the triangles ABy, B w x : Hence we ob-

tain

AB : AY = BM : B /, and

AB : Ay — BM : B X

Therefore, ex aquo, AY : Ay == B / : B X.

Complete the parallelograms BM N, B m a n, and B /, B X will

be refpeclively one-half of the diagonals Bo, B u.

Now let two equal forces BM, BN, a 61 in thefe directions

upon the lever at B, their joint force will be reprefented by

the diagonal B 0, and confequently one of the forces BM will

be
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be reprefented by B / rz 4- B 0. In the fame manner, if the two

equal forces B m, B n, act upon the lever at B, their joint force

will be reprefented by B &>, and one of them, B m, will be repre-

fented by B X — ~ B 0*. Confequently the power of the two

forces BM, B ;;;, to turn the lever round its centre of motion,

is reprefented by B /, B X, refpectively ; that is, the force BM
is to the force Bm as B/ is to B x; that is, as AY is to Ay, the

perpendiculars let fall upon the lines of their direction.

3E2 XIV





XIV. On the Bocks in the vicinity of Edinburgh. By

Thomas Allan, Esq; F. R. S. Edin.

[Read March 4. 1811.]

ALTHOUGH fcience has only within thefe few years ac-

knowledged the importance of Geology, the eagernefs

with which it has been cultivated, affords fufficient proof of the

intereft it is capable of creating. Of this we have a recent ex-

ample in the laborious undertaking of Sir George Macken-
zie and his friends, who, notwithstanding all the dangers pre-

fented by a voyage through the moft tempeftuous ocean, and

the deprivations to which they were expofed, in a journey

through a country deftitute of the flighteft trace to guide the

route of the traveller, were not deterred from exploring the

inhofpitable fhores of Iceland. Thefe, and other travellers,

have extended our knowledge of various diftricts on the furface

of the globe j but we have ftill to lament the extreme imper-

fection of the fcience, which, as yet, has afliimed no decided cha-

racter or form. This appears principally owing to the want of

fome fimple method, grounded on clear and intelligible princi-

ples :
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pies ; perhaps alfo, to its having always been the object of

thofe who have treated the fubject, to accommodate their ob-

fervations to a particular theory ; and when this is the cafe, it is

obvious, that the rnind cannot refufe itfelf the fatisfaction, of

dwelling with comparative enthufiafm on facts which appear fa-

vourable to the adopted fyftem ; while others of a different ten-

dency, are either reluctantly, and therefore fuperficially confi-

dered, or what is yet worfe, even ftudiouily avoided.

In the prefent Itate of our knowledge, to divert, geology of

theory, would be to deprive it of all its intereft. We rauft not

defpair, however, that by the multiplication of particular facts,

and the expolition of others, with which we are Itill unac-

quainted, a fyftem of geology may yet be formed, founded ex-

clufively on the phenomena of nature, pr at leaft on reafoning

much lefs hypothetical than is now required.

The molt obvious means of attaining this object, feems to

be a careful, minute, and candid examination of every circum-

stance which appears to convey an explanation of itfelf, with-

out reference to any theory ; and from thefe we may ultimate-

ly hope to obtain fome data, equally certain and comprehen-

live.

It is with this view, that I have always formed my collec-

tions of geological fpecimens ; and although it will appear, that

the arguments I have deduced are favourable to one fet of

opinions, yet I can alfert with confidence, that the diltrid which

it is the object of the prefent paper to examine, has been faith-

fully explored, and, I hope, candidly defcribed. T

It:
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It is generally admitted, that no city in Europe is more favour-

ably fituated than the metropolis of Scotland, for the ftudy and

purfuit of geology : even the ground which it occupies, when

laid open for the erection of buildings, has occafionally prefented

fbme very interesting phenomena. The hills in the immediate

neighbourhood, always at command, afford a never-failing

fource of refearch ; and in the furrounding country, a greater

variety of foilils is to be met with, than almoft in any fpace

of the fame extent.

The importance of a complete acquaintance with the pheno-

mena which furround this city, cannot therefore, I think, be

confidered of a trivial nature. Indeed, by the number of in-

genious works already before the public, it may be thought

that the fubjeel is exhaufted. But this is an error I am very

defirous to combat, not only becaufe in my own experience I

have found it to be one, but becaufe, as fcience advances, our ha-

bits of inveftigation improve, phenomena become more fami-

liar, we learn to trace and to feize not only the objects we are in

purfuit of, but alfo to detect others, which our lefs practifed

eye had originally palTed over unnoticed.

We all think ourfelves perfectly acquainted with the rock, on

which our Caftle ftands. But I fufpect there are many mem-
bers of this Society, who will be furprifed to learn, that fand-

Jtone occurs near its fummit, and alfo at its bafe. Sa-

lisbury
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lifbury Craig and Arthur's Seat appear perfectly familiar to us

;

there are phenomena belonging to both, however, of which, I

have no doubt, many are yet ignorant. That any* circumftance

of an interefting nature, mould remain unobferved, can only be

accounted for, by its,being taken for granted, that thefe confpi-

cuous objecls, having already undergone much critical examina-

tion, nothing farther remains to be noticed. This is an opi-

nion, which I mall prove in the fequel, to be without founda-

tion.

Arthur''s Seat and Salisbury Craig, are naturally the objects,

which firft attract the attention of the geological traveller,

on his arrival in Edinburgh 5 and to thefe places he is general-

ly conducted by fome one of our amateurs, when the favourite

theory is introduced, and each corroborative fact; dwelt upon,

with all the ufnal keennefs of theoretic difcuilion. This was the

ground which, in all probability, firft fuggefted the Theory of
Hutton ; and it was perhaps here, that his comprehenfive

mind originally laid the foundation, of the ftructure which
he afterwards fo fuccefsfully reared. But that theory, in

itfelf fo beautiful, and in many points fo perfect, I am very far

from embracing entirely. I am very far, indeed, from follow-

ing him through his formation and confolidation of ftrata, or

the tranfportation and arrangement of the materials, of which
they are compofed. There are other circumftances alfo, which,

though totally irreconcilable with any other hypothefis, are yet

but imperfectly explained by his. I particularly allude to the fin-

gular contortions, exhibited in what are termed Transition ftra-

ta, fo finely exemplified on the coaft of Berwickshire. I

wifhto carry my inductions, juft as far as facts will bear them
out. It is therefore, only in the regions of unftratified rocks,

or in their immediate vicinity, that I have as yet, been able to

difcover
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difcover a language, which, if fiudied with due attention, can-

not fail, I think, to become intelligible, and carry conviction to

thofe, who choofe to reafbh impartially on the fubject.

In the writings of Dv Hutton, we do not meet with descrip-

tions of particular diflricts, his object being rather to eflablifh

a general theory, by the. particular facts which thefe diflricts

afforded,

We cannot, therefore, look to him for a mineralogical ac-

count of the neighbourhood of Edinburgh ; and we have to re-

gret, that no other geologilt has yet undertaken that talk.

In a (hort notice, in the Appendix of a work on another

county, by Profeflbr Jameson, this vicinity is mentioned as

principally belonging, to what is termed the Coal Formation by

Werner, which, according to the fyfteni of that celebrated na-

turalift, forms part of the Flcetz rocks.

To render thefe terms intelligible to the general reader, it is

neceflary to give fome explanation, as, without a conliderable

knowledge of the fyftem to which they exclufively belong, they

muft be totally incomprehenfible.

Werner is the only perfon, who has attempted a regular ar-

rangement of rocks ; an arduous undertaking, which I have no

doubt he has accomplimed, with all the accuracy the fubject was

fufceptible of, and fo far as the country he examined allow-

ed *.

But it appears very evident, that the facts he met with were

fuch, that, in confequence of the hypothefis he had previoufly

thought proper to adopt, it became necefTary to invent a theo-

Vol.VI. P. II. 3F ry

* Links from other quarters, having heen fubfequently added to his forma*

tion-fuites, by his pupils.
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ry capable of embracing all the phenomena, which the con-

struction of his fyftematic arrangement led him to obferve. A
peculiar language was therefore indifpenfable ; and as this

language has been conftructed with fo much regard to his theo-

ry, unlefs that is underftood and adopted, his terms become ufe-

lefs.

By a formation is meant, any feries or fuite of rocks which

ufually occur together j hence the Coal Formation is compo-

fed of

i. Sandftone, 6. Limeftone,

2. Coarfe Conglomerate, 7. Marl,

3. Slate-clay, 8. Clay-ironftone,

4. Bituminous Shale, 9. Porphyritic Stone,

5. Indurated Clay, 10. Greenflone *,

with which the Coal occurs in numerous beds, varying extreme-

ly in thicknefs. Thefe, however, never all occur together, and

it is no detriment to the Coal Formation fuite, even if Coal it-

felf mould not be found among them.

Again, the term Flcetz is given to all the formations, contain-

ed between the tranfition and alluvial rocks, and implies that

they are diftinguifhed by their frequent occurrence in beds,

which are much more nearly horizontal, than the primitive and

tranfition

* Greenflone is a literal tranflation from the German ; it is an extremely im-

proper name ; but as we have no other by which we can distinguish this variety

of trap, we muft ufe it till a more appropriate is found, even at the expence of

fuch language as red and blue greenjiones. In the mean time, it muft be under-

ftood merely as an arbitrary term.
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tranfition rocks. If directly tranflated, the word fignifies flat,

and may be correctly defcriptive of the districts originally exami-

ned by Werner ; but as this conftruction will not apply uni-

verfally to this clafs of rocks, and as it is particularly at vari-

ance with thofe belonging to it in this country, it would be bet-

ter to follow the example of Profeflor Davy, and ufe the term

parallel rocks, which is much lefs liable to objection.

The Huttonian Theory has no language peculiar to itfelf,

having nothing to defcribe, that cannot be done in the ufual

phrafeology of any country. This, by the zealous admirers of

that doctrine, may no doubt be lamented, as depriving it of an

apparent fyflematic arrangement, to which the oppofite theory

is fo deeply indebted.

In forming a collection from the rocks in the neighbour-

hood of Edinburgh, the circumftances above narrated, indu-

ced me to begin with thofe of Salifbury Craig and its vicinity.

The collection I have now the honour of prefenting to the So-

ciety, I began fome years ago : it is only part of a feries,

which, as completed, I hope may be found worthy of a place

in their cabinet. I confider it of very great importance, that

every geological paper, mould be accompanied with fpecimens,

in order that if the former be found deferving of publication

in your Transactions, thofe who perufe the defcription may
know, that the fpecimens referred to, are to be feen in the re-

politories of this eltabliftiment.

3 F 2 Salisbury
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Salisbury Craig is fituated on the north fide of Arthur's

Seat, againrt which its fouthern extremity refls : from this it

extends, in a northern direction, and rounds towards the

eail, fo as to form the fegment of a circle, about half a

mile in length It is furmounted by a magnificent facade,

which i is loweft at the extreme points ; towards the mid-

dle, the perpendicular rock may be from 80 to 90 feet high.

From the bafe of this precipice, a Hoping bank, covered

with debris, reaches to the valley below, altogether form-

ing an elevation of nearly 400 feet. From the upper edge

of it, a regularly inclined plane, flopes gently, on the oppofite

fide, at an angle of about 15 , in a north-earl direction, and

forms the left bank of the valley, called the Hunters Bog. On
the right of this valley, the rocks again rife rapidly, affording

indications of two or three feparate facades. Thefe are not

characterized in the diftinct manner of Salifbury Craig, but are

furmounted by a furface, which, though a little rounded, pre-

fents an inclination correfponding with that of the Craig, in

a very ftriking manner.

From the bafe of Salifbury Craig, or rather from the bafe of

the debris by which it is encircled, towards the fouthern ex-

tremity, the ground again rifes, and prefents an inclined plane,

fimilar to its own, but of lefs magnitude. This is known by

the name of St Leonard's Hill.

Hence it appears, that there are three fimilarly inclined

planes or terraces, of which Salifbury Craig forms the interme-

diate one, each of them having a different elevation. From this

ftructure we may eafily conceive the origin of the Swedifh

word 'Trap, which has been employed as a generic term, for

the
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the clafs of rocks to which this appearance may generally be

attributed *.

If we imagine a vertical plane, to pafs from St Leonard's

Hill in an E. N. E. dire&ion, which mall cut Salifbury Craig,

and continue through the right bank of the Hunters Bog, we
fhall find the rocks difpofed in the following manner ;

St Leonard's Hill.

Sandftone.

Porphyritic Greenftone. -

Sandftone. '

Salisbury Craig. \

Sandftone.

Greenftone. :
.

Sandftone.

Hunters' Bog.

Greenftone.

Sandftone.

Porphyritic Greenftone.

Trap-Tuff.

Bafalt.

The

* One of the greateft difficulties which geology as well as mineralogy has

laboured under, is the multitude of fynonymous terms which have been applied

to every individual foffil. Trap has fuffered from this difadvantage, perhaps

more than any other variety of rocks ; as above noticed, that name is derived

from the fimilarity to the fteps of a flair, which may generally be traced in the

outline of a country, in which this rock abounds ; and as it has been employed as

a generic term by mineralogifts throughout Europe, I think it proper to use it,

to the exclufion of whinjione, the name it bears in the writings of Dr Hutton ;

a
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The two lafl of thefe are not comprehended in the Coal For-

mation mite ; they are confidered as members of another for-

mation, denominated the Neweft Floetz-Trap.

The upper fandftone of St Leonard's Hill, and the lower

fandflone of Salifbury Craig, are, fo far as we know, continu-

ous ; but as thefe, fuppofing the lines of the ftrata to be pro-

jected, would form a bed of 450 feet thick, it is poflible

alternations of greenftone may occur in it. Above, I have on-

ly mentioned fuch as are vifible.

Those on the right of the Hunters' Bog, are not fo diftinctly

expofed as the reft ; but the foflils are all found in the order I

have ftated. Occafionally fmall feams of reddifh-brown co-

loured ilaty clay, and clay-ironftone occur, principally inter-

mixed with the fandftone ; but they ave fo thin, and fo uncon-

nected, that they can fcarely be confidered as ftrata.

The feries of fpecimens I am now about to defcribe, are thofe

of St Leonard's Hill and Salifbury Craig.

No. 1. is a fpecimen of the Sandftone of St Leonard's Hill

;

it is of a reddifh-white colour, and extremely coarfe-grained. It

was taken from the middle of the quarry, and prefents a fpe-

cies of conglomerate, the fragments of fandftone being agglu-

tinated by a dark-red ferruginous pafte.

No. 2. from the fame quarry, is more compact, and prefents

a ftreaked appearance, correfponding with the direction of the

ftratum. There is a confiderable degree of irregularity to be

obferved, in tracing the line of junction at St Leonard's Hill.

In fome places, two or three folds of the ftrata are cut off

abruptly

a name which, though perfectly underftood in this country, is not received

abroad, and ought therefore to be reiinquifhed.
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abruptly at each end by the greenftone; in another, that fub-

ftance links fuddenly as it were into a gap in the ftrata, and be-

ing loft in rubbifh, has fomewhat the appearance of a dike.

Beyond this a double horizontal wedge of greenftone, with the

ends turned downwards, appears among the ftrata 5 and a little

farther, towards the north, a roundifh mafs of the fame fubftance

alfo occurs ', this has very much the appearance of an included

fragment, but the decompofition of the fandftone has juft be-

gun to expofe its connection with the rock above.

On the fandftone, Porphyritic Greenftone (No. 3.) refts. The
colour of this is reddifh-brown ; the texture is fine-grained ',

and it contains finall fpecks of flem-coloured calcareous fpar.

It is traverfed in various places by veins of Hematitic Iron-ore

(No. 4.) accompanied with fulphate of barytes. Thefe two

fpecimens have very much the character of fome varieties of

porphyry-Hate, and on breaking one mafs, I obferved a tenden-

cy to a flaty arrangement. In different places of this quar-

ry, the greenftone afmmes a variety of appearances (No. 5.

and 6.), fome of which might be attributed to decompofition.

I do not conceive, however, that any external caufe has ever

had much effect upon this rock, although in fome places it has

entirely loft its luftre, (No. 7.), and might be miftaken for

trap-tuff, were it not for the fhape of the cryftals.

Above this, the rock graduates into a highly cryftal-

line Porphyritic ftone, (No. 8.) the pafte of which is of a

brownifh-grey colour, very clofe-grained, with an uneven

fplintery fracture, containing both cryftals of felfpar and horn-

blende.

In this quarry there are feveral inftances of slikensides,

one of which is rather remarkable, it occurs in an inclined rent

in the fandftone : the traces of the flip, (No. 9.), are horizon-

tal,
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tal, and extremely well defined > but immediately over it, in the

greenftone, the appearance of the flip is not continued. Some

indications of a flip appear a little to the right of it.

In a part of the Greenftone which is considerably decompo-

fed, a vein, ftretching horizontally, of a dark-green fibrous

fubftance occurs, (No. 10.); it is foft, and has a fhimng fatiny

luflre, like afbeftus. I have not anywhere in this vicinity met

with any fimilar fubftance.

We now proceed to Salisbury Craig, where the circumftances

I friall principally notice, are,

i. The texture of the greenftone rock, with the fofills it con-

tains.

2. The vein of greenftone by which the Craig is interfered.

3. The included mafs of fandftone which occurs in the green-

ftone p and,

4. The indurations and interruptions of the ftrata.

No. 11. is a fpecimen of the greenftone taken from the lower

edge of the bed, at the great quarry, where it touches the fand-

ftone j the point of contact being marked by a fmall remaining

fragment of the latter, at which the grain of the ftone is much
finer than at the other extremity. The colour is iron-grey,

with fmall fpecks of calcareous matter interfperfed.

Nos. 12, 13, & 14. are different gradations oftexture, taken in a

vertical line, from the edge towards the centre, where the ftone

is always moft perfectly cryftallifed ; from hence it again de-

clines in grain towards the upper furface, where we find it in

the fame earthy and uncryftallifed ftate (No. 15.) obferved at

the bottom. In the laft fpecimen, there is a fmall detached

fragment

\
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fragment of the ftratified matter imbedded in the green-

ftone, a circumftance eonne&ed with a very important clafs

of facts.

No. 16. This fpecimen of greenftone is remarkable, as exhi-

biting a variety of colours j thefe are not blended, but diftinct-

iy divided from each other. The colours are iron-grey, light-

grey, dark-red, and brick-red.

No. 17. This fpecimen is a ftrong example of the improprie^

ty of the name which it bears ; it is a greenftone, decidedly of

a red colour. The fingular penetration of ferruginous matter,

which is exhibited in various parts of this rock, is not eafily ac-

counted for 5 but fuppofing it to have been once in a flate of fu-

sion, it may have obtained this fuperabundance of iron by ab-

forption, as the adjoining ftrata frequently abound in that

mineral.

In various parts of the Craig, veins of a peculiar nature may
be obferved ; they are compofed precifely of the fame ingre-

dients as the rock, and are diftinguifhable only by the red co-

lour of the felfpar, (No. 18). Thefe are termed contemporaneous

veins, or veins of secretion s they are deeply waved, and gene-

rally follow the direction of the bed. Some of them prefent a

very bright brick-red colour, (No. 19.), mixed with fpecks of
calcareous fpar.

Nos. 20, 21. in thefe fpecimens, are fmall globules of a black

earthy fubftance, which I am at a lofs to name. I mould have

conlidered it Amphibole, but for the next fpecimen, (No. 22.),

in which the fame fubftance appears to occur in irregular

fragments.

No. 33. Analcime with cryftallifed Calcareous Spar. I be-

fore noticed, that it was in the heart of the bed where the

fubftance of the greenftone prefented the cryftalline texture in

Vol. VI. P. II. 3G the
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the higheft perfection. The occurrence of the analcime is

conne&ed with the fame fad. I have never been able to find

it on Salifbury Craig, excepting at one period, when an entire

fection of the bed was quarried off, and about the middle of this

the analcime occurred.

No. 24.. with fulphate of barytes, with calcareous fparry iron-

ore.

No. 25. part of a very irregular vein. Its fides are formed

of calcareous fparry iron-ore,, which is followed by a coating of

hematitic iron. Here the regular Gratification, as it is called,

of the vein ends, and calcedony, firft femitranfparent, then

opake, and common calcareous fpar, occupy the reft.

No. 26. calcareous fparry iron-ore cryftallifed, with fome

tranfparent cryftals of quartz.

No. 27. large cryftals of calcareous fpar, with cryftallifed

and radiated tufts of quartz.

No. 28. red oxide of iron, with a vein of calcareous fparry

iron-ore.

No. 29. green coloured quartz, with a coating of cryftallifed

quartz.

No. 30. cryftallifed quartz, with amethyft.

Such are the minerals which occur on Salifbury Craig. Some
of them are rare, and others to be found only when the rock is

working in particular places.

The next circumftance I have to notice, is the vein of

q-reenftone *. It occurs a little to the north of the fpot, to

which

* The term dyke has been xerj generally applied to veins of this description,

and I am not Satisfied that it is the leaf! proper of the two •, as there certainly

is a marked diftin&ion between veins comnofed of rocks, and what we general-



VICINITY of EDINBURGH. 419

which the cart-road, along the bafe of the rock extends, a

few feet beyond a gap, known by the name of the CaVs Nick.

I do not think this vein attracted the attention of geologifts

in any particular manner, prior to 1805. It certainly was ob-

ferved long before that period, but was not known to extend

through the bed of greenflone, till Sir James Hall and myfelf

• noticed, that after cutting the fandftone, it continued its courfe

uninterrupted to the top. This obfervation contributed very

much to increafe our curiofity, and a man was employed to

clear away the foil and rubbiih, which had accumulated on the

furface. A confiderable portion of the rock was foon laid

open, below the point from which it was at that time vi-

iible. Nothing, however, of much intereft, was by this means

difcovered. The dike, after bending a little to one fide, conti-

nued its courfe downwards.

The fpace which this dike occupies, may be from fix to eight

feet wide ; its width varies a little in fomc parts, and thefe va-

riations are apparently increafed, if the feclion which is obfer-

ved be not at right angles with the walls. That portion

embraced by the ftrata, which we found principally co-

vered with debris, was very much decompofed, prefenting on

the furface a certain degree of nodular exfoliation, of a rufly-

3 G 2 brown

ly underftand by mineral reins. The firft are formed of one uniform rock,

compofed in all their parts of the fame conilituents, and differing only in po-

fition, from the beds thefe materials more ufually form ; while the latter,

though fometimes formed only of one fubftance, fuch as quartz or calcareous

fpar, are generally compofed of a feries of foffils, arranged in lines parallel to

the walls. No fuch appearance ever prevails in rock veins, or conftituting

mountain maffes ; therefore, in ufing the term vein, when applied to greenflone,

granite, or the like, it muft be underftood as a generic term, of which these lat-

;er, fpecify the variety,



420 On the ROCKS in the

brown colour. On breaking into the rock, it exhibited^

(No. 31.) * the concentric lines fo common in decompofing

greenftone; and beyond this, the ftone prefented a degree

of frefhnefs, with a very coarfe grain of a peculiarly light

afh-grey colour, and a very dull earthy texture, (No. 32.)

Between this portion of the vein and that embraced by

the greenftone, there is a very remarkable difference, the

latter being of the ufual iron-grey colour, and otherwife

perfectly characterise. Before it leaves the fandftone ftrata,

it feems to contain an unufually large proportion of calcareous

matter. This may have aided the decompofition, together with

the moifture retained by the debris, fo lately removed from its

furface, and which has left it in a ftate eafily affected by the

weather. Since I commenced writing this paper, I made an

excurfion to the fpot, and was greatly furprifed to obferve the

devaftation of laft winter.

Before the vein rifes above the level of the ftrata, a portion

of it, ftill more decompofed than the reft, of a dark-purple co-

lour, branches of£ and embraces a wedge-fhaped mafs of the

fandftone (No. 33. and 34.) indurated in a very high degree.

Juft at the top of this indurated mafs, the whole dike changes

its colour, and, I may alfo fay, its confiftence. It here prefents

a light-greyilh afpect, deeply ftained, with red ferruginous

marks, of a dull earthy texture, an even fracture, and a tolera-

bly fine grain, (No. 35.) That portion correfponding with,

and immediately over the included fandftone, I found much
coarfer in the grain, (No. 36.), and in a more decompofed

ftate y

* Correfponding numbers will be found in the annexed engraving, which will

explain more fully the relative pofmon of the fpecimens.
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ftate; while it differed from No.- 37., the ftone on the fides,

which were perfectly fimilar to each other in compofi-

tion.

Tracing the friable purple-coloured portion upwards, I

found it gradually became harder, and, of a fudden, change to a

fine-grained blue-coloured greenflone ; and the p art correspond*

ing with the included mafs, alter to a hard coarfe-grained rock,

(No. 38.) I foon obferved, that this coarfe-grained mafs, which

is about ten inches thick, continued upwards, maintaining an

uniform dimenfion and pofition, in refpect. to the walls of the

vein, as high as the eye could trace it in the rock, thus divid-

ing it into two portions j that on the left fide being about eigh-

teen inches wide, while the other is about five feet.

On comparing the texture of the included ftripe, with that

of the walls on each fide, (No. 39. left fide; No. 40. included,

flripe; No. 41. right fide,) taken in a horizontal line, about fix

feet above the flrata, I found as clofe a refemblance as it is poffible

to conceive ; they are all coarfe-grained, and highly cryftallifed.

This fimilarity is not more remarkable, than the difference be-

tween the fubftance of the vein and the included mafs. Speci-

mens taken from the junction of thefe, mark this in a ftriking

manner. No. 42. is from the left fide of the right portion of

the vein, to which the fine-grained part belongs. No. 43. is

from the middle of this portion ; and No. 44. from the fide

next the right w^all. Thefe were alfo taken in a horizontal

line, and exhibit the fame gradation of grain noticed as

exifling in the great bed. Even in the narrow portion of

eighteen inches, on the left fide, this circumftance is quite vi-

fible; but the fpecimens taken from the other are highly illu-

ftrative of the fad.
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I have had an opportunity of examining many veins of

greenftone ', but I know of none more interefting in a geolo-

gical point of view than this.

I think it can fcarcely be doubted, that the fame effort

which feparated the included portion of fandftone, cleft the

correfponding ftripe of greenftone from the great bed. This,

as well as the gradation of grain, everywhere obfervable in beds

and veins of trap, are remarks, in my opinion, of confiderable

value to the Huttonian hypothecs. On a former occalion,

when I had the honour of fubmitting fome remarks on the

north of Ireland to the Society, I took an opportunity of

dwelling particularly on the laft . circum fiance. Like the

charring of coal, when that fubftance is found in contact

with whin, as has been ably remarked by Profeflbr Play-

fair, " few fads in the hiftory of foflils fo directly af-

" fimilates the operations of the mineral regions with thofe

" which take place on the furface of the earth *." This gra-

dation of texture has a ftrong analogy to many accidental facts

obfervable in furnaces, of glafshoufes and the like, and ftill more

fo to thofe experiments made exprefsly for the purpofe of af-

certaining the effects of flow cooling, by Sir James Hall and

others. One additional argument for the igneous origin of thefe

veins, has been added by the obfervations of Sir George Mac-
kenzie and his friends, in Iceland, in perfect correfpondence

with the above fact. He there found many veins of this fub-

ftance, coated on the ildes with a glafty covering, exactly fimi-

lar to melted greenftone, when rapidly cooled.

I should expect the fame circumftance would be met with in

veins of porphyry and granite ; but I have not been able to ex-

tend

- Illuftrations of the Huttonian Theory, § 68.
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tend my obfervations fo widely, as to embrace the facls refpect-

ing thefe rocks. One remark I mail, however, hazard in

this place, refpecting an effential difference between veins of

granite and thofe of greenftone. The former feem to be of

fimultaneous formation with the great body of that rock, to

which they may generally be traced, and, fo far as I have hither-

to obferved, are never found to cut it. Veins of greenftone, on

the other hand, I have never feen connected with the great beds

of that fubftance; they traverfe thefe juft as they do every

other kind of rock, and confequently are in all inflances of a

poflerior formation. I am aware, that thefe ideas are ve-

ry much at variance with certain received opinions. I there-

fore wifh to be underflood as fpeaking folely upon my own
experience..

I have now to mention the well-known included mafs of.

fandftone. Along the edge of the flrata, a number of inflances

occur on Salifbury Craig, affording the moft unequivocal marks

of difturbance \ but it prefents only one example^ of a mafs to-

tally enveloped in the fubflance of the greenftone *.

This fpot has been the fcene of much controverfy, between

contending geologifls. While the Huttonian confiders it as a

moft incontrovertible proofof violence and of heat, the Werne-

rian contends, that there is nothing in the leaft extraordinary in

the appearance, and aflerts^that the fuperficies of the apparently

included mafs, is no more than the fection of fome part of the

flratum, which, if traced, would be found to conned; with the

reft ; that it had been enveloped in the fluid menftruum of the

greenftone, when in this elevated pofition ; and that the rock be-

ing

* Since this paper was fent to prefs, others have been obferved in different

parts of the rock.
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ing cut in a certain direction, a fection having the appearance of

an infulated mafs, would of courfe be expofed to view. There

is no doubt that fuch a circumfiance is perfectly poilible ; but,

in the prefent inftance, this explanation will not be found at all

applicable. In every other cafe, where the ftrata appear difplaced,

they are not torn from the reft, nor has the greenftone infinuated

itfelf, except as a wedge, fupporting the lifted mafTes. The
included mafs is ofa light greenifh-grey colour, in fhape quadran-

gular, and, when minutely examined, will be found fhivered in-

to numerous diftinct fragments, with veins of greenftone run-

ning through it in every direction. It partly retains its ori-

ginal ftratified texture (No. 45.) although indurated in a very

high degree, and is fo firmly welded to the greenftone, that it

is no difficult matter to obtain fpecimens (No. 46.) of the

conjoined rocks ', one fmall fpecimen (No. 47.) in the collec-

tion, is twice interfered by that fubftance. It, therefore, has no

refemblance whatever to thofe pieces of ftrata, which are only

in part detached, and which, if cut in a tranfverfe direction,

would, in all probability, exhibit an infulated fection. That

fecTion, however, would not difplay the broken and diftorted

appearance defcribed above, at leaft if we may be allowed to

judge by the integrity of the longitudinal fe&ions, of which

there are fo many examples in this vicinity. Befides, the colour

of the included mafs is totally different from that of any of the

ftrata near it, which are here of a deep red (No. 48.), and at

this particular fpot are remarkable for their apparent derange-

ment. I therefore conclude, that there is every reafon to con-

fider this, as a fragment detached from fome other part of the

fandftone, and left fufpended in its prefent fituation, when the

greenftone aflumed a folid confiftence, as was originally con-

jectured by Dr Hutton. n
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I now come, as propofed, to that divifion of the fubject which

relates to indurations. By induration is meant, a greater degree

of compactnefs, obfervable in particular parts of ftratified rocks,

than is ufual throughout their mafs. One part of a bed may be

harder than another, confequently more indurated. But the in-

duration here alluded to, is that which is fuppofed to have been

effected, by an alteration in the denfity of the flone, in confe-

qnence of the action of heat.

These phenomena are of a very ftriking nature, and were

firfb brought into notice by Dr Hutton y in them, he found

evidence, to him perfectly concluhve, of the igneous formation

of whin, and, with that ingenuity and perfeverance which cha-

raclerife the whole of his works, he did not fail to generalife

his obfervations, and to place the fads, firft noticed in this fpot,

in fuch a light, as to render them elTentially ufeful to his

theory.

The anxiety which the difciples of the Wernerian fchool

have always evinced, to undervalue the merit of this obferva-

tion, is a fure mark of the eftimation in which they hold it

;

and it is, therefore, very properly confidered by the fupporters

of the oppofite doctrine, as one of their flrongefl holds. In the

following lift, are comprehended moil of the varieties, which

this indurated fandftone prefents on Salifbury Craig.

No. 49. is a junction fpecimen *, taken near the fouthern

extremity of the Craig ', here the greenftone is of the deep red

tinge noticed at No. 17.

Vol. VI. P. II. 3H No.

* Byjunclion fpecimen ia meant, a fpecimen which exhibits the greenftone an«L

the fandftone conjoined.
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No. 50. is another fpecimen of the fame kind; the greenftonc

is here of the ufual colour, and the line of junction molt admi-

rably defined. This was taken from the great quarry. The
next, (Nc. 51.), is a fpecimen of the fandflone in its fuppofed

unaltered flate. Nos. 49, and 50. are both from the lower

junction. No. 52. is from the upper edge, taken about half-

way between the higher!: part of the Craig and Holyroodhoufe.

Here the fandflone prefents a facetted appearance, an arrange-

ment which may be owing to the fuperabundance of calcareous

matter.

No. $3. is highly indurated, of a deep red colour, with a

conchoidal fracture, and a facetted texture.

No. 54. has the fame facetted appearance.

No. 55., extremely clofe-grained, is from one of the contor-

tions north of the dike.

Nos. 56,8c 57. Thefe are the varieties of the fandflone which

have been called jasper. This is an improper name, as it con-

founds two fubflances totally different. The mofl compact con-

tains a large proportion of lime, and in afpect is very fimilar to

fome of the limeflones of Gibraltar.

Nos. 58, to 61. are varieties of the fandflone, found near the

greenflone.

No. 62. Although this fpecimen was taken very near the

greenflone, flill it does not exhibit the ufual induration. This

exception occurs in different places on Salifbury Craig ; and it

even fometimes happens, that the ftone next the whin is lefs in-

durated than the one below it.

No. 63. Containing a large proportion of ferruginous mat-

ter.

No. 64, to 66. Different fhades and varieties of the fandflone,

in an indurated flate.

No.
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No. 67. In this fpecimen there is fomething very like the ap-

pearance of an agate ', it, however, is not contained in the fub-

ftance of the greenftone, but in the ftratified matter below it.

No, 68. Another fpecimen of the fandftone, in its unaltered

ftate, taken about thirty feet from the greenftone.

Dr Hutton conceives, that the induration, fo very remark-

able in the above fpecimens, was oceafioned by the heat of the

whin, when it was injected between the ftrata of fandftone, cau-

fing it to undergo a certain degree of fufion ; and, to this idea,

the facetted texture of fome of the fpecimens adds considerable

weight, fuch arrangements being very familiar in ftones which

have undergone fuiion.

The Wernerian fchool, to account for the fame phenomenon,

afTerts, that as fandftone is generally porous, the fluid folution

of the trap being introduced into the fiflure, naturally percola-

ted to a gTeater or lefs extent *. Again, that it is owing to the

intermixture of the matter of the vein, with the rock that forms

its walls f
'

7 and, as a proof of this, it is added, that no indu-

ration appears, where the traverfed rock is pofTefled of a quart-

zy bafe.

These arguments occur in different works, but they appear

to me very little calculated to fupport the point in difpute,

if not in fome refpects contradictory. On Salifbury Craig, and

generally throughout the neighbourhood of Edinburgh, where-

ever we rind fandftone coming in contact with greenftone,

either in beds or veins, we are almoft certain, that an indura-

tion will be exhibited along the edge of the ftrata.

3H2 It

* Comparative View of the Huttonian and Neptunian Theory, p. 13c.

t System, of Mineralogy, vol. iii. p. $6$.
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It has already been obferved, that there are fpots on Salif-

bury Craig, where this is not fo apparent as in others, and it

very often happens, that fmall feams of clay occur, in a per-

fectly foft ftate. In Ireland, at Scrabo, in the county of Down,
and at Fairhead in that of Antrim, I found fandftone in the

former, cut by veins, and in the latter, overlayed by a bed

300 feet thick, where no induration was to be feen. Now, it

appears conclutive, that there could not have been a deficiency

of induration in any fpeck of Salifbury Craig, far lefs a total

abfence, as in the cafes quoted in Ireland, had it in any inftance

been effected either by percolation, or by the intermixture of

the matter of the vein. The fuperincumbent or included mat-

ter, if in a fluid ftate, whatever its chemical powers were,

would, to a certain extent, act mechanically, and be, in all cir-

cumstances, poflefled of the fame power of communicating its

moifture to the unrounding maffes. It is therefore impoffible

to conceive, how it fhould have withheld it in one inflance, and

parted with it fo amply in another, how it fhould have indu-

rated the fandftone, and left the thin feams of clay in a foft

and friable ftate. It is quite unimportant, of what bafe the

fandftone may be formed ; it is a fubftance, allowed as above

to be generally porous, (and, in the cafes alluded to, it certain-

ly was fo) ; into that porofity, therefore, the fluid muft have

percolated, whatever the bafe may have been.

On the contrary, according to the Huttonian hypothecs, in-

duration diftinctly depends, on the compofkion of the ftrata ex-

pofed to the influence of heat. Some ftrata may either whol-

ly, or in part, be capable of refifting much higher temperatures

than others. It is confequently to the ingredients of which

they are formed, that we muft look either for the caufe of in-

duration, or the abfence of it. This remark originated in ob-

ferving,
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ferving, that all the indurated fandftones of this country, con-

tained more or lefs calcareous matter, while the unindurated

fpecimens from Ireland, did not afford the flighteft indication

of that fubftance, when fubjected to the fame teft.

Before I take leave of Salifbury Craig-

, I muft notice one

more circumftance, which, fo far as I have hitherto feen, is

quite peculiar to the fpot. I mean the occurrence, in veins, of

a fubftance in all refpecls fimilar to the indurated fandftones,

I have juft been defcribing. The firft of thefe I obferved, is

about thirty paces north of the vein. The ground being cut

away, in order to fee its connection with the ftrata, it branched

out like the prongs of a fork, and had the interftice filled with

a red decompofed fubftance (No. 69.), fimilar to that which

occurred at the extremity of the included ftripe of greenftone

in the vein. Where the prongs join, it is about three or

four. inches wide, and is there, partly compofed of indurated

fandftone, and partly of hematitic iron-ore and calcareous fpar.

(No. 70.) Higher up, where the vein is narrower, it is whol-

ly compofed of fandftone, the fpecimen, No. 71., being the en-

tire thicknefs of it. - Here the grain is finer than at firft, and,

higher up, it becomes ftill more fo, (No. 72.) It ftill conti-

nues to taper upwards, and even when reduced to lefs than half

an inch, the fubftance retains the ufual afpect of indurated fand-

ftone, (No. 73.) This vein rifes about twenty to thirty feet

into the rock, always diminifhing, and about that height dif-

appears. I have remarked other veins, alfo containing fub-

ftances fimilar to indurated fandftone (No, 74.), one was of

a much larger fize than that above defcribed (No. 75.), but the

grain not near fo compact, (No. 76.)

These veins all fet off from the lower furface, and fo long

as they are of any confiderable thicknefs, the including rock is

ftained
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ftained with ferruginous matter. This fact feems connected

with the lingular appearances, which occur in the vein of green-

Hone, at the level of the junction of the fandftone ftrata with

the incumbent bed.

Without offering any remarks on a fact as yet fo infulated,

I content myfelf with merely mentioning it, in hopes that fimi-

lar appearances may prefent themfelves to geologifts in other

quarters, and perhaps throw fome light on a phenomenon,

which by farther elucidation may prove interefting.

Before I clofe this paper, I mall take the opportunity of pre-

fenting to the Society, two fpecimens which were given to

me by Sir George Mackenzie, and which I efteem of con-

siderable value ; one of them, a fragment of the rock of Salif-

bury Craig ; the other, of the Calton Hill, marked in the

handwriting of the late Dr'KENNEDY, as the fubftances he ana-

lyfed, and of which an account was given in the 5th volume

of thefe
c
T?-ansaclio?is. The great variety in the rock, both

of Salifbury Craig and Calton Hill, makes it of importance to

afcertain with precifion the kind employed in the refearch of

that celebrated chemift ; and as the moft proper place for their

reception, I depoiite them in the cabinet of this Society, along

with my own collection, under the Nos. 77, and 78.

igtb
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19th March.

Since I had the honour of reading the foregoing paper to

the Society, a ftrong cafe in illuftration of what is mentioned

in the commencement of it, has prefented itfelf ; I mean, with

refpecl to the conftant occurrence of new and interefting mat-

ter, even in the mofl frequented ground.

A few days ago, ProfefTor Playfair mentioned to me, that

by the cutting down of a fection of the Craig, within thirty

paces of the fouthern extremity, feveral maffes of fandftone

had made their appearance, imbedded in the greenftone. I

loft no time in vifiting the fpot, and was greatly pleafed to find,

a confiderable addition to the interefting fads, already exhibit-

ed on Salifbury Craig.

At this part of the rock, the greenftone becomes very thin,

being no more than twenty to twenty-five feet thick ; it has the

appearance, however, of having once been of greater extent,

the upper part being apparently cut away by fome operation of

nature, of which we have now only to obferve the effects. It

Hopes rapidly towards the fouth, and is covered to a confider-

able depth with foil and travelled ftones. It is at the upper

furface of this, that the imbedded mafTes occur ', they appear

to be portions of ftrata, which obferve the general inclination

of the fandftone of Salifbury Craig, that is, dipping towards

the north-eaft, while the expofed fections are parallel to each

other, and nearly horizontal ; confequently, being near the fur-

face, they are cut off, or crop out, on the fouth fide. Their

appearance,
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appearance, however, beipeaks their having been, at fome for-

mer period, totally included in the greenftone. One mafs, in-

deed, a little towards the north, is unequivocally fo ; at leaft we
know with certainty, that a fhort time ago it was inclofed in

the greenftone, and not to be feen ; and there is at prefent, great

apparent probability, that the next fe&ion taken from the fame,

part of the rock, will carry it away altogether.

Till now, we only knew of one included mafs in the green-

Hone of Salifbury Craig ; and with this, thefe now difcovered

have considerable analogy ; they are of the fame colour, and al-

though they appear to be only four or five diftincl mafles,

thefe mafTes are all interfered vertically and diagonally, and

are fpj.it through the whole length of the horizontal line ; fo

that in examining a feclion of about ten feet perpendicular, no,

lei's than nine different alternations of fandftone may be reckon-

ed. Some of them are no doubt very minute ; but ftill they were

all obfervable when I examined the rock.

.

From the moft northern mafs of included fandftone, I was

enabled to prociue a few fpecimens, which I have added

to the aboye collection. The rock rifes fo rapidly from

the f >uth, that although this mafs is nearly in the fame hori-

zontal line with the others, all of which crop out to the furface,

and although it is not diftant more than four or five yards, yet

it appears to be fituated nearly about the middle, between the

fandftone and the upper furface, from which it may natural-

ly be inferred, that the maffes which now crop out, were like

this, once entirely included in the fubftance of the greenftone.

It is highly indurated., and at the extremities, is drawn out into

minute veins. The thicknefs of the principal mafs may be

from ten to twelve inches, and in length from fix to eight feet.

This body, as above noticed, is cut in all directions by the

greenftone.
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greenftone. The fpecimen No. 79. fhews a portion of the

•fandftone, with that fubflance traverfing its flratified lines dia-

gonally. No. 80. is a mafs of the fandftone, containing a

fmall portion of greenftone, much of the fame fhape as the

double wedge of St Leonard's Hill, and formed, as I conceive,

exactly in the fame manner. This wedge, on one fide of the

fpecimen, is two inches long, but, on the oppofite, it is not

one; and in the counter part of the fame fpecimen, (No. 81.)

it is only to be feen on one furface ; it does not penetrate to the

other fide, though fcarcely an inch thick.

I am glad to find, that intereft has been made to prevent

this valuable fet of facts from being foon deflroyed, as, in a

few weeks, the rock in which thefe are contained would have

been broken down, and carried off for the repair of the neigh-

bouring roads.

It is on this account, that much activity is requifite to keep

thefe perifhable phenomena from being loft, in the neighbour-

hood of fuch a town as Edinburgh. Similar things are pre-

fenting themfelves conftantly, but they are opened only for a

day, and if not feized and recorded on the inftant, will be fhut

up, and loft for ever.

END OF THE SIXTH VOLUME.
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